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Introduction 



For each integral domain R, we denote by i?[x] = R[xi,...,Xn] the 
polynomial ring in n variables over R, where x = {xi, . . . ,x„} is a set of 
variables and n G N. For an i?-subalgebra A of -R[x], we consider the 
automorphism group Aut(i?[x]/A) of the ring i?[x] over A. We say that 
(j) € Aut(i?[x]/i?) is affine if deg0(xj) = 1 for i = 1, . . . ,?7-, or equivalently 



for z = l,...,n for some {aij)ij G GL{n,R) and 61,..., 6„ G R. Here, 
deg/ denotes the total degree of / for each / G i?[x]. We say that (j) G 
Aut(i?[x]/i2) is elementary ii (j) belongs to Aut(i?[x]/Aj) for some i G {1, . . . , n}, 
where 



If this is the case, then we have (j){xi) = axi + / for some a G R^ and 
/ G Ai, since Aut(i?[x]/^i) = Ant{Ai[xi]/Ai). By Aff(i?,x), E(i?,x), and 
T{R, x), we denote the subgroups of Aut(i?[x]/i?) generated by all the affine 
automorphisms, all the elementary automorphisms, and Aff (i?, x) UE(i?, x), 
respectively. We caution that Aff(i?, y) (resp. E(i?, y) and T{R,y)) may 
not be equal to Aff(i?, x) (resp. E(i?, x) and T(i?, x)) for another set y of 
variables, i.e., a subset of R[x] with n elements such that R[y] = R[x]. When 
R and x are clear from the context, we sometimes say that G Aut(i?[x]/i?) 
is tame if (j) belongs to T(ii, x), and wild otherwise. 

The following problem is a fundamental problem in polynomial ring 
theory. 

Tame Generators Problem. When is T(i?, x) equal to Aut(i?[x]/i?)? 

The equality holds when n = 1. In fact, every element of Aut(i?[x]/i?) 
is affine and elementary. 

When n = 2, it is known that T(i?,x) = Aut(i?[x]/i?) if and only if R 
is a field. Here, the "if part is due to Jung |12j in the case where R is 
a field of characteristic zero, and to van der Kulk [14j in the general case. 
The "only if part is due to Nagata [22l, Exercise 1.6 of Part 2]. 

Throughout this monograph, k denotes an arbitrary field of characteris- 
tic zero. In the case of n = 3, Shestakov-Umirbaev f27| gave a criterion for 
deciding whether a given element of Aut(A:[x]/A:) belongs to T(A;,x). As a 
corollary, they proved a statement equivalent to the following theorem ( \27\ 
Corollary 10]). 



n 




(0.1) 



Ai :=R[^\{xi}]. 
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Theorem 1 (Shestakov-Umirbaev). If n = 3 and k is a field of character- 
istic zero, then it holds that 

Aut(A;[x]/fc[x3]) n T(fc,x) = T(A;[x3], {xi,X2}). 

It was previously known that some elements of Aut(fc[x]/fc[x3]) do not 
belong to T(A;[x3], {xi, a;2}). For example, Nagata defined -0 € Aut(/c[x]/A;[x3]) 
by 
(0.2) 

1p{xi) =Xi- 2(xiX3 + xl)x2 - {xiX-i + xlfx3, tp{x2) = X2 + {X1X3 + X^Xs, 

and proved that ^p does not belong to T(fc[x3], {xi, X2}). He also conjec- 
tured that ip does not belong to T(fc,x) (see Theorem 1.4 and Conjecture 
3.1 of Part 2 of |22j ). By means of Theorem [U Shestakov and Umirbaev 
decided that these elements of Aut(A;[x]/A;[x3]) do not belong to T(A;,x). 
Thereby, Nagata's conjecture was also solved in the affirmative. For this 
work, Shestakov and Umirbaev were awarded the E. H. Moore Prize for 
2007 by the American Mathematical Society. The Tame Generators Prob- 
lem is not solved in the other cases. 

The purpose of this monograph is to study when elements of Aut(fc[x]/fc) 
do not belong to T(fc,x) in the case of n = 3 in more detail. Let (j) be an 
element of Aut(A;[x]/A;). If (p fixes two variables, then (p is elementary, and 
hence belongs to T(A;,x). Assume that (j) fixes exactly one variable. Then, 
(j) may not belong to T(A;,x) anymore. Thanks to Theorem [H the study of 
such automorphisms is reduced to the case of two variables. For this reason, 
Part [1] of this monograph is devoted to developing a theory of automorphisms 
in two variables over a domain. As applications, we prove the wildness of 
elements of Aut{k[x]/k) fixing one variable in various situations. 

Recently, the author generalized the theory of Shestakov and Umirbaev 
in [15j and [16j . This makes it possible to decide efficiently whether a given 
element of Aut(A:[x]/A;) belongs to T(/c,x). In Part [2] of this monograph, 
we deal with elements of Aut{k[x]/k) which fix no variable. We prove the 
wildness of such elements of Aut(A;[x]/A;) using the generalized Shestakov- 
Umirbaev theory. 

Our strategy for studying wildness of automorphisms is as follows. For 
an i?-subalgebra A of R[x], consider the tame intersection 

Ant{R[x]/A)nT{R,x) 

with the automorphism group over A. If an element of Aut(i?[x]/A) does 
not belong to this subgroup, then the element does not belong to T(i?, x) by 
definition. Hence, determining the tame intersection is the same as giving 
a sufficient condition for wildness of elements of Aut(i?[x]/A). For exam- 
ple, Theorem [1] describes the structure of the above subgroup for R = k, 
n = 3 and A = k[x3], from which it was decided that some elements of 
Aut(fc[x]/A;[x3]) do not belong to T(fe,x). We will prove the wildness of a 
great many automorphisms by studying tame intersections. 

The method of tame intersection is particularly effective in the study of 
so-called exponential automorphisms. We say that D € Der/j -R[x] is locally 
nilpotent if D\f) = holds for some / E N for each / € i?[x]. We denote 
by LNDi^ i2[x] the set of all the locally nilpotent derivations of R[x\ over R. 
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Assume that is a Q-domain, and D is an element of LND/j i?[x]. Then, 
we can define the exponential automorphism expD € Aut(i?[x]/i?) by 

(expD)(/) = j;^ 

l>0 

for / G R[x]. Since various automorphisms of interest have this form, it is 
of great importance to find conditions for wildness of exponential automor- 
phisms. Note that kerD is an i?-subalgebra of i?[x], and (exp !))(/) = / 
holds for each / E kerD. Hence, expD always belongs to Aut(i?[x]/ ker D). 
Therefore, the study of the wildness of exp D is reduced to the study of the 
tame intersection 

Aut{R[x]/keiD)nT{R,x). 

Generalizing the idea of "tame intersection" , we also formulate the no- 
tion of "W-test polynomial" in Chapter [5] (Definition ll.ip . This is an effec- 
tive new technique for proving the wildness of automorphisms which are not 
explicitly defined. 

Let us list problems and questions to be studied in this monograph. For 
/ € -R[x] and D G Der/ji?[x], it is known that the element fD of Der/ji?[x] 
is locally nilpotent if and only if D{f) = and D is locally nilpotent (cf. [6l 
Corollary 1.3.34]). It is also known that, even if expD is tame, exp fD may 
be wild for some / € ker D. It is natural to ask whether the converse is true 
in general . 

Question 1. Let Dhe a nonzero element of LND^ R[x]. Does exp D always 
belong to T{R,x) if exp fD belongs to T{R,x) for some / G kerD \ {0}? 

We say that D £ Der^j R[x] is triangular if D{xi) belongs to R[xi, . . . , Xi-i] 
for i = 1, . . . ,n. If this is the case, then D is locally nilpotent. Moreover, 
we have 

{expD){xi) = Xi + fi 

for some fi G i?[xi, . . . , for i = l,...,n. Hence, expD belongs to 

E(i?,x), and so belongs to T(i?, x). In general, however, expfD does not 

necessarily belong to T(i?,x) for / G kerD \ R. For example, assume that 
n = 3, and define D G Der^ A;[x] by 

D{xi) = -2X2, D{X2) = X3, D(X3) = 0. 

Then, D is triangular if xi and x^ are interchanged, and / = xix^ -\- x'2 
belongs to kerD. Moreover, expfD is equal to Nagata's automorphism 
defined in 

The following problem arises naturally. 

Problem 2. Assume that D G LNDr i?[x] is triangular. When does exp fD 
belong to T(i?, x) for / G ker D\R1 

As mentioned, it is possible that T(i?, x) is not equal to T(i?, y) for 
another set y of variables. Namely, cj)^"^ o T(i?, x) o (j) may not be equal to 
T(i?,x) for (j) G Aut(i?[x]/i?). A member of a set of variables is called a 
coordinate. More precisely, we call / G -R[x] a coordinate of R\x\ over R if 
R[f, /2, . . . , fn] = -R[x] for some /2, • • • , /n G -R[x], or equivalently / = 4){xi) 
for some (f) G Aut(i?[x]/i?). A coordinate / of R\x\ over R is said to be tame 
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if / = (pixi) for some 4> € T(i?, x), and wild otherwise. We mention that 
Jie-Tai Yu conjectured that the two coordinates of fe[x] over k given in (j0.2p 
are wild (the strong Nagata conjecture). The conjecture was solved in the 
affirmative by Umirbaev-Yu [29]. 

For polynomials, we introduce three notions of wildness. Here, when R 
is just a domain containing Z, we mean by expD the automorphism expD 
of ^[x] := Q 02 R[x] for each D G LNDRi?[x], where D is the natural 
extension of D to R[x\. Since R[x] is identified with a subring of -R[x], it 
induces an element of Aut{R[x]/R) if (exp L>)(i?[x]) = R[x]. 

Definition 0.1. Let / be an element of R[x]. 

(i) We say that / is totally wild if Aut{R[x]/ R[f]) n T{R,x) = {id/jf^]}. 

(ii) We say that / is quasi-totally wild if Aut(ii[x]/i?[/]) n T{R, x) is a finite 
group. 

(iii) Assume that R contains Z. We say that / is exponentially wild if there 
does not exist D G LND/ji?[x] \ {0} such that D{f) = and expD induces 
an element of T(R,x). 

In order to avoid ambiguity, we sometimes call / a totally (resp. quasi- 
totally, exponentially) wild element of i?[x] over i? if / satisfies (i) (resp. (ii), 
(iii)) of Definition 10. 1[ If a coordinate / of R[x] over i? is a totally (resp. 
quasi-totally, exponentially) wild element of R[x] over R, then we call / a 
totally (resp. quasi-totally, exponentially) wild coordinate of R[x] over R. 

By definition, totally wild polynomials are quasi-totally wild. We claim 
that quasi-totally wild coordinates are wild when n > 2. In fact, if / is a 
tame coordinate, and (j) G T(i?, x) is such that 4>{xi) = /, then Aut(i?[x]/i?[/])n 
T(i?, x) contains infinitely many automorphisms defined for each / > by 
</>(xi) I—)- 0(xj) for i ^ 2, and (I){x2) ^ 4'{^2 + x\). 

Assume that R contains Z, and D is a nonzero element of LNDiji?[x]. 
Then, we have (expi^)' = explD ^ id^j^] for each / > 1. Hence, exp D has 
an infinite order. If expD induces an element of Aut(ii[x]/i2), then it also 
has an infinite order. Thus, if / G is quasi-totally wild, then expD 
does not induce an element of Aut(i?[x]/i?[/]) n T(i?, x). Consequently, 
there does not exist D £ LND/ji?[x] \ {0} such that D{f) = and exp D 
induces an element of T{R,x). Therefore, we know that quasi-totally wild 
polynomials are exponentially wild. When n = 1, no coordinate is wild or 
exponentially wild. We claim that exponentially wild coordinates are wild 
when n > 2. In fact, if / is a tame coordinate, and 4> G T{R,x) is such that 
(f){xi) = /, then the locally nilpotent derivation 



kills / and expD induces an element of T(i?, x). 

Problem 3. Find coordinates which are totally (quasi-totally, exponen- 
tially) wild. 

The existence of such coordinates means the existence of a very large 
class of wild automorphisms. It is noteworthy that, if / is a totally wild 
coordinate, and f2, ■ ■ ■ , fn G R[^] are such that k[f,f2,---, fn] = then 



(0.3) 
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the automorphism defined by 

(0.4) f ^ f, /2 c/2 and fi^fi for i = 3,...,n 

does not belong to T{R, x) for each c € \ {1}. Similarly, if R contains Z, 
and if € Aut{R[x]/R) is such that (p{xi) is exponentially wild, then the 
exponential automorphism for the locally nilpotent derivation defined as in 
()0.3p induces an element of Aut(i?[x]/i?) not belonging to T{R,x). 

We say that D S Der/j ii[x] is triangularizable if oDot is triangular 
for some r € Aut(i?[x]/ii). If this is the case, then D is locally nilpotent. 
Since 

(0.5) exp o D o T = o (exp D) o r, 

it follows that expD belongs to T(i?, x) if r belongs to T(i?,x). If r does 
not belong to T(R, x), however, exp D does not belong to T{R, x) in general. 

Due to the following theorem of Rentschler [25\ . every element of LND^ A;[x] 
is triangularizable when n = 2. 

Theorem 2 (Rentschler). Assume that n = 2. For each D G LNDytA;[x] \ 
{0}, there exist t G T(k,x) and f € k[xi] \ {0} such that 

r o Dot = f- — . 

OX2 

Hence, there exits a coordinate g of k[x] over k such that kerZ) = k[g]. 

When n > 3, there exist elements of LNDfc/c[x] which are not trian- 
gularizable due to Bass PJ and Popov j24j . Combining this result and a 
result of Smith |28) . Preudenburg showed that, for each n > 4, there exists 
D € LNDfc A;[x] such that D is not triangularizable and expD belongs to 
T(A:,x) (cf. Lemma 3.36 of [SI and the remark following it). So he asked the 
following question (cf. [9, Section 5.3.2]). 

Question 4 (Freudenburg) . Assume that n = 3. Let D G LNDfeA;[x] be 
such that expD belongs to T(A;,x). Is D always triangularizable? 

We say that D E Deriji?[x] is affine if deg-D(xj) < 1 for i = 1, . . . ,n. 
If this is the case, then degZ)'(xj) < 1 holds for each / > 0. Hence, if 
D G LND/j R\x\ is affine, then we have deg {ex^) D){xi) = 1 for i = 1, . . . , n. 
Thus, expD belongs to Aff(i?, x), and so belongs to T(i?, x). 

We say that D € Derj:ji?[x] is tamely triangularizable if o D o t is 
triangular for some r G T(i?, x), and is tamely affinizable if t^^ o D o t is 
affine for some r G T{R, x). If D G LND/j R[x] is tamely triangularizable or 
tamely affinizable, then it is obvious that expD belongs to T{R,x). 

We pose the following problem. 

Problem 5. Find conditions under which D is tamely triangularizable or 
tamely affinizable if and only if expD belongs to T(i?, x). 

There exists a relation between Question [1] and Problem[5]as follows. Let 
P be a subset of LND/j R[x] such that fD belongs to V for each D gV and 
/ G kerD. Assume that D is tamely triangularizable or tamely affinizable 
for every D G V such that expD belongs to T{R,x). Then, Question [1] 
has an affirmative answer for each D G D. Actually, if exp fD belongs to 
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T(i?,x) for D & D and / G ker D \ {0}, then there exists r G T(ii, x) such 
that 

:= t-^(/)(t"^ o D o r) = r"^ o (/D) o t 

is triangular or afhne by assumption, since fD belongs to V. If D' is trian- 
gular, then Dq := o D o t must be triangular, since t~^(/) ^ 0. Hence, 
expD belongs to T(i?,x). If D' is affine, then Dq must be affine, since 
degD'{xi) = degr^^(/) + deg Do{xi). Hence, expD belongs to T(i2,x). 
We can modify Question H] as follows. 

Question 6. Assume that n = 3. Let D G LND^ fc[x] be such that expD 
belongs to T(A;,x). Is -D always tamely triangularizable? 

The rank rankD of D G Der^ A:[x] is by definition the minimal number 
r > for which there exists a G Aut(A;[x]/A;) such that D[a{xi)) ^ for 
i = 1, . . . ,r (cf. [5). For example, if n = 2, then we have rankD < 1 for 
each D G LNDfcA;[x] by Theorem [2j We remark that, if n > 2 and D is 
triangular, then D always kills a tame coordinate of k\x\ over k. In fact, 
D kills xi if D{xi) = 0, and D{xi)x2 — / if D{xi) ^ 0, where / G k[xi\ 
is such that df /dxi = D{x2)- Hence, if n > 2 and D is triangular, then 
we have rankL) < n — 1. Consequently, if n > 2 and D is triangularizable, 
then we have rank!) < n — 1. Freudenburg [8] gave the first examples of 
D G LNDfc fc[x] with rankD = n for each n > 3. 

In connection with Question U we are interested in the following ques- 
tion. 

Question 7. Assume that n > 3. Does there exist D G LND^ k\x\ such 
that rank!) = n and expD belongs to T(fc,x)? 

We mention that, when n > 3, tameness and wildness of expD are not 
previously determined for any D G LND^ k\x\ with rank!) = n. 

The study of polynomial automorphisms is closely related to the study 
of locally nilpotent derivations, so we are interested in locally nilpotent 
derivations. The following problem is an important problem in polynomial 
ring theory with little progress. 

Problem 8. Describe all the elements of LND^ ^[x]. 

When n = 1, every element of LND^ A;[x] has the form c{d/dxi) for some 
c & k. When n = 2, Theorem [2] gives a solution to the problem. Assume 
that n = 3. If rank!) < 2, then a^^ oDoa belongs to LND^j^^] A;[x] for some 
a G Aut(A;[x]/A;). Since each element of LND^j^g] A;[x] naturally extends to 
an element of LNDj^^^^^-^ k{x3)[xi,X2], the problem is reduced to the case of 
n < 2. When rankZ) = 3, the problem remains open. Actually, there is no 
simple way to find D G LNDfcA;[x] with rankL) = 3. The problem is also 
open when n > 4 and rankL> > 3. 

The outline of this monograph is as follows (see also [17] for a summary 
of an early version of this monograph) . Part [1] deals with automorphisms in 
two variables over a domain as mentioned. In Chapter [H we give a useful 
criterion for deciding wildness of elements of Aut{R[x]/R). In the study of 
polynomial automorphisms, the notion of "elementary reduction" is of great 
importance. As an analogue of this notion, we introduce the notion of "affine 
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reduction". Note that AS{R,x) is contained in E(i?, x) for some kinds of R. 
For example, if is a local ring or a Euclidean domain, then every element 
of GL{n,R) is a product of elementary matrices. Consequently, Aff(i?, x) 
is contained in E(i?,x). In general, however, AS(R,x) is not contained 
in E(i?,x), and so T{R,x.) is not equal to E(i?, x). To analyze elements 
of T(i?,x) \ E(i?,x), the notion of "afhne reduction" is essential. For a 
subgroup G of Aff(i?,x), let be the subgroup of T(i?, x) generated by 
G and E(i?,x). Then, we can naturally formulate a criterion for deciding 
whether a given element of Aut(i?[x]/ii) belongs to G~^ using the notions 
of "afhne reduction" and "elementary reduction" (Theorem I2.ip . In the 
case where G = Aff(i?, x), this gives a tameness criterion for elements of 
Aut{R[x]/R). 

Chapter [2] is devoted to developing the machinery to be used in Chap- 
ters [3] and HI For / € R[x] \ R, we say that / is tamely reduced over R 
if 

deg^i tU) + deg^2 '^(f) ^ ^^g^i / + ^^g^a / 
holds for every r G T(i?, x). Here, deg^,. / denotes the degree of / in Xi 
for each i. We investigate the properties of such a polynomial using the 
tameness criterion given in Chapter [TJ As a consequence, we determine the 
structure of the tame intersection 

H{f) :=Aut{R[x]/R[f])nT{R,x) 

in a coarse sense (Theorems 12.41 and 12. 7p . This result plays key roles in the 
proofs of various interesting theorems in the following two chapters. 

In Chapter [3l we study tameness and wildness of exponential automor- 
phisms. In Section [H we answer Question [1] in the affirmative when n = 2 
(Theorem ll.2p . and when n = 3, R = k and D kills a tame coordinate of k[x] 
over k (Theorem 11.31 (ii)). We solve Problem [5] when n = 2 (Theorem II. ip . 
We answer Question [6] in the affirmative when D kills a tame coordinate of 
A;[x] over k (Theorem ll.31 (i)). In Section [21 we solve Problem [2] in the cases 
where n = 2 (Theorem 12. 2p . and where n = 3 and R = k (Theorem 12. 3p . As 
an application, we describe all the wild automorphisms of /c[x] over k of the 
form exp fD for some D € LND^ k[x\ and / G ker D in which D is triangular 
(Proposition 12. 4p . In Section [3l we study a problem similar to Problem [2] 
for affine locally nilpotent derivations instead of triangular derivations, and 
solve this problem for n = 2 (Theorem 13. ip . 

Assume that R contains Z, and let S be an over domain of R, i.e., a 
domain which contains R as a subring. Consider a coordinate / € -R[x] of 
^[x] over S with H{f) ^ {id/j[x]} and deg^^ / > deg^..^ / which is tamely 
reduced over R. The main result of Chapter H] is a classification of such 
elements of i?[x]. If deg^^ / = 0) then / belongs to /^[xi]. Since / is a 
coordinate of ^[x] over S, it follows that / is a linear polynomial in xi over 
R. In the case where deg^^ / ^ Ij we classify such polynomials into five 
types of polynomials (Definition 11.11 Theorem ll.2p . Moreover, we describe 
the structure of H{f) for the five types of polynomials (Theorem II. 3p . As a 
consequence, we show that / is exponentially wild if and only if / is quasi- 
totally wild for a coordinate / G i?[x] of ^[x] over S (Corollary 11.51 (i)). 
In Section O we apply the results to the coordinate fi := (exp hD){xi) of 
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R[x] over R for i = 1,2. Here, R is a Q-domain, and D € LND/ji?[x] and 
h € ker D \ R are such that D is triangular and exp hD is wild. Then, we 
completely determine wildness, quasi-totally wildness and totally wildness 
of fi (Theorem 15. 4p . and thereby solving Problem [3] when n = 2 and i? is a 
Q-domain. 

Part[2]contains highly technical applications of the generalized Shestakov- 
Umirbaev theory. Throughout, we assume that n = 3, and study the wild- 
ness of elements of Aut{k[x\/k). In Chapter [5l we briefly review the gen- 
eralized Shestakov-Umirbaev theory, and derive some consequences needed 
later. In Chapter [6] we prove that some coordinates of A:[x] over k are quasi- 
totally wild or totally wild (Corollarv II. 2p . Thus, we solve Problem [3] for 
n = 3 and R = k. This is one of the most difficult result in this monograph. 

In Chapter [71 we study Question [71 First, we construct large families 
of elements of LND^ k[x] (Theorems 11.11 (i) and 11.51 (i)) by generalizing the 
construction of Freudenburg [7J. Then, we check that most of the members 
of the families have rank three (Theorems 11.31 and II. 6p by using a technique 
based on "plinth ideal" (Proposition 112.^ . Finally, we completely determine 
the tameness and wildness of the exponential automorphisms by means of 
"W-test polynomials" (Theorems 11.11 (iii) and 11.51 (ii)l. The result is that 
expL> is wild whenever rankD = 3. This gives a partial affirmative answer 
to Question [71 In the last section, toward the solution of Problem [51 for 
n = 3, we discuss how to get more examples of locally nilpotent derivations 
of rank three. 

We conclude this monograph with problems, questions and conjectures. 



Part 1 



Automorphisms in two variables 
over a domain 



CHAPTER 1 



Tame automorphisms over a domain 

1. Graded structures 

Graded structures on i?[x] play important roles in the study of Aut(i?[x]/i?). 
Let r be a totally ordered additive group, i.e., an additive group equipped 
with a total ordering such that a < P implies a + 7 < /3 + 7 for each 
a, /3, 7 € r. Then, T is torsion-free. In this monograph, we assume that a 
totally ordered additive group is always finitely generated without mention- 
ing it. Then, it follows that F is free. Hence, we sometimes regard T as a 
subgroup of the Q-vector space Q (8)z T. 

Let w = {wi, . . . ,Wn) be an n-tuple of elements of F. We define the 
w-weighted grading 

by setting i?[x]-y to be the i?-submodule of i?[x] generated by the monomials 
x"^ • • • x"" for ai, . . . , a„ G Z>o with Y17=i ^i'^i ~ T ^^^h 7 G F. Here, 
Z>o denotes the set of nonnegative integers. The set of positive integers 
will be denoted by N. We say that / G -R[x] \ {0} is -w-homogeneous if / 
belongs to i?[x]^ for some 7 G F. Write / G i?[x] \ {0} as / = ^^gp A' 
where /y G i?[x]^ for each 7 G F. Then, we define the w- degree of / by 

degw / = max{7 G F | 7^ 0}. 

We define = fs, where 5 := deg^ /. When / = 0, we define = and 
degw f = —00. Here, —00 is a symbol which is less than any element of F. 
If F = Z and Wi = 1 for i = 1, . . . , n, then the w-dcgree of / is the same 
as the total degree deg/ of /. When F = Z", we denote deg^,. / = deg^. / 
for i = 1, . . . , n, where ei, . . . , e^j are the coordinate unit vectors of R". Let 
f = g/hhe an element of the field of fractions of -R[x], where g,h £ i?[x] 
with 5 7^ 0. Then, we define 

g"" 

degw / = deg^ g - deg^ h and = — . 

We note that this definition does not depend on the choice of g and h. 

Next, let Q be the module of differentials of R[x\ over R, and oj an 
element of the r-th exterior power /\^ of the i?[x]-module fl for r G N. 
Then, we may uniquely express 

(1-1) 1^= XI fiu-,irdxij^ - Adxi^, 

l<ii<---<ir<n 

where fi-^,...,i^ G -R[x] for each zi, . . . , Here, df denotes the differential of 
/ for each / G i?[x]. We define the w- degree of cj by 

deg^ w = max{deg^ fh,...,irXii ■ ■ ■ \ 1 < ii < ■ ■ ■ < ir < n}. 

15 
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Then, we have 

(1.2) deg^d/ = max{deg^{d f/dxi)xi \ i = l,...,n} < deg^ / 

for each / G fe[x], since df = '^^=i{df/dxi)dxi. Here, we note that the 
equahty holds if / does not belong to R, R contains Z, and Wi > for 
i = 1, . . . , n. For / € i?[x], uj £ /\^ Q and r] £ /\^ Q, we have 

degw = deg^ / + deg ^ Ld and deg^ uj A t] < deg^ oj + deg^ rj. 

Take /i, . . . , € -R[x] and set oj = dfi A • ■ ■ A dfr. Then, it follows that 

r r 

(1-3) deg^ ^ '^'^'Sw dfi < ^ deg^ fi. 

i=l i=l 

When /i, . . . , /r are w- homogeneous, we have deg^ u) = deg^ fi if and 
only if u; 7^ 0. Indeed, if oj is written as in (jl.ip . then the w-degree of each 
monomial appearing in fi^^...^i^Xi^ • • • Xi^ is equal to Yll=i deg^ fi- Let K be 
the field of fractions of R. Then, it is well-known that a; = if /i, . . . , 
are algebraically dependent over K (cf. \19\ Section 26]). Thus, we have 
degw ^ < Y7i=i degw fi if /i^? • • • > f^ ^-re algebraically dependent over K. 
For an endomorphism i;^ of the i2-algebra -R[x], we define an n x n matrix 

by 



Then, we have (i^(xi) A • • • A d(l){xn) = (det J(j))dxi A ■ ■ ■ A dxn- If is an 
element of Aut{R[x\/R), then detJ(p belongs to R^ . Hence, we obtain the 
inequality 



(1.4) 



degw •= degw 4>{xi) > #(xi) A • • • A d(p{xn) 
1=1 

n 

= degw(det J(j))dxi A ■ ■ ■ A dXn = Wi =: |w| 



i=l 

If , . . . , (f){xn)^ are algebraically dependent over K, then we have 

degw > |w| by the discussion above. 

For an i?-submodule A of R[x\, we denote by the i?-submodule of 
R[x] generated by {/^ | / G ^}. If A is an i?-subalgebra of -R[x], then A^ 
forms an i2-subalgebra of -R[x], since {fg)^ = f^g^ holds for each f,g £ 
i?[x]. Clearly, R[f^, . . . , /-] is contained in R[fi, for /i, ...,/. S 
i?[x]. We remark that, if f^, . . . , are algebraically independent over K, 
then we have 

R[fr,...j7] = R[fu---jrr- 

To see this, take any h = T.i^,...,i^Ch,-,irfi---f'r' ^ R[fi,...,fr] \ {0}, 
and define fi to be the maximum among degw fi^'" fr"^ ii, . . . , v with 
Cii,...,ir / 0) and h' to be the sum of 

(cn,...,v/r • • • /^o" = cn,...,v(/rr • • • 

for ii, . . . ,ir such that degw /i^ ' ' ' /r*^ ~ Then, /i' belongs to ii[x]^, and 
is nonzero by the assumption that . . . , f^ are algebraically independent 
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over K. Hence, we know that = h' . Since h' belongs to • • • , f^], 

it follows that so does . 

Lemma 1.1. For any w G F" and (p € Ant{R[x] / R) , we have 

deg^c/) > |w|. 

Furthermore, it holds that deg^ (j) = |w| if and only if (f){xi)^ , . . . , (j){xn)^ 
are algebraically independent over K. 

Proof. Thanks to (|1.4p and the note following it, it suffices to check 
the "if part of the last statement. Assume that 4){xiY' , . . . ,(j){xn)^ are 
algebraically independent over K. Then, it holds that 

. . . , </.(x„)-] = i?[<A(xi), . . . , <p{xn)r = = ^[X] 

as remarked. Hence, we may define "0 G Aut(i?[x]/i?) by ip{xi) = (j){xi)^ for 
i = 1, . . . ,n. Then, we have 

CO := d4>{xiy A • • • A d4>{xny = (det J'0)dxi A • • • A dxn- 

Since det, Jijj belongs to i?^, we get deg^ci; = |w|. On the other hand, we 
obtain 

n 

1=1 

by the w-homogeneity of 0(xj)^'s. Since deg^ 4>{xiy = deg^ (l>ixi) for each 
i, this is equal to deg^ (f). Therefore, we conclude that deg^ cj) = |w|. □ 

For a permutation Xjj, . . . , Xi„ of xi, . . . , x„, we define 

, Xjj , . . . , Xj^ ) 

to be the set of (j) £ Aut(i2[x]/i2) such that (p{R[xi-^ , ■ ■ ■ , x^]) is contained in 

. . . , XjJ for Z = 1, . . . , n. Let cp be any element of J{R;xi-^, . . . 
Then, cp induces an automorphism of R[xi-^, . . . ,Xi^] for Z = 1, . . . ,n. By 
induction on n, it is easy to check that 

(1.5) Hxii) = aiXi^ + hi 

for some ai G R^ and hi € R[xi-^^ , ■ ■ ■ , ^^ij-i] for / = 1, . . . , n. From this, we 
see that J{R; Xj^, . . . , is a subgroup of E(i?, x). 

In the rest of this section, we assume that n = 2, and investigate the 
w-degrees of coordinates of R[x] over R. 

Lemma 1.2. Let f be a coordinate of R[x] over R, and w = {wi,W2) an 
element ofF'^. Then, the following assertions hold: 

(i) If f belongs to R[xi], then deg^ / is equal to wi or zero, and is greater 
than or equal to Wi. 

(ii) /// does not belong to R[x,i\ and Wj > for i,j € {1, 2} with i 7^ j, then 
we have deg^ f > wj. 

Proof, (i) Let (j) G Aut{R[x]/R) be such that = /. Then, (j) 

belongs to J{R; xi, X2), since / belongs to R[xi] by assumption. Hence, 
we have / = axi + b for some a S R^ and b £ R. Thus, we get deg^ / = 
maxjiui, deg^ b}. Since deg^ b is equal to zero or — cxj, it follows that deg^ / 
is equal to wi or zero, and is greater than or equal to wi. 
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(ii) We show that the monomial x*- appears in / for some t > 1. Suppos- 
ing the contrary, / — c is divisible by Xi for some c & R. Since / — c is also a 
coordinate of i?[x] over R, we have f — c = axi for some a G R^ . It follows 
that / = axi — c belongs to a contradiction. Hence, x*- appears in / 

for some t > 1. Thus, we get deg^ / > twj. Since Wj > by assumption, 
we have tWj > wj. Therefore, we conclude that deg^ f > Wj. □ 

Let (j) be an element of Aut(i?[x]/i?). Then, (j){xi) or </>(x2) does not 
belong to R[xi] for i = 1,2. Hence, if i > or W2 > 0, then we have 

(1.6) max{deg^ deg^ 4'{x2)} > 

by Lemma 11.21 (ii) . 

2. Affine reductions and elementary reductions 

For a subgroup G of Aff(i?, x), we define to be the subgroup of 
T(i?,x) generated by GUE(i?, x). By definition, we have Aff(i?, x)+ = 
T(i?,x) and {id^^jx]}"'' = E(i?,x). In this section, we give a criterion for 
deciding whether a given element of Aut(i?[x]/i?) belongs to G"*" when n = 2. 

Let (p be an element of Aut(i?[x]/i?), and w an element of F". We say 
that (p admits a G-reduction for the weight w if there exists a € G such that 

degw (poa < deg^ (p. 

Here, the composition is defined by {a o T){f) = a{T{f)) for each o", r G 
Aut(i?[x]/i?) and / € i?[x] as usual. We call a G-reduction an affine reduc- 
tion if G = Aff(i?,x). We say that cp admits an elementary reduction for the 
weight w if there exists e E Aut(i?[x]/j4j) for some i € {1, . . . , n} such that 

degw (poe < deg^ (p, 

where we define Ai as in (jO.ip . This condition is equivalent to the condition 
that (p{xi)^ belongs to R[{(p{xj) \ j ^ i}]^ for some i. If there is no fear of 
confusion, we omit to mention the weight w. 

We define Eo(i?,x) to be the subgroup of Aff(i?, x) nE(i?,x) generated 

by 

n 

(j Aut(i?[x]/Ai) n Afr(i?,x), 

1=1 

and G to be the subgroup of Aff(i?,x) generated by G U Eo(-R, x). Clearly, 
G is contained in G"^. If G contains Eo(-R, x), then G is equal to G. Hence, 
we have AS{R,x) = AS{R, x). 

Theorem 2.1. Assume that n = 2. Let G be a subgroup o/Aff(i?, x), and 
w G F^ such that wi > or W2 > 0. //deg^ (p > |w| holds for (p € G"*", then 
(p admits a G-reduction or elementary reduction for the weight w. 

We mention that a similar result is known for G = Aff (i?, x) in the case 
where F = Z and w = (1,1) (see for example [10, Proposition 1]). In the 
following, we prove Theorem 12.11 using a technique similar to |27] . 

Assume that n = 2. We define i G Aut(i?[x]/i?) by 

i{xi) = X2 and i(x2) = xi. 
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Then, we have t = li o i2 o t^, where we define ii, i2, ^3 G Aut(i?[x]/i?) by 
ti(xi) = xi - a;2 ''2(xi)=xi i^sixi) = X2 - xi 

il{x2) = X2 L2{X2)=X2 + XI L.3ix2) = X2- 

Hence, i belongs to Eo(i?, x). For i,j € {1, 2} with i ^ j, we define 

Ji,j = J{R'i Xi,Xj) U J{R; Xi,Xj) o L. 

Then, Jjj is equal to the set of </) € Aut(i?[x]/i?) such that or (/)(x2) 

belongs to R[xi]. Since 

(2.1) L o J{R; Xi,Xj) = J{R; Xj,Xi) o l, 
we get 

i o Jij = io J{R; Xi,Xj) U L o J{R; Xi,Xj) o i 
= J{R; Xj,Xi) o lU J{R; Xj,Xi) = Jj^i. 

Lemma 2.2. For i,j E {1, 2} with i ^ j, we have the following: 

(i) one? tp'^ o T belong to J := Ji^2 U J2,i /or eac/i ip,T G Jij. 

(ii) o r belongs to Jij for each (/) G J{R', Xi,Xj) o c and r G Jj_j. 

Proof, (i) By assumption, belongs to J{R; )0L. If 

i/; belongs to J{R; Xi,Xj), then V'"^ belongs to J{R; Xi,Xj), since J(i?; Xi,Xj) 
is a group. Since r is an element of Jij by assumption, it follows that 
tp'^ o T belongs to Jij. If tp belongs to J{R; Xi,Xj) o l, then tp'^ belongs to 
Xi , Xj ). By it follows that ip'^ belongs to J{R;xj,i Ci) o i, and 

hence belongs to Jj^j. Since ip~^ and r belong to z. o J{R;xi,Xj) and Jjj, 
respectively, we know that ip~^ o r belongs to t o Jj = Jj ^. Therefore, 'ip~^ 
and ip~^ o T belong to J in either case. 

(ii) Since (po i belongs to J{R; Xi,Xj), and lot belongs to i o Jj^ = Jj j, 
we know that (po t = {(p o l) o [lo t) belongs to Jij. □ 

By Lemma 12.21 (i), we see that J is closed under the inverse operation. 
Since G is a group, it follows that GU J is closed under the inverse operation. 
Note that J is contained in E(i2, x), since t and J{R] contained in 

E(i2, x). Hence, GUJ is contained in G^. Since J contains all the elementary 
automorphisms, and G contains G, we know that G^ is generated by GuJ. 
Because G U J is closed under the inverse operation, this implies that is 
generated by G U J as a semigroup. 

Let <p and w be any elements of Aut(i?[x]/i?) and P^, respectively. Then, 
we show that <j) admits an elementary reduction for the weight w if and only if 
degw (poa < deg^ (p for some a & J. Since every elementary automorphism 
of i?[x] belongs to J, the "only if part is clear. To prove the "if part, 
assume that deg^ cp o a < deg^ (p for some a & J. Take i,j E {1, 2} with 
i j such that a belongs to Jij. Then, a{xi) or a{x2) belongs to i?[a;i]. 
Hence, we may write 

(2.2) cr{xp) = axi — g and cr{xq) = /3xj — h, 

where p,q & {1, 2} with p q, a, (3 & R^ , g G R and h £ R[xi]. Then, we 
have 

(2.3) deg^ (poa = deg^{a(p{xi) - g) + deg^{/3(p{xj) - (p{h)). 
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Since (j2.3p is less than deg^ (j) = deg^ (j^ixi) + deg^ 4'{xj) by assumption, it 
follows that 

deg^(a0(xi) - g) < deg^ (p{xi) or deg^(/3(/>(xj) - < deg^ <P{xj). 

This implies that a0(3;j)^ = g or j3(j){xjY' = (l){h)'^ . Since a~^g and 
p-^(j){h)'" belong to R[(j){xj)Y" and respectively, we know that 

(p{xi)'^ belongs to R[(j){xj)]^ , or (f){xj)^ belongs to R\4>{xi)\" . Therefore, (f) 
admits an elementary reduction for the weight w. 

Now, we prove Theorem 12.11 We define Gw to be the set of G 
Aut(i?[x]/i?) for which there exist / G N, 0i, . . . ,</)i_i G Aut(i?[x]/i?) and 
G G U J as follows: 

(A) 

4)1 = (p and deg^ = |w|; 
(B) 

deg^ 4>i+i < deg^ (pi and = (pion for some G G U J for 1 < i < L 

Assume that (p G Gw satisfies deg^ (f) > |w|. Then, we have / > 2 in view 
of dA]). Hence, we see from ([B|) that deg^ cpor < deg^ (p for some r G GU J. 
Thus, (p admits a G-reduction or elementary reduction. Therefore, it suffices 
to verify that G^ is contained in Gw 

The following is a key proposition. 

Proposition 2.3. (p or belongs to Gw for each <p G Gw and r G G U J. 

Clearly, id^[x] belongs to G U J, and satisfies degw id^[x] = |w|. Hence, 
id^[x] belongs to Gw- Since G+ is generated by G U J as a semigroup, we 
know by Proposition 12.31 that G"*" is contained in Gw- Therefore, Theo- 
rem [27T] follows from Proposition 12.31 

We remark that, if there exists t & GU J such that degw ipor < degw V' 
and ip o T belongs to Gw for ip G Aut(i?[x]/i?), then ip belongs to Gw by 
the definition of Gw- From this, we see that Proposition 12.31 holds when 
degw (poT > degw ^- iact, {(por) ot~^ = cp belongs to Gw by assumption, 
and belongs to Gu J because Gu J is closed under the inverse operation. 

Lemma 2.4. Let (p G Aut(i?[x]/i?) and a & GU J be such that degw ^oo" < 
degw 4'- Then, the following statements hold: 

(i) // degw <?^(2;i) = degw </'(a^2); then a belongs to G. 

(ii) //degw 'Pixi) < degw for hj € {1, 2} with i ^ j, then a belongs to 

Ji,j ■ 

Proof, (i) In view of (jl.Sp . we see that J{R;xi,Xj) n Aff(i?, x) is con- 
tained in Eo(i?, x) for each i,j G {1,2} with i ^ j. Since l is affine, we 
have 

J{R;xi,Xj) o lD AS{R,x.) = {j{R;xi,Xj) nAS{R,x)) o l. 

Since i belongs to Eo(-R,x), the right-hand side of this equality is also con- 
tained in Eo(-R,x). Hence, Jjj n Aff(i?,x) is contained in Eo(-R, x). Thus, 
Jn Aff(i?, x) is contained in Eo(-R, x), and therefore contained in G. 

Now, suppose to the contrary that a does not belong to G. Then, a 
belongs to J. Since Jn Aff(i?, x) is contained in G, it follows that a does not 
belong to Aff(i?, x). Write a{xi) and a{x2) as in (|2.2p . where i,j G {1,2} 
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with i 7^ j. Then, we have deg^.^ h > 2. Smce wi > or W2 > 0, and 
6 := deg^(j){xi) = deg^(j){x2) by assumption, we get 5 > by p.6|) . Thus, 
we see from (j'2.3p that 

deg^ (j)oa = deg^ <?!>(xi) + deg^ (/>(/i) > 35 > 2(5 = deg^ (/>, 

a contradiction. Therefore, a belongs to G. 

(ii) Since deg^ (p{xi) < deg^ (j^i^j) =■ ^ by assumption, we have deg^ (j) < 
26, and 5 > by ()1.6p . Suppose to the contrary that a does not belong to 
Jij. Then, a{xi) and a{x2) do not belong to -R[2;j], and a belongs to G or 
Jj^i. First, assume that a belongs to G. Then, a is aflfine. Hence, ((/>0(t)(x;) 
is a linear polynomial in (pi^i) ^^id (pixj) over R for I = 1,2. Moreover, 
(</>0(t)(x;) does not belong to R[4>{xi)], since a{xi) does not belong to 
Thus, we know that deg^(0 o (t)(x/) = deg.^4>{xj) = 5. Therefore, we 
get deg^ (p o a = 25 > deg^ (j), a contradiction. Next, assume that a be- 
longs to Jj^i. Then, we may write cr{xp) = axj — g and cr{xq) = fixi — h, 
where p,q G {1,2} with p ^ q, a, (3 £ , g G R and h E R[xj]- Since 
a{xg) does not belong to R[xi], we have deg^_^. h > 1. Hence, we know 
that deg^ (p o a = deg^ + deg^ (j){h) > 25 > deg^ (p, a contradiction. 
Therefore, a belongs to Jjj. □ 

Let W be the set of w G such that wi > oi W2 > 0, and 

Sw := {deg^^ I G Aut(i?[x]/i?)} 

is a well-ordered subset of F. If Wi > for i = 1,2, then {hwi + Z2'U^2 I 
/i, /2 € Z>o} is a well-ordered subset of F (cf. \Ui\ Lemma 6.1]). Hence, 
is also well-ordered. Thus, W contains the set of w € F^ such that wi > 
and 1^2 > 0, or wi > and 1^2 > 0. Consider the following statements: 
(I) Proposition 12.31 holds for each w G VF. 

(n) If tfi > or W2 > for w S F^, then is a well-ordered subset of F. 
By the discussion after Proposition 12.31 (I) implies that Theorem 12.11 holds 
for each w € W. On the other hand, (II) implies that w € F^ belongs to 
ly if > or tt;2 > 0. Thus, Theorem 12.11 follows from (I) and (II). We 
prove (I) in the rest of this section. By making use of it, we prove (II) at 
the end of Section [TJ To prove (I) , we may assume that deg^ (por < deg^ (p 
by the remark after Proposition 12.31 To prove (I) and (II), we may assume 
that wi < W2 and 1^2 > by interchanging xi and X2 if necessary. 

Let us prove (I). Take any w G W . Then, is a well-ordered subset of 
F. Since deg^ (p belongs to for each (p £ Gw, we prove the statement of 
Proposition 12.31 bv induction on deg^ (p. By Lemma [LT| /U := minjdeg^ (p \ 
<p G Gw} is at least [w|. Since id^[x] belongs to Gw, we get fi = |w|. 
So assume that deg^(p = |w|. Then, we have deg^ cp o t < |w| by the 
assumption that deg^ cp o t < deg^ <p. This implies that deg^ (p o t = |w| 
because of Lemma 11.11 Note that a belongs to Gw if and only if a belongs 
to GU J for (7 G Aut(i?[x]/i?) with deg^ cr = |w|. Hence, it suffices to show 
that (poT belongs to GU J. Since (p is an element of Gw with degw = |w|, 
we know that (p belongs to G U J. More precisely, cp satisfies the following 
conditions. 

Claim 2.5. The following statements hold: 

(1) If wi = W2, then degw 0(2:1) = degw 0(2:2) '^'^^ belongs to G. 
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(2) If wi < W2, then one of the following conditions holds: 

(a) deg^ cj}{xi) < deg^(/)(x2) and (j) belongs to J{R;xi,X2)- 

(b) deg^ 4'{x2) < deg^ (j^i^i) o,nd 4> belongs to J{R; xi, X2) o l. 

Proof. Take {i,j) G {(1,2), (2, 1)} such that 4>{xj) does not belong to 
/^[xi]. Then, we have deg^ 4'{xj) ^ ^2 by Lemma [L2] (ii), since ^2 > by 
assumption. Whether or not </>(xj) belongs to R[xi], we have deg^(/)(xi) > 
wi by (i) and (ii) of Lemma II. 2| since wi < W2 by assumption. Thus, we 
conclude that deg^(/)(xj) = wi and deg^(j){xj) = W2 from the assumption 
that deg^ cj) = |w|. 

(1) Since wi = W2 by assumption, the first part follows from the preced- 
ing discussion. Since (j) belongs to G U J, we show that (j) belongs to G when 
(p belongs to J. As remarked in the proof of Lemma 12.41 J n Aff(i?, x) is 
contained in G. So we show that (p belongs to AS(R, x). By the definition of 
the w-degree, we have deg^ h = wi deg h for each h G -R[x], since wi = W2 
and W2 > 0. Hence, we get wi deg(l){xi) = deg^ (l){xi) for I = 1,2. Since 
deg^ (p{xi) = wi, it follows that deg(p{xi) = 1 for / = 1,2. Thus, (p belongs 
to Aff(i2, x). Therefore, (j) belongs to G. 

(2) We claim that (p{xi) belongs to R[xi]. In fact, if not, wi = deg^ (pi^i) 
is not less than W2 by Lemma 11.21 (ii), since ^2 > by assumption. This 
contradicts that wi < W2- If («,i) = (1, 2), then it follows that (p belongs to 
J{R; xi, X2)- Since wi < W2, we know that deg^(/>(xi) = deg^<t){xi) = wi 
is less than deg^(/>(x2) = deg^ (p{xj) = W2- Therefore, (p satisfies (a). If 
(i,j) = (2,1), then (/>(x2) = 4>{xi) belongs to R[xi]. Hence, (p belongs to 
J(i?; xi, X2) oi. Since tfi < i(;2, we know that deg^ (/)(x2) = deg^ (?!i(xi) = 

is less than deg^(p{xi) = deg^ (p{xj) = W2- Therefore, (p satisfies (b). □ 

Now, we prove that cp or belongs to G U J. Since deg^ (p o t < deg^ cp, 
the statements (i) and (ii) of Lemma [2.41 hold for a = t. \iwi = W2, then we 
know by Claim [231 fl) and Lemma [2.41 (i) that (p and r belong to G. Hence, 
(p o T belongs to G. If wi < W2, then we have (a) or (b) of Claim 12.51 (2). 
In the case of (a), r belongs to Ji^2 by Lemma [23] (ii). Since (p belongs to 
J{R; xi, X2), it follows that (por belongs to Ji^2- In the case of (b), r belongs 
to J2,i = Lo J12 by Lemma [231 (ii)- Since (p belongs to J{R;xi,X2) o i, it 
follows that (p o T belongs to Ji_2. Hence, (por belongs to G U J in every 
case. Thus, (por belongs to Gw Therefore, the statement of Proposition [231 
holds when deg^ (p = |w|. 

Next, assume that deg^ (p > |w|. Since (p is an element of Gw, we may 
find -0 G G U J such that deg^ (p o ip < deg^ (p and (p o ip belongs to Gw in 
view of dn]). Then, [(poij))oa belongs to Gw for any cr G GU J by induction 
assumption. We show that ip'"^ o r belongs to G U J. Then, it follows that 
(poT = [4>oip) o [ip~'^ ot) belongs to Gw- If degw 4>{xi) = degw 4>{^2)-, then ip 
belongs to G by Lemma [2.41 (i) since degw <P°tp < deg^ (p by the choice of ip. 
Since degw (p°T ^ degw 4^ by assumption, r also belongs to G by Lemma [231 
(i). Hence, ip~^ or belongs to G. Likewise, if deg^ (p{xi) < deg^ (p{xj) for 
some i,j G {1, 2} with i ^ j, then r and ip belong to Jij by Lemma [2.4l (ii). 
Hence, ip~^ o t belongs to J by Lemma [2.21 (i). Therefore, ip~^ o r belongs 
to Gu J in either case. This completes the proof of (I), and thereby proving 
Theorem 12.11 for each w G W. In particular. Theorem 1 2. II is verified for each 
w G such that > and 'W2 > 0, or tt;i > and 'W2 > 0. 
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3. Analysis of reductions 

Throughout this section, we assume that n = 2. We investigate proper- 
ties of affine reductions and elementary reductions. 

To deal with affine reductions, the following notion is crucial. Let K be 
the field of fractions of R. We define V{R) to be the set of a/ (3 € for 
a,P e R\{<d] such that aR + /3R = R. Note that aR + /3R = R if and 
only if a and /3 are the entries of a row or column vector of an element of 
GL{2, R) for a,f3 eR. 

Lemma 3.1. (i) R \ {0} is contained in V{R). 

(ii) For Q,/3 G R\ {0}, it holds that a/ (3 belongs to V{R) if and only if 
aR + 13 R is a principal ideal of R. 

(iii) For 7 € V{R) and {ai,j)ij € GL{2,R), it holds that 

Qi,i7 + Qi,2 
02,17 + ^2,2 

belongs to V{R). 

Proof, (i) For each a G i?\ {0}, we have aR+lR = R. Hence, a = a/l 
belongs to V{R). 

(ii) Assume that a//3 belongs to V{R) for a,(3 & R \ {0}. Then, there 
exist a',f3' G -R \ {0} such that a'/P' = a/ 13 and a' R + = R. Set 
'-^ = a/ a' = (3 / 13' and take a,b G R such that a' a + /3'6 = 1. Then, we have 
aa + f3b = 7. Hence, 7 belongs to R, and ^R is contained in aR + f3R. Since 
a = 7a' and (3 = 7/3' belong to 7/?, we know that aR + is contained in 
7i?. Thus, we get aR + = 7i?. Therefore, ai? + is a principal ideal 
of R. Next, assume that aR + I3R = ^R for some 7 € -R. Then, a and (3 
belong to ^R. Hence, we have a = a'7 and (3 = (3'^ for some a', 13' G R. 
Then, we get a'R + = R. Therefore, a/f3 = a' / p' belongs to V{R). 

(iii) Let 71,72 G i? \ {0} be such that 7 = 71/72 and 71 i? + 72-R = R. 
Then, we have 

^ ai,i7 + «i,2 _ ai,i7i + ai,272 
02,17 + 02,2 02,171 + 02,272 

and 

(oi,i7i + ai^2l2)R + (02,171 + 02,272)-^ = 71 -R + 72-R = -R- 
Hence, 5 belongs to V'(-R). □ 

By LemmaO (ii), it follows that V{R) = iiT^ if is a PID. If r belongs 
to V{R), then r~^ and ur belong to V{R) for each u G -R^ by Lemma l3.ll 
(iii). 

The following lemma naturally follows from the definition of affine re- 
duction and elementary reduction. 

Lemma 3.2. Let 4>,t £ Aut(i?[x]/i?) and w G 6e such that deg^ 4>{xi) > 
for i = 1, 2 and deg^ (p o t < deg^ (p. 

(i) If T belongs to Aff(i?, x), then we have (p{xi)'^ = a0(x2)^ for some 
a G V{R), and (</> o T)(xj)^ = b(l){xi)'" for some i G {1,2} and b e . 

(ii) Assume that r belongs to Jij for some i,j G {1, 2} with i 7^ j. Then, we 
have <f){xjY' = 6(</>(xj)^)* for some b G -R\{0} and t >\, and ((^or)(xp)^ = 
a(j){xiY^ for some p G {1, 2} and a G R^ . 



24 



1. TAME AUTOMORPHISMS OVER A DOMAIN 



Proof, (i) Take A = {aij)ij G GL{2,R) and 61, &2 G R such that 
r(xi) = Qi^ixi + ai^2X2 + hi 

for i = 1,2, and put 

(^i = max{deg^ ai^i4>{xi),deg^ at,20(a::2)} 

for i = 1, 2. Then, we have 5i > for i = 1, 2, since no row of A is zero, and 
deg^ (p{xj) > for j = 1,2 by assumption. Since no column of A is zero, 
we know that 5i + 82 > deg^ (j). We claim that aj^i(/>(xi)^ + aj^24>{x2)'" = 
for some j € {1,2}. In fact, if not, we have 

deg^(((/> o T){xi) - hi) = dfig^{ai^i4>{xi) + ai^2(l){x2)) = 

for i = 1,2. Since hi is an element of R, and 6i is positive, this implies that 
deg.jy((/)OT)(xj) = 5i for i = 1, 2. Hence, we get deg^ 0or = 81+62 > deg^ (j), 
a contradiction. Thus, we may find j £ {1,2} as claimed. Then, aj^i and 
aj^2 are nonzero, since (0^,1,0^,2) 7^ (0,0), and (j){xi)'^ 7^ for / = 1,2. Put 
a = — aj_2/«j,i- Then, a belongs to V{R), and satisfies (p{xi)'^ = a4>{x2)^ ■ 
Take i G {1,2} with i / j. Then, h := Oj^i + ai^20^~^ belongs to , since 
det^ 7^ 0. Hence, we get 

a^,l4){xly + ai,2</>(a;2)"' = ai,i4>{xir + «i,2(a"V(^i)") = hct^ixi^ ^ 0. 

Since deg.j^0(a;i) = deg^(t){x2), this implies that 

((0 o r)(xi) - ftj)"^ = {ai^i4){xi) + aj,2(/'(a;2))'^ = h4){xiy . 

Because hi is a constant and deg^ > 0, it follows that {(j) o T)(xi)^ = 

6(/>(xi)^. 

(ii) Since r is an element of Jij, we have an expression as ()2.2|) with 
cr = T. Then, we may write {(p ° 'T)ixp) = a(l){xi) — g. Since deg^ 4>{xi) > 
and g is a constant, it follows that ((/> o r)(xp)^ = a4){xiY' , proving the 
latter part. Consequently, we get deg^(i;^ o r)(xp) = deg^0(xj). Since 
degw (p o T < deg^ (p by assumption, we know that the w-degree of ((/> o 
T){xq) = I3(p{xj) — (t){h) is less than deg^ (t>{xj). Because /? 7^ 0, this implies 
that (3(p{xj)'^ = (p{h)'^ . Since (p{h) belongs to it follows that 

(pix^y = P~^<PW^ belongs to R[cp{xi)]^ = Rlcplxi)"^]. Hence, we may 
write (p{xj)^ = h{(p{xiY^y in view of the w-homogeneity of (p{xj)^ , where 
6 G i? \ {0} and t > 0. Then, we have t > 1, since deg^ (p{xi) > for 
/ = 1,2. □ 

From (i) and (ii) of Lemma [3. 2 1 we get the following statement. Assume 
that cp e Aut{R[x]/R), r € Aff(i?,x) U J and w G P^ satisfy deg^ cp{xi) > 
for Z = 1, 2 and deg^ (p or < deg^ (p. Then, we have 

^{x,r = a{cP{xirY and ^{x.i)'" = h{^ o r){x,r 

for some q G {1, 2} with i j, a,h G and t > 1. Hence, 0(xi)^ and 
<p{x2Y' are powers of {cp o r){xq)'^ multiplied by elements of for some 
gG {1,2}. 

Now, let K be any field, and w G P^ such that Wi > for i = 1,2. 
Then, w belongs to the set W defined after Lemma 12. 4[ Hence, Proposi- 
tion [2?3] holds for this w by (I). As a consequence, we know that T(k, x) = 
Aff(K,x)+ is contained in Aff(K,x)w On the other hand, T(k, x) is equal 



3. ANALYSIS OF REDUCTIONS 



25 



to Aut(K[x]/K) due to Jung [12j and van der Kulk [14j. Thus, Aut(K[x]/K) 
is contained in Aff(K, x)w 

Lemma 3.3. Assume that Wi > for i = 1,2. Then, for each (p G 
Aut(K[x]//t) and p € {1,2}, there exist a , ip (z Aff(K,x) U J and 

t > 1 such that (pixp)^ = a{'ip{xi)^y. 

Proof. By the discussion above, (p belongs to Aff(K, x)w Hence, there 
exist I £ 'N, (pi, ... , 4>i-i G Aut(K[x]/K) and (pi G T := Aff (k, x)UJ satisfying 
([A|l and (jB]). We prove the lemma by induction on /. If / = 1, then we have 
(p = (pi hy (jA|l . Hence, (p belongs to T. Thus, if p = 1, then the statement 
holds for a = 1, t = 1 and ip = (p. Note that {(p o i){xi) = (p{x2) and 
(p) o i belongs to T. Hence, if p = 2, then the statement holds for a = 1, 
t = 1 and ip = (p o i. Assume that / > 2. Then, for q = 1,2, there exists 
jpq £ T such that (p2{xq)^ is a power of ^pq{xl)^ multiplied by a nonzero 
constant by induction assumption. By ([B]), there exists ri € T such that 
4>2 = o n and deg(p o ti = deg^(p2 < deg^(p. Since (p{xi) is not a 
constant, we have degw0(xi) > for Z = 1,2 by the choice of w. Hence, 
we know from the remark after Lemma 13.21 that (p{xi)^ and (p{x2)^ are 
powers of {(p o Ti){xq)^ multiplied by nonzero constants for some q € {1, 2}. 
Therefore, (p{xp)^ is a power of ipq^xi) multiplied by a nonzero constant, 

since so is {(p O Ti){Xq)'^ = (p2{Xq)^ . □ 
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Tamely reduced coordinates 

1. Structure of coordinates 

Throughout this chapter, we assume that n = 2. The purpose of this 
chapter is to discuss reductions of polynomials by tame automorphisms. The 
notion of "tamely reduced" coordinates introduced in Section [2] will play a 
crucial role in the next two chapters. 

In this section, we study the structure of coordinates. Let k be any field. 
For each / € k[x] \ {0}, we define an element w(/) of (Z>o)^ by 

w(/) = (deg^2 /'deg^i /)• 

Set Pi = degj,. / for i = 1,2. Then, the monomial x^X2 appears in / for 
some t > 0. Hence, we have 

(1.1) deg^(j) / > deg^(j) xfx\ = pip2 + tpi > pip2. 

From this, we see that x^^ appears in / if deg^(j) / = piP2 andpi > 0. If this 
is the case, then x\^ appears in f^^^^ since deg^(j) x^^ = piP2 = deg^(j) /. 
Likewise, if deg^(j) / = piP2 and p2 > 0, then appears in f^^^^ . 

Lemma 1.1. Assume that pi > and x'j appears in 

f^U) for some i,j £ 

{1, 2} with i ^ j and q > 0. Then, we have q = pj and deg^^j^ / = piP2- 
Hence, both x^ and x^ appear in f^^f^ . 

Proof. Since appears in f^^^^ we have deg^(j) / = deg^(j) x^ = 
Piq. Hence, we get piq > piPj in view of Since pi > by assumption, 

it follows that q > pj. On the other hand, we have q < deg^^ f = Pj-, 
since xj is a monomial appearing in /. Thus, we get q = Pj, and therefore 
deg^(j') / = Piq = piP2- Since pi > 0, this implies that x^' appears in f^(f^ 
by the remark. Consequently, both Xj*^ and Xg^ appear in f^^f\ □ 

Now, assume that / is a coordinate of k[x] over k. Then, we have 

|w(/)| = deg^2 / + deg^^ / > 1, 

since / is not a constant. We remark that |w(/)| = 1 if and only if / is a 
linear polynomial in Xj over k for some i E {1,2}, and hence if and only if 
/ belongs to K[xi] for some i € {1,2}. 

Proposition 1.2. Let f he a coordinate of k\x\ over k with |w(/)| > 1. 
Then, there exist i,j G {1,2} with i^ j, l,m ^'N and a,b & such that 

deg^^ f = m, deg^^. f = Im and f^'^f^ = a{xi - 6x^)™. 
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Proof. Since |w(/)| > 1 by assumption, / does not belong to K[xi\ for 
z = 1,2. Hence, we have pi := deg^.. / > for i = 1,2. By Lemma [3.31 
we know that r^^^ = c[ilj{xi)^^f'^)"' for some c G k^, ^ e Aff(K;,x) U J 
and m > 1. Then, -(/'(xi)^^-^^ has the form ax\ or a(xj + hx^j) for some 
a, 6 G K^, / > 1 and i, j G {1, 2} with i ^ j. Thus, f^^f^ is written as ax'"* 
or a{xi + bx^j)"^, where a := ca"^. If /^(-^^^ = ax\"^, then the two monomials 
x^^ and appear in f^^-f) by Lemma ll. 11 a contradiction. Therefore, we 
conclude that f^^^^ = a{xi + 6xp™. Since x™" and x^*" appear in /""^-^^ it 
follows from Lemma 11.11 that deg^. . f = pi = m and deg^.^, f = pj = Im. □ 

Next, let / G k[x] \ k be such that pi := deg^. / > for i = 1, 2. Then, 
the following conditions are equivalent: 

(a) deg^(j) / = pip2. 

(b) x^^ and appear in /^(/). 

In fact, since Pi > for i = 1, 2 by assumption, (a) implies (b) by the remark 
after (jl.ip . and the converse is obvious. In view of Proposition 11.21 we see 
that the equivalent conditions are satisfied if / is a coordinate of k[x] over 
K with |w(/)| > 1. 
Put 

= P» 
gcd{pi,p2) 

for i = 1,2. Then, every w(/)-homogeneous element of k[x] is written as a 
product of a monomial and irreducible binomials of the form xl^ — bx^ for 
some b . Here, R denotes an algebraic closure of k. Hence, if / satisfies 
(a) and (b), then we may write 

m 

(1.2) r(/) = an«-Mr) 

1=1 

because of (b) and the w(/)-homogeneity of f^^-^^ where a G k^, m G N 
and bi G R^ for i = 1, . . . , m. Then, we have pi = mqi for i = 1, 2. 
In this situation, we have the following proposition. 

Proposition 1.3. Let f be as above, and letw G andr G Aut(K[x]/K) be 
such that wi > or W2 > 0, and {t{xi)'^)'^^ / ^i(''"(x2)^)'^^ for i = 1, . . . , m. 
Then, we have 

(1.3) deg^r(/) = max{pi deg^ r(2;i),p2 deg^ r(x2)}. 

Proof. We may extend r to an element of Aut(K[x]/K) naturally. Then, 
we have 

m 

r{r^^^) = ai[{T{xir -biT{x2r). 
1=1 

Put = deg^r(xj) for i = 1,2. Then, we obtain 

deg^(T(xi)«i - biT{x2y'') = max{gi ^1,926} 

for i = l,...,m by the assumption that (t(xi)^)''^ 7^ ^«('7"(a^2)^)'^^ and 
bi 7^ 0. Hence, it follows that 

degw'^(/'^^-^^) = mmax{gi ^1,526} = max{pi^i,p26} =: d. 
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Thus, it suffices to check that deg^r(/ — f^^-^^) < d. Let x'[^X2^ be any 
monomial appearing in / — f^^-f\ Then, we have 

aiP2 + a2Pi = deg^(j) xl'^x'^^ < deg^(j) / = pip2, 

since / satisfies the condition (a) by assumption. This yields that 

(1.4) a2 <P2- aip2Pi^ and ai < pi - a2PiP2^ ■ 

First, assume that pi^i < P2S,2- Then, we have d = P2^2- Since > or 
> by assumption, we know by p.6p that max{^i,,^2} > 0. Hence, we 
get ^2 > 0. Thus, it follows from the first inequality of (jl.4|) that 

deg^T{x'{^xf) = mil + 02^2 < ai6 + {P2 - oiP2?'r^)6 

= aipf ^(piCi - P26) +P26 < P26 = d. 

Next, assume that pi^i > ^2^2- Then, we have d = piCi, and ^1 > by (|1.6p 
as above. Hence, it follows from the second inequality of (|1.4p that 

deg^r(x"^3;2^) = oi^i + 02^2 < (pi - a2Pi?'2 + «26 
= a2P2^iP2C2 -PiCi) +P1C1 < PiCi = d. 

Thus, we have proved deg^ ^if — f'^^'^^) < d. Therefore, we get deg^ r(/) = 
d. □ 

Let / be a coordinate of k[x] over k with |w(/)| > 1. Then, / satisfies 
the assumption of Proposition 11.31 Write /^(-^^ as in Proposition 11.21 and 
take w G such that twi > or ^2 > 0. Clearly, xj^ is not equal to 6(xJ')'. 
Hence, we get 

(1.5) deg^ / = max{m deg^ Xj, Im deg^ xj} = maxlmwi^lmwj} 

by applying Proposition II. 31 with r = id^fx]- 

Now, we prove the statement (H) after Lemma 12.41 We may assume 
that wi < and 1^2 > as noted. First, we show that deg^ / belongs to 
{tw2 I t G N} for each coordinate / of i?[x] over R not belonging to 
Since ^2 > by assumption, this is clear if / belongs to -R[x2]. Assume that 
/ does not belong to -R[x2]. Then, we have |w(/)| > 1, since / also does not 
belong to R[xi] by assumption. Note that / is regarded as a coordinate of 
K[x.] over K. Hence, we know by (jl.Sp that deg^ / = max{tit(;i, t2'"^2} for 
some ti,t2 G N. Since wi < and W2 > 0, we get deg^ / = t2^^2- Thus, 
degw / belongs to {111)2 \ t G N}. Now, observe that 

(1.6) {tw2 \ t e 'N} U {wi + W2} 

is a well-ordered subset of T. We show that is contained in (jl.6p . Take 
any (p G Aut{R[x\/ R). If (j){xi) does not belong to R[xi] for i = 1,2, then 
deg.,^ 4>{xi) belongs to {tw2 \ t G N} for i = 1, 2 by the preceding discussion. 
Hence, deg^ (j) belongs to (jl.6p . Assume that (/>(xj) belongs to R[xi] for some 
i G {1, 2}. Then, deg^ 4>{xi) is equal to zero or wi by Lemma [L2] (i) . Because 
(p belongs to Ji^2, we have (j){xj) = ax2 + g for some a G R^ and g G R[xi] 
for j ^ i. Hence, we get deg^ (j){xj) = W2, since deg^ 0x2 = W2 > and 
degw5 = (deg^.j g)'Wi < 0. Thus, deg^cp is equal to 102 or wi + W2, and 
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SO belongs to (|1.6p . Therefore, is contained in (jl.6p . proving the well- 
orderedness of Ew This completes the proof of (II), and thereby completing 
the proof of Theorem 12. li 

2. Reduction of a polynomial 

Let / be an element of R[x] \ R. Recall that / is said to be tamely 
reduced over R if 

|w(r(/))| > [w(/)| 

holds for every r € T(i?, x). Obviously, / is tamely reduced over R if 
|w(/)| = 1, since / is a linear polynomial in Xi over R for some i £ {1, 2}. 

Now, assume that pi := deg^^ / > for i = 1,2, and / satisfies the 
equivalent conditions (a) and (b) before Proposition 11.31 Then, f^(f^ is 
written as in p.2|) with k = K. 

With this notation, we have the following proposition. 

Proposition 2.1. Let f € R[x] be as above. Then, the following conditions 
are equivalent: 

(1) / is tamely reduced over R. 

(2) The following statements hold: 

(i) If pi = P2, then bi, . . . ,bm do not belong to V{R). 

(ii) If pi < P2 and pi divides p2, then hi, . . . ,bm do not belong to R. 

(iii) If pi > P2 and p2 divides pi, then 6]"^, . . . , b^ do not belong to R. 

(3) Let r be any totally ordered additive group, w G such that wi> Q or 
W2 > 0, and T any element o/T(i?, x). Then, we have 

degw T{f) = max{pi deg^ r(xi) | i = 1, 2}. 

To prove this proposition, we use the following lemmas. 

Lemma 2.2. Let f be as above, and g € ^[x] such that deg^(-j) g < 
deg^(j) / and deg^.g""^^^ < deg^^ f for some i G {1,2}. Then, we have 
|w(5)| < |w(/)|. 

Proof. It suffices to show that deg^. g < pi and deg^.^, g < Pj, where j ^ 

i. Suppose to the contrary that deg^. g > pi. Then, the monomial 
appears in g for some s,t > 0. Since ^j; > for / = 1, 2 by assumption, we 
have 

PiPj < {Pi + s)pj + tpi = deg^(j) xf'^^'x'j < deg^(j) g < deg^(j) /. 

On the other hand, we know that deg^^j) / = piPj by the condition (a) 
before Proposition 11.31 Hence, it follows that s = t = and deg^(j) x^' = 

degw(/) 9- Thus, x^' appears in g^^^\ Therefore, we get deg^. g""^^^ >Pi = 
deg^,^ /, a contradiction. This proves that deg^.g < pi. Next, suppose to 

the contrary that deg^.g > pj. Then, the monomial xfxj^ appears in g 
for some s > and t > I. Hence, we have 

degw(/) g > degw(/) xfxf = spj + {pj + t)pi > pipj = deg^(j) /, 
a contradiction. Therefore, we get deg^_^. g < pj. □ 
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We say that r G Aut(i?[x]/i?) is w- homogeneous if T{xi) is w-homogeneous 
and deg^T(xi) = Wi for each i. If this is the case, then r(i?[x]^) is con- 
tained in i?[x]^ for each 7 G F. Hence, we have deg^ t(/i) = deg^h and 
r(/i)^ = r(/i^) for each h G i?[x]. 

Lemma 2.3. Let f be as above, and assume that r G Aut{R[x]/R) is w(/)- 
homogeneous. // deg^,^ t(/^*^-^-') < deg^. /^^^-^^ /or some i G {1,2}, i/ien we 
have |w(r(/))| < |w(/)|. 

Proof. Since r is w(/)-homogeneous, we have degw(j) t(/) = deg^(j) / 
and t(/)^(-^) = r(/^(^)). Since deg^^ r(/^(/)) < deg^^ /^(■^) by assumption, 
it follows that deg^. t(/)^*^-^'' < deg^. f^^f^ < deg^. /. Therefore, we get 
< by applying Lemma 12.21 with (7 = t(/). □ 

Now, let us prove Proposition 12.11 First, we prove that (1) implies the 
three statements of (2) by contradiction. Suppose that pi = p2 and bs 
belongs to V{R) for some s. Then, we have qi = q2 = 1- Since bg belongs 
to V{R), there exists {ai,j)ij G GL{2,R) such that bs = ai^i/a2,i. Define 
r G Aff(i?, x) by T{xi) = aj^ixi + ai,22;2 for i = 1,2. Then, r is w(/)- 
homogeneous, and satisfies deg^,^ r(xi — 64X2) < 1 for i = 1, . . . , m. By the 
choice of {aij)ij, we have 

t{xi - bsX2) = ai,ixi + 01,23^2 - &s(o2,iXi + 02,22:2) = (ai,2 - bsa2,2)x2- 
Hence, we know that 

m 

deg,, T(r(^)) = deg,^ allrixi - b,X2) <m = deg,^ r^^\ 

i=l 

Thus, we conclude that |w(t(/))| < |w(/)| by Lemma [XBl Since r is affine, 
this contradicts that / is tamely reduced over R. Therefore, (1) implies (i) 
of (2). 

Next, suppose that pi < P2, Pi divides p2, and bg belongs to R for some 
s. Then, we have qi = 1 and q2 = P2/pi- Since bs is an element of R, 
we may define r G Aut(i?[x]/i?[x2]) by r(xi) = xi + bsx'2 ■ Then, r is 
w(/)-homogeneous, and 

m m 

t(/-(/)) = aJJ^l^i - hxf) = allixi + (6, - bi)xf). 
1=1 1=1 

From this, we know that deg^,^ r(/^(-^)) < mq2 = deg^^ f'"^^\ Thus, we 
conclude that |w(t(/))[ < |w(/)| by Lemma[231 Since r is elementary, this 
contradicts that / is tamely reduced over R. Therefore, (1) implies (ii) of 
(2). We can check that (1) implies (iii) of (2) similarly. 

Next, we prove that (2) implies (3). Take any totally ordered additive 
group F, w G F^ with wi > or W2 > 0, and any r G T(i?, x). Then, we may 
regard r as an element of Aut(i^[x]/i^). Hence, we may use Proposition II. 31 
for w and r by taking k = K, since wi > or 102 > by assumption. Thus, 
it suffices to check that (t(xi)^)'^i 7^ &i(T(x2)^)'^^ for i = 1, . . . , m. Suppose 
to the contrary that 



(2.1) 



{T{x^rr = bs{T{x2ry' 



32 



2. TAMELY REDUCED COORDINATES 



for some s. Then, r(xi)^ and t(x2)^ are algebraically dependent over 
K. Hence, we have deg^r > |w| by Lemma II. 1[ Since r belongs to 
T{R,x.) = Aff(i?, x)+, and t«i > or > by assumption, it follows 
from Theorem 1 2 . 1 1 that r admits an affine reduction or elementary reduction 
for the weight w. 

First, assume that r admits an affine reduction. Since wi > or W2 > 0, 
we have deg^ T{xi) > for some i S {1,2} by ()1.6p . and hence for any 
i E {1,2} by ()2.ip . On account of Lemma 13.21 (i) with (f) = t, we know 
that t(xi)^ = cr(x2)^ for some c G V{R). Then, we have c''^ (r(j;2)^)'^^ = 
bs{T{x2)^y^ in view of ()2.ip . Since deg^T(x2) > 0, it follows that qi = 52. 
This implies that gi = ^2 = 1- Hence, we get c = hg- Thus, hg belongs to 
V{R). On the other hand, we have pi = pi since qi = q2- This contradicts 
(i) of (2). 

Next, assume that r admits an elementary reduction. Then, by Lemma r3.2l (ii) 
with (j) = T, we know that T{xi)^ = c{T{xj)^Y for some i,j £ {1,2} with 
i j , c £ R \ {0} and t > I. Note that c and c^^ belong to V{R). Hence, 
we can get a contradiction as in the previous case when t = 1. Assume 
that t>2. If = (1,2), then we have c'^^{t{x2)^Y'^^ = bs{T{x2)'")'^^ . 
Since deg^r(x2) > 0, this gives that tqi = q2- Hence, we get qi = 1, 
q2 = t > 2 and bs = c. Thus, we know that pi < P2, Pi divides p2, and 
bg belongs to R. This contradicts (ii) of (2). If = (2,1), then we 

have {T{xi)^y^ = 6sC«2(r(xi)'^)*''2. Since deg^r(xi) > 0, this gives that 
Qi = tq2- Hence, we get ^2 = 1, 9i = i > 2 and bj^ = c. Thus, we know that 
Pi > P2, P2 divides pi, and bj^ belongs to R. This contradicts (iii) of (2). 
Therefore, (r(xi)^)'^i 7^ bi{T{x2)^)'^^ holds for i = l,...,m. This proves 
that (2) implies (3). 

Finally, we prove that (3) implies (1). Without loss of generality, we 
may assume that pi < p2 by interchanging xi and X2 if necessary. Take any 
r G T(i?, x). Then, we have 

(2.2) deg^^ r(/) = max{pj deg^^. T{xi) \ i = l,2} 

for j = 1,2 by applying (3) with F = Z and w = ej. First, take s G {1, 2} 
such that degj,^ t{x2) > 1. Then, we obtain deg^^ r(/) > p2 from (j2.2p with 
j = s. Next, take I G {1,2} such that deg^^T{xi) > 1 for t G {1,2} with 
t s. Then, we get deg^^ r(/) > pi by (|2.2p with j = t. Since pi < p2 by 
assumption, it follows that deg^^ r(/) > pi. Hence, we have 

|w(r(/))| = deg,^ r(/) + deg,, r(/) > P2 + Pi = |w(/)|. 

Thus, / is tamely reduced over R. Therefore, (3) implies (1). This completes 
the proof of Proposition 12.11 

For / G i?[x] \ i2, we consider the subgroup 

H{f) ■.= Aut{R[^]/R[f])nT{R,^) 

of Aut(i?[x]/i?). It is worthwhile to mention that, if i? = A;[x3], then we 
have 

(2.3) H{f) = Aut(A;[a;i, X2, xs]/k[x3, /]) n T{k, {xi, X2, X3}) 

by virtue of Theorem [TJ Here, we recall that k is an arbitrary field of 
characteristic zero throughout this monograph. 
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By means of Proposition 12.11 we obtain the following theorem. 

Theorem 2.4. Assume that f G -R[x] satisfies deg^., / > for i = 1,2 and 
the equivalent conditions (a) and (b) before Proposition \1.3l If f is tamely 
reduced over R, then the following assertions hold: 

(i) //deg^^ / = deg^,^ /, then H[f) is contained in Aff(i?, x). 

(ii) // deg^. / > deg^^ / for i,j G {1, 2} with i ^ j, then H{f) is contained 
in J{R; Xi,Xj). 

Proof. Since / satisfies the assumption of Proposition [2m and is tamely 
reduced over R, we know that / satisfies the equivalent conditions of Propo- 
sition [2TTJ In particular, (|2.2p holds for every r G T(i?, x) due to (3). 

Now, take any r G H{f)- Then, r belongs to T(i?, x) by definition. 
Hence, r satisfies (|2.2p . Since r(/) = /, it follows that 

(2.4) deg^.^, / = max{(deg^.^ /) deg^^ T{xi) \ i = l,2} 

for j = 1,2. 

(i) Since deg^,^ / = deg^^ /, we get max{deg^^, r(xi) | i = 1,2} = 1 for 
j = 1,2 by ([23]). Put Wi = w(r(xi)) for z = 1,2. Then, it follows that 
|wj| = 1 or Wj = (1, 1). If |wj| = 1, then r(xj) is a linear polynomial. The 
same holds when Wj = (1, 1) in view of Proposition 11.31 Thus, r belongs to 
Aff(ii, x). Therefore, H{f) is contained in Aff(i?, x). 

(ii) Since deg^.^ / > deg^.^ /, we have deg^^ / > 0, and 

deg^, / > deg^ , / > (deg^^ /) deg^. , r(xi) 

by ()2.4p . Hence, we get deg^.^ T{xi) < 1, and so r(xj) belongs to Thus, 
r belongs to J{R; Xi, Xj). Therefore, H{f) is contained in J{R; Xi, Xj). □ 

Now, let S be an over domain of R. In the rest of this section, we consider 
the case where / G R[x] is a coordinate of S[x] over S. Assume that |w(/)| > 
1. Then, / satisfies deg^^^. / > for i = 1,2 and the equivalent conditions 
(a) and (b) before Proposition II. 3[ Hence, / satisfies the assumption of 
Proposition 12.11 Let L be the field of fractions of S. Then, we may regard 
/ as a coordinate of L[x] over L. Hence, there exist i,j G {1, 2} with i ^ j, 
a,b (z and /, m G N such that 

deg^^ f = m, deg^^ f = Im and /"^^^^ = a{xi - hx])^ 

by Proposition 11.21 with k = L. 

With this notation, the following proposition follows from Proposition l2.1l 

Proposition 2.5. Let f G ^[x] be a coordinate of S[x\ over S such that 
|w(/)| > 1. Then, the following assertions hold: 

(i) Assume that deg^^ f = deg^^ f , i.e., I = 1. Then, f is tamely reduced 
over R if and only if b does not belong to V{R). 

(ii) Assume that deg^. / < deg^.^ /, i.e., I > 2. Then, f is tamely reduced 
over R if and only if b does not belong to R. 

In fact, we obtain (i) and (ii) from the equivalence between (1) and (2) 
of Proposition 12. 1^ since deg^. f = m divides deg^,, / = /m in the case of 
(ii). 
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Corollary 2.6. Assume that V{R) = . Let f € R[x] be a coordinate of 
S[k\ over S. If f is tamely reduced over R, then we have deg^^ / ^ deg^^ /• 

Proof. Suppose to the contrary that deg^^ / = deg^^ /• Then, we have 
|w(/)| > 1, since / is not a constant. Hence, f^^f^ is written as above. 
Since b is an element of , and = V{R) by assumption, it follows that 
b belongs to V{R). Thus, / is not tamely reduce over R by Proposition 12.51 
(i). This is a contradiction. Therefore, we get deg^.^ / 7^ deg^.^ /. □ 

Theorem [23] immediately implies the following theorem. This theorem 
plays a crucial role in Chapters 3 and 4. 

Theorem 2.7. Let f € i?[x] be a coordinate of S[x] over S with |w(/)| > 1. 
If f is tamely reduced over R, then the following assertions hold: 

(i) //deg^j / = deg^.2 /, then II{f) is contained in Aff(i?, x). 

(ii) // deg^. / > deg^^ / for i,j € {1, 2} with i 7^ j, then II{f) is contained 
in J{R; Xi,Xj). 



CHAPTER 3 



Triangularizability and tameness 

1. Triangularizability 

Throughout this chapter, we assume that R is a Q-domain, and K is 
the field of fractions of R. We study tameness and wildness of exp D for 
D G LND/j i?[x] using the theory developed in the previous chapter. 

The following theorem is a key result in this section. This theorem gives 
a solution to Problem [5] for n = 2. 

Theorem 1.1. Assume that n = 2. Let D G LND^iJfx] be such that expD 
belongs to T(i?, x). Then, there exists r € T(i2, x) such that o D or is 
triangular or affine. IfV{R) = , then there exists r G T(i?, x) such that 
T^^ o D o T is triangular. 

Here, we recall that D G LND/j -^M is said to be affine if deg D{xi) < 1 
for i = 1, . . . , n. 

In view of the remark after Problem [5l Theorem II . II implies the following 
theorem. From this theorem, we know that the answer to Question [1] is 
affirmative when n = 2. 

Theorem 1.2. Assume that n = 2. Let D be an element o/LNDR i?[x]. // 
expfD belongs to T{R,x) for some f G kerZ) \ {0}, then exp D belongs to 
T(i?,x). 

With the aid of Theorem [H we get the following theorem from Theo- 
rems 11.11 and 11.21 This theorem gives partial answers to Question [1] and 
Problem [5j 

Theorem 1.3. Assume that n = 3. Let D be an element o/LNDfcA;[x] 
which kills a tame coordinate of k[x] over k. Then, the following assertions 
hold: 

(i) expD belongs to T{k,x) if and only if t^^ oDot is triangular for some 
T G T(A;,x). 

(ii) If exp fD belongs to T{k, x) for some f G ker L'\{0}, then exp D belongs 
to T{k,x). 

Proof. By assumption, there exists a tame coordinate g of k[x\ over 
k such that D{g) = 0. Take a G T(/c,x) such that o"(xi) = g, and put 
D' = a^^ o D o a. Then, we have D'{xi) = 0. Hence, D' belongs to 
LNDfc[2,j] /c[x], and expD' belongs to Aut(/c[x]//c[xi]). 

(i) The "if part is clear. We prove the "only if part. Assume that exp D 
belongs to T(A;,x). Then, expD' belongs to T(A;,x). Since expD' belongs 
to Aut(fc[x]/fc[a;i]), it follows that expD' belongs to T{k[xi],{x2,x^}) on 
account of Theorem [TJ Since k[xi\ is a PID, we have y(A:[xi]) = k{xi)^ . 
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Regard D' as a derivation of the polynomial ring in the two variables X2 and 
X3 over A:[xi]. Then, it follows from the last part of Theorem 1 1 . 1 1 that 

D" := T^^ o D' o T = {a o r)^^ o D o (a o r) 

is triangular for some r € T{k[xi], {x2, X3}), i.e., D"{xi) = 0, D"{x2) be- 
longs to /c[xi], and D"{x^) belongs to k[xi^X2\- This implies that D" is 
a triangular derivation of k\x\ over k. Clearly, a o t belongs to T(A;,x). 
Therefore, the "only if part is true. 

(ii) Since exp/D belongs to T(A;,x) by assumption, and a is an element 
of T(i?, x), we see that 

exp (T-^U)D' = (J-i o (exp fD)oa 

belongs to T(A:, x). We may regard a^^{f)D' as an element of LND^j^.^] k[x]. 
Hence, exp a~^{f)D' belongs to Aut(A;[x]/A:[a;i]). Thanks to Theorem [H it 
follows that exp a~^{f)D' belongs to T(fc[a;i], {x2,X3}). Thus, we know that 
expD' belongs to T(A;[xi], {x2,X3}) by virtue of Theorem 11.21 This implies 
that expD' belongs to T(A;,x). Therefore, expD belongs to T(A;,x). □ 

Now, we prove Theorem ll.il The following is a key proposition. 

Proposition 1.4. Assume that n = 2. Let f G be a coordinate of 

S[x\ over S for some over domain S of R, and D G LND/ji?[x] such that 
D{f) = and exp D belongs to T(i?, x). /// is tamely reduced over R, then 
the following assertions hold: 

(i) // deg^^ / > deg^,^ /, then D is triangular. 

(ii) // deg^.^ / = deg^2 /' ^ affine. 

Let / and D he as in Proposition II. 4[ Then, we have {exp D){f) = /, 
since D{f) = by assumption. Hence, expD belongs to H{f) due to the 
assumption that expD belongs to T(i?, x). Since / is tamely reduced over 
R, we know by Theorem 12.71 that H(f) is contained in J{R;xi,X2) in the 
case of (i), and in Aff(i2, x) in the case of (ii). Thus, exp D belongs to 
J{R; xi,X2) in the case of (i), and to Aff (i?, x) in the case of (ii). Therefore, 
Proposition 11.41 is proved by the following lemma. 

Lemma 1.5. For each D G LND/ji?[x], the following assertions hold, where 
n G N may be arbitrary. 

(i) If exp D belongs to J(R;xi, . . . ,Xn), then D is triangular. 

(ii) If exp D belongs to Aff(i?, x), then D is affine. 

Proof. Consider the power series 

p{z) = expz - 1 = ^ — , 

i=l 

where z is a variable. Since z = log((exp2; — 1) + l), we get the identity 

(1.1) - = f;(-ir-^^^ 

i=l 

in the formal power series ring Q[[z]], where the right-hand side of (jl.ip 
makes sense because p{z) is an element of zQ[[2;]]. Now, let End/j ii[x] be 
the ring of the i?-linear endomorphisms of -R[x], Q[D] the Q-subalgebra of 
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Endiji?[x] generated by D, and Q[[-D]] the completion of Q[D] by the max- 
imal ideal of Q[-D] generated by D. Then, Q[[-D]] is contained in Endi^-R[x] 
by the assumption that D is locally nilpotent. Since p{D) is a multiple of 
Z?, we see that p{D) is locally nilpotent, i.e., for each / € -R[x], there exists 
I G N such that p{D)\f) = 0. 

(i) Since exp D belongs to J{R; xi, . . . , x„) by assumption, we may write 

(exp£))(xj) = aiXi + Qi 

for z = 1, . . . , n, where ai E and gi G R[xi^ . . . , Then, it is easy to 

check that (exp Dy(xi) has the form ajxi+gij for some gij € R[xi, . . . , 
for each j > by induction on j. Hence, we get 

p{Dy{xi) = {expD- idn[^])\xi) 

for each Z G N, where hi^i G -R[xi,... Since p(-D) is locally nilpo- 

tent, it follows that = 1 for each i. Hence, p{D)\xi) = hi^i belongs to 
. . . , Xi-i\. In view of (jl.ip with z replaced by L>, we know that D{xi) 
belongs to R[xi^ . . . ,Xi-i] for each i. Therefore, D is triangular. 

(ii) Since expD is affine by assumption, p{D){x,i) = (expZ))(xj) — xi has 
total degree at most one for z = 1, . . . , n. Hence, we have (\.egp{D)\xi) < 1 
for each / G N. In view of (jl.ip with z replaced by D, we get deg-D(xj) < 1 
for each i. Therefore, D is affine. □ 

We mention that the method used in the proof of this lemma is simi- 
lar to that used in van den Essen ^ Proposition 2.1.3] and Nowicki [231 
Proposition 6.1.4 (6)]. 

Now, let us complete the proof of Theorem II. 1[ 11 D = 0, then the 
theorem is clear. Assume that -D 7^ 0. Let D be the natural extension of D 
to an element of LNDx -f^H. Since i? is a Q-domain, K is of characteristic 
zero. Hence, there exists a coordinate / of K\x\ over K such that kerZ) = 
K[f] by Theorem [2j Multiplying by an element of X ^ , we may assume that 
/ belongs to R\x\. Take r G T(i?, x) such that |w(t(/))| is minimal. Then, 
/' := t(/) remains a coordinate of K\x\ over K, and is tamely reduced over 
R. Without loss of generality, we may assume that deg^,^ /' > deg^.^ /' by 
changing r if necessary. Put D' := t o D ot^^ . Then, D' kills /'. Therefore, 
by applying Proposition 11.41 with S = K, we know that D' is triangular if 
deg^,^ /' > deg^.2 /', and affine if deg^^ /' = deg^.^ /'. This proves the first 
part of Theorem 11.11 

To prove the last part, assume that V{R) = K^. Then, we have 
degj,^ /' 7^ degj;^ /' thanks to Lemma 12.61 because /' is tamely reduced 
over R. Since deg^^ /' > deg^^ /' by assumption, it follows that deg^^^^ /' > 
degj,^ /'. Therefore, D' is triangular by Proposition 11.41 (i). proving the last 
part. This completes the proof of Theorem II. 1[ 

2. Nagata type wild automorphisms 

In this section, we study Problem [2j First, assume that n = 2, and 
let -D be a triangular derivation of R[x] over R. We consider when exp fD 
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belongs to T(i?, x) for / € kerZ?. If / belongs to R, then fD is triangular. 
Hence, expfD belongs to T(ii, x). If D{xi) = for some i G {1,2}, then 
expfD belongs to Aut(ii[x]/ii[j;j]), and hence belongs to T(i2, x) for any 
/ G kerD. 

Assume that / does not belong to R, and D{xi) 7^ for i = 1, 2. Write 



I 

(2.1) D{xi) = a and D{x2) = ^b,x\, 

i=0 

where / € Z>o, and a,bQ, . . . ,bi G i? with a ^ and 6/ ^ 0. Then, 

(2.2) h := ax2 - V -^x\+^ 

1=0 

is a coordinate of -^^[x] over K such that -D(/i) = 0. By the following 
theorem, it follows that kev D is contained in 

Theorem 2.1 (Rentschler) . Assume that n = 2. If D{f) = holds for D S 
LNDfc fc[x]\{0} and a coordinate f of k[x\ overk, then we haveker D = k[f]. 

We remark that this theorem is a consequence of Theorem [2j Indeed, 
we have kei D = k[g] for some coordinate g of fc[x] over k by Theorem [2j 
Hence, if / is a coordinate of A;[x] over k belonging to kerD, then / is a 
linear polynomial in g over k. Therefore, we get k[f] = k[g] = kei D. 

Since / is an element of kerD, it follows that / belongs to We 
denote by deg/j / the degree of / as a polynomial in h over K. Then, it 
holds that deg^j / = deg^^ /> since deg^^ h = 1. 

We define 

(2.3) I = {i£{0,...,l}\bi^aR}. 

Then, we have the following theorem. This theorem gives a complete solu- 
tion to Problem [2] in the case of n = 2. 

Theorem 2.2. Let D be as above, and f an element of kerD \ R. Then, 
expfD belongs to T{R,x) if and only if one of the following conditions 
holds: 

(1) 1 = 0. (2) I = {0}, and bo/ a belongs to V{R) or deg^.^ / = 1. 

In particular, ifV{R) = , then expfD belongs to T{R,x) if and only if 
bi belongs to aR for i = 1, . . . ,1. 

Proof. Define r G Ant{R[x]/ R[xi]) by 

(2.4) = + 

where I' := {0, . . . , Z} \ /. Then, we have 



(2.5) ho := T{h) = ax2-Y^ 



... (^ + 1) 



Put Do = T o D o T ^ and fo = T{f). Then, cj) := exp fD is tame if and only 
if (po '■= exp/oDo = T o (/) o is tame. Note that Do{ho) = T{D(h)) = 
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and Dq{xi) = t{D{t ^(xi))) = t{D{xi)) = a. Hence, we have <?!)o(^o) = 
and 

(2.6) (poixi) = (exp foDo){xi) = xi + foDoixi) = xi + afo. 

Now, assume that / 7^ and / ^ {0}, i.e., t := max! > 1. Then, we 
prove that (p is wild. Suppose to the contrary that 4> is tame. Then, cpQ is 
tame. Since (j)o{hQ) = ho, it fohows that </>o belongs to IOJiq). From (|2.5p . 
we see that deg^.^ /io = t + l>l = deg^^ ho, and 

(2.7) /i^'^''") = a(x2 - 6x*+^), where h := , ^\ . 

{t + l)a 

Since t is an element of /, we know that bt does not belong to aR, and so b 
does not belong to R. Hence, /iq is tamely reduced over R by Proposition [23] 
(ii). By Theorem 12.71 (ii). it follows that H{ho) is contained in J{R; xi, X2)- 
Thus, (po belongs to J{R;xi,X2). Because of ()2.6p . this implies that a/o 
belongs to Since L>o(/o) = and Dq{xi) = a / 0, we conclude that 

/o belongs to R. Thus, / belongs to R, a contradiction. Therefore, (/> is wild 
if / / and / / {0}. 

Next, assume that / = 0. Then, we have ho = ax2. Since (t>o{ho) = ho, 
it follows that 4)0 belongs to Aut(-R[x]/i2[x2]). Hence, 4)0 is elementary. 
Therefore, 4^ is tame. 

Finally, assume that / = {0}. Then, we have ho = ax2—boXi with 60 7^ 0. 
Hence, the total degree of /o is equal to deg^j^^ /o = deg/j / = deg^.^ /. Since 
ho = 4^o{ho)-, we have 

ax2 - boxi = ho = 4>o{ho) = 4>o{ax2 - boxi) = a4>o{x2) - bo{xi + afo) 

in view of ()2.6p . This gives that 4'o{x2) = X2 + 6o/o- We prove that (/> is 
tame if and only if deg^^ f = ^ or bo/a belongs to V{R). First, assume 
that deg^2 / = 1- Then, we have deg/o = 1 as mentioned. Hence, we 
get deg4>oixi) = 1 for i = 1,2. Thus, 4^0 is affine. Therefore, 4> is tame. 
Next, assume that bo/ a belongs to V{R). Then, there exists a € Aff(i2, x) 
such that a{ho) = 0x2 for some c £ R \ {0}. Put (/>! = ex o c^g o a~^. 
Then, we have 4'i{cx2) = o'(0o(^o)) = ^"(^o) = CX2- Hence, 4^1 belongs to 
Aut(-R[x]/i?[x2]). Thus, 01 is elementary. Therefore, (/> is tame. Finally, 
assume that deg^.^ / 7^ 1 and bo /a does not belong to V{R). Then, we have 
degj.^ / > 2, since / is not an element of R by assumption. Hence, we get 
deg fo > 2, and so 4>o is not affine in view of (|2.6p . Since bo /a does not belong 
to V{R), we know by Proposition 12.51 (i) that ho = ax2 — boxi is tamely 
reduced over R. Hence, H{ho) is contained in Aff (ii,x) by Theorem 12. 71 (i). 
Thus, 4>o does not belong to H{ho). Since (/>o(/io) = ^Oi this implies that 4>o 
is wild. Therefore, 4* is wild. This proves that is tame if and only if (1) 
or (2) holds. 

To prove the last part, assume that V{R) = K^. Then, we claim that 
(2) is equivalent to / = {0}. In fact, if / = {0}, then we have bo 7^ 0, and 
hence bo/a always belongs to = V{R). Therefore, the first part of the 
theorem implies that </> is tame if and only if I = or / = {0}. By the 
definition of I, this condition is equivalent to the condition that 6j belongs 
to aR for i = 1, . . . ,1. □ 
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Next, assume that n = 3, and let D be a triangular derivation of A;[x] 
over k. We consider when exp fD belongs to T(A:, x) for / G ker D\k. 

(i) Assume that D{xi) = and / belongs to Then, fD is trian- 
gular. Hence, expfD belongs to T(/c,x). 

(ii) Assume that D{xi) = D{xj) = for some 1 < i < j < 3. Then, 
exp fD belongs to Aut{k[x]/ k[xi, Xj]) . Therefore, exp fD belongs to T{k, x). 

(iii) Assume that D{xi) ^ 0. Then, D{xi) belongs to A;^ by the tri- 
angularity of D. Hence, s := xi/D{xi) is an element of A:[xi]. Define 
r G J{k[xi];x2,X3) by 

l>0 

for i = 2,3. Then, we have D{T[xi)) = for i = 2, 3. In fact, since D[s) = 1, 
it follows that 

D [^^{-s)'^ = gi^, - gi for each / > 0, where gi := l£^{-sy-\ 

Hence, we know that Dq := r^^ o fD o r kills Xj for i = 2, 3. Thus, expDo 
belongs to Aut(A;[x]/A;[x2, X3]). Therefore, exp fD belongs to T(A;,x). 

In the rest of the case, tameness of exp fD is determined by the following 
theorem. 

Theorem 2.3. Assume that n = 3. Let D be a triangular derivation ofk[x] 
over k such that D{xi) = and D{xi) 7^ for i = 2,3, and f an element 
ofkeTD\k[xi]. Then, expfD belongs to T{k,x) if and only if dDiyXj,) / dx2 
belongs to D{x2)k[xi,X2\- 

By the triangularity of -D, we may regard D{x3) as a polynomial in X2 
over k[xi]. Then, dD{x3)/dx2 belongs to D{x2)k[xi, X2] if and only if the 
coefficient of x\ in D{x3) belongs to D{x2)k[xi] for each i > 1. 

Theorem 12.31 is derived from Theorem 12.21 with the aid of Theorem [1] as 
follows. Let R = k[xi], yi = Xj+i for i = 1,2 and y = {yi,y2}- Then, we 
may regard D as a triangular derivation of R\y] over R. By assumption, 
/ does not belong to i? = k[xi], and D{yi) = D{xi^i) / for i = 1,2. 
Hence, D fulfills the assumption of Theorem 12.21 Since k[xi] is a PID, we 
have y(/c[xi]) = k{xi)^ . Thus, we know by the last part of Theorem 12.21 
that (p ■= exp/Z) belongs to T(i?, y) if and only if the coefficient of y\ = 
x\ in D{y2) = D{x3) belongs to D{yi)R = D{x2)k[xi\ for each i > 1. 
This condition is equivalent to the condition that dD{x2) / 8x2 belongs to 
D{x2)k[xi,X2] as remarked. Thanks to Theorem[Tl (/> belongs to T(i?, y) = 
T(fe[a;i], {x2, a^s}) if and only if (j) belongs to T(A;, x), since (p is an element of 
Aut(-fC[x]/A;[a;i]). Therefore, (p belongs to T(/c,x) if and only \{ dD{x2) / 8x2 
belongs to D{x2)k[xi,X2]- This proves Theorem 12. 3i 

As an application of Theorem 12. 3^ we describe all the wild automor- 
phisms of k\x\ over k of the form exp fD for some triangular derivation D 
of ^[x] over k and / G kevD. Let A be the set of {g,h) G {k[xi] \ {0}) x 
{x2k[xi, X2] \ {0}) as follows: 

(i) g and h have no common factor; 

(ii) 5 is a monic polynomial in xi; 
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Tg,h{gx3 + h) = gTg^hix^) + -^Tg^h{x2) = 0. 



(iii) d'^h/dx'2 does not belong to gk[xi,X2\- 

Here, by "no common factor", we mean "no non-constant common factor". 
For each [g, h) € A, we define a triangular derivation Tg ^ of ^[x] over k by 

dh 

(2.8) Tg^h{xi) = 0, Tg^h{x2) = g, Tg^hixs) = 

Then, we have 

dh 

8X2 

Hence, k[xi,gx3 + h] is contained in kerTg^h- Take any / G k[xi,gx3 + h]\ 
k[xi]. Then, it follows from Theorem 12.31 that 

■■=^^VfTg,H 

does not belong to T(A:, x), since dTg h{x'i) / 8x2 = —d'^h/dx\ does not belong 
to Tg^h{x2)k[xi,X2] = gk[xi,X2] by (iii). 

Proposition 2.4. Assume that n = 3. Let D he a triangular derivation 
of A;[x] over k and f € kerD such that exp fD does not belong to T(A;,x). 
Then, there exist unique {g, /i) G A and fo G k[xi,gx3 + h] \ k[xi] such that 
fD = foTg^h- 

Proof. First, we prove the existence of g, h and /q. Due to Theorem 1 2. 3 1 
and the discussion before this theorem, we know that D{xi) = 0, / does 
not belong to k[xi], and dD{x3)/dx2 does not belong to D{x2)k[xi,X2]- 
Moreover, D{x2) and D{x^) are nonzero elements of k[xi\ and A;[xi,X2], 
respectively. Hence, we can construct hi G X2k[xi,X2] such that dhi/dx2 = 
—D{x^) by integrating —D[x'i) in X2- Take the highest degree polynomial 
/i G k[xi\ \ {0} such that /i divides both D{x2) and hi, and that g := 
D{x2)/fi is a monic polynomial. Then, h := hi/fi belongs to X2k[xi, X2], 
and g and h have no common factor by the maximality of deg^.^ fi. By the 
definition of h, fi and hi, we have 

J d^ifih) _ ^hi _ dD{x3) 

8x2 8x2 8x2 8x2 

Since this polynomial does not belong to D{x2)k[xi, X2] = figk[xi, X2], it 
follows that 8'^h/8x\ does not belong to gk[xi,X2\- Thus, {g,h) belongs to 
A. Moreover, we have D = fiTg^h, since 

D{xi) = 0, D{x2) = fig and D{x3) = = -fi^. 

8x2 8x2 

Set fo = ffi. Then, we get fD = f^Tgh. Furthermore, /o belongs to 
ker \ k[xi], since / and fi belong to k[xi] \ {0} and ker D \ k[xi], respec- 
tively. Because kerZ) = kerT^j,, it remains only to show that kerT^^/i = 
k[xi,gx^ + h]. We prove this by means of the "kernel criterion" (cf. O 
Proposition 5.12]). Since 5x3 + /i is a coordinate of k{xi)[x2,x^] over k{xi) 
such that Tg fi{gx3 + h) = 0, we know by Theorem 12.11 that the kernel of the 
extension of Tg ^ to k{xi)[x2,X3] is generated by gx^ + h over k{xi). Hence, 
ker Tg^h is contained in k{xi,gx^ + h). Since g and h have no common factor, 
and are elements of k[xi] \ {0} and X2k[xi,X2] \ {0}, respectively, it follows 
that g and 8h/8x2 have no common factor. Hence, Tg h(x2) and Tg h{xs) 
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have no common factor. This impHes that Tg ^ is irreducible, i.e., /j(fc[x]) 
is contained in no proper principal ideal of k\x\. In this situation, we may 
conclude that kerT^^/i = k[xi^gx2, + fi\ by virtue of the "kernel criterion". 
Therefore, /o belongs to 5x3 + /i] \ k[xi\. This proves the existence of 
g, h and /q. 

To prove the uniqueness, assume that fiTg^^h^ = f2Tg2,h2 foi^ some 
{di^ hi) G A and fi £ k[xi,giX3 + hi] \ k[xi] for i = 1,2. Then, we have 

fi9i = /252 and /if^ = f2^^- 
0x2 0x2 

Since gi and g2 are elements of and /i and f2 are nonzero, this gives 

that 

dgih2 dh2 , .-u . ^^2 . r-u . 9hi dhi dg2hi 

~9lir- = i9lf2 )/2T7- = (52/l =5277- - 



0x2 0X2 0X2 0X2 0x2 0x2 

Because 51/12 and 52/11 belong to X2k[xi,X2], it follows that gi/i2 = 52/11- 
Since 5^ and hi have no common factor for i = 1,2, we may write gi = cg2 
and hi = c/12, where c £ k^ . Then, we have c = 1 by the assumption that 
gi and 52 are monic polynomials. Thus, we get gi = 52 and hi = h2, and 
therefore fi = /252/91 = /2- This proves the uniqueness of g, h and /q. □ 

3. AfRne locally nilpotent derivations 

Similarly to Problem [21 we can consider the following problem. 

Problem 9. Assume that D G LND/j ii[x] is affine. When does exp fD 
belong to T{R, x) for / G ker L> \ i?? 

We remark that this problem is reduced to Problem [2] when n = 2 
and V{R) = . Indeed, if D € LND/ji?[x] is affine, then expD belongs 
to T(i?, x). Hence, D is tamely triangularizable due to the last part of 
Theorem 11.11 

The following is the main result of this section. 

Theorem 3.1. Assume that n = 2, and that D G LND/j ii[x] is affine, and 
^p~^ o D o ijj is not triangular for any ip € Aff(ii, x). Then, exp fD belongs 
to T{R, x) if and only if f belongs to R for f € ker D. 

The following is a key lemma. 

Lemma 3.2. Let D be as in Theorem \3.1{ Then, the following assertions 
hold: 

(i) We have deg^;- D(xj) = 1 for every i,j € {1, 2}. 

(ii) There exists h G R[x\ satisfying the following conditions: 

(1) Dih) = 0. 

(2) 1 < deg,^ h = deg,, h<2. 

(3) h is a coordinate of K[x\ over K . 

(4) h is tamely reduced over R. 

By assuming this lemma, we can prove Theorem 13.11 as follows. The 
"if part of the theorem is clear. We prove the "only if part. Assume that 
(j) := expfD belongs to T(i?, x) for some / G kerD. Take h G -R[x] as in 
Lemma 13.21 (ii). Then, we have (f){h) = hhy (1). Hence, (p belongs to H(h), 
since (p belongs to T(i?, x) by assumption. Because h satisfies (2), (3) and 
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(4), we know by Theorem 12.71 (i) that H(h) is contained in Aff(i?, x). Thus, 
(f> belongs to AS{R,x). By Lemma 11.51 (ii), it follows that fD is affine. By 
Lemma 13.21 (i), this implies that / belongs to R. Therefore, the "only if 
part of Theorem 13.11 follows from Lemma 13.21 
Let us prove Lemma [3121 Write 

{D{xi), D{x2)) = {xi,X2)A + 62), 

where A € M(2, R) and 61, 62 £ R- Then, ^ is a nilpotent matrix. Since D 
is not triangular, we have A ^ O. Hence, we know from linear algebra that 

for some P € GL(2, K). From this, we see that A has the form 

y 02 — aia2 

for some t € and ai, 02 G K. Then, a\ is nonzero, for otherwise D is tri- 
angular if xi and X2 are interchanged. Similarly, 02 is also nonzero. Hence, 
we have deg^,. D{xj) = 1 for every i,j G {1, 2}. This proves Lemma [312] (i). 
We show that ai/a2 does not belong to V{R). Suppose to the contrary that 
ai/«2 belongs to V{R). Then, there exist a G and /3i,/32 G R such that 
(aai)/?2 — (aa2)/?i = 1, and aoi and 002 belong to R. Put p = 01X1+02X2, 
and define G Aff(i?, x) by 

V'(xi) = ap, tp{x2) = /3ixi + 132X2. 

Then, we have 6 := D{p) = aibi + a2&2- Hence, 

oDo ^j){xi) = ^-^{D{ap)) = a5 

is a constant. Since D' := o D oip is locally nilpotent, this implies that 
D'{x2) belongs to i?[xi]. Thus, D' is triangular, a contradiction. Therefore, 
ai/a2 does not belong to V{R). When 6 = 0, we define h = ta2P- Then, h 
belongs to R[x\, since ta2ai is an entry of ^ for i = 1, 2. Since 6 = 0, we get 
D{h) = ta2S = 0, proving (1). Since ai and 02 are nonzero, we see that h 
is a coordinate of K[x] over K such that deg^,^ h = deg^^ h = 1, proving (3) 
and (2). Since 01/02 does not belong to V{R), we know by Proposition 12.51 
(ii) that h is tamely reduced over R, proving (4). Thus, h satisfies all the 
conditions of Lemma 13.21 (ii). Next, assume that 6^0. We define 

h = tai6 (^xi - - '^P^ 

Then, h belongs to i?[x], since tai6, taip and t'^aia2p'^ belong to i2[x]. Since 

D{h) = tai6 (^{ta2P + h) - ^5 - ^(2p)<5) = 0, 

we get (1). It is easy to check that deg^^h = deg^^p'^ = 2 for i = 1,2, 
proving (2). Since K[h,p] = K[xi,p] = K[x], we see that /i is a coordinate 
of A'[x] over K, proving (3). Since h^^^'^ is equal to p"^ up to a nonzero 
constant multiple, and since 01/02 does not belong to V{R), we know that 
h is tamely reduced over R by Proposition 12.51 (ii). Hence, h satisfies (4). 
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Therefore, h satisfies all the conditions of Lemma 13.21 (ii). This completes 
the proof of Lemma 13.21 and thereby completing the proof of Theorem 13. 1[ 



CHAPTER 4 



Tame intersection theorem 



1. Main result 

Assume that n = 2. Let S be an over domain of R, and / G R[^] a 
coordinate of S[x] over S which is tamely reduced over R. As we have seen 
in the previous chapter, the tame intersection 

H{f) = Ant{R[x]/R[f]) nT{R,x) 

plays important roles in proving the wildness of automorphisms. This mo- 
tivates us to study H{f ) in detail. 

Throughout this chapter, we assume that R contains Z unless otherwise 
stated. Under this assumption, we investigate coordinates / G R[x] of S[x] 
over S which are tamely reduced over R, and for which H(f) / {id^jx]}- 
Our goal is to give a complete classification of such /'s, and to describe the 
concrete structures of -ff(/)'s. 

We mention that Aut(i?[x]/i?[/]) itself is an infinite group for the fol- 
lowing reason. Recall that, for each D G LND/^i?[x], we mean by expD the 
exponential automorphism for the natural extension oi D to R := QiS)zR[^]- 
Since D is locally nilpotent, we may find m G N such that = for 

i = 1,2. Then, cp := expmlD induces an element of Aut(i?[x]/i?), since 
^(xi) and (f)~^{xi) = (exp — m!D)(xi) belong to i?[x] for z = 1,2. Now, 
define A/ G Der iji?[x] by 

(U) A,(.0 = -^ and A,fe) = ^. 

Then, we have Aj(/) = 0. We show that is locally nilpotent. It suffices 
to check that Aj extends to a locally nilpotent derivation of 5[x]. Since 
/ is a coordinate of 5[x] over 5, there exists ip G Aut(5[x]/5') such that 
ip{xi) = f. Then, we have A/(^(a;i)) = A/(/) = 0, and 

A/(^(X2)) = -^^^ + = det J^. 

Since det Ji/^ belongs to S^, it follows that Aj(?/'(.T2)) = 0. Hence, A/ ex- 
tends to a locally nilpotent derivation of S'[x] = S[i]j{xi) ,ijj{x2)]- Thus, Aj is 
locally nilpotent. As remarked, there exists c G N such that := exp cAj in- 
duces an element of Aut(i?[x]/i?). Then, (p belongs to Aut(i?[x]/i?[/]), since 
Afif) = 0. Because ^ has an infinite order, we conclude that Aut(i?[x]/i?[/]) 
is an infinite group 

Now, let K be the field of fractions of R. Then, K is of characteristic 
zero by the assumption that R contains Z. Thanks to the following lemma, 
we may assume that S = K without loss of generality. 
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Lemma 1.1. // / G R[^] is a coordinate of S[x] over S, then f is a coor- 
dinate of K[x\ over K. 

Proof. Let U be the set of / G K[x] such that / is not a coordinate 
of K[x\ over K, but is a coordinate of L[x\ over L, where L is the field of 
fractions of S. Then, t{U) is contained in U for each r € Aut{K[x\/K). 
Now, suppose to the contrary that there exists a coordinate /' G R[x] of /^[x] 
over S which is not a coordinate of K[x] over K. Then, /' is a coordinate of 
-L[x] over L. Hence, /' belongs to U. Thus, U is not empty. Take / G C/ so 
that |w(/)| is minimal. Then, t(/) belongs to U for each r G Aut{K[x]/K). 
Hence, we get |w(r(/))| > |w(/)| by the minimality of |vif(/)|. Thus, / is 
tamely reduced over K. Since / is not a coordinate of K[x] over K, we 
see that / is not a linear polynomial. Because / is not a constant, we 
get |vif(/)| > 1. By applying Proposition 11.21 with k = L, we may write 
yw(/) ^ a(a;j + 6x^)™, where a,b € , i,j e {1,2} with i / j and l,m G N. 
Then, ax™ and mahx'^~^x^j belong to i^[x], since / is an element of i^[x]. 
Hence, a belongs to . Since m > 1, and K is of characteristic zero, it 
follows that b belongs to . Thus, b belongs to K and V{K). Thanks 
to Proposition 12. 5| this implies that / is not tamely reduced over a 
contradiction. Therefore, every coordinate / G -R[x] of ^[x] over is a 
coordinate of K\x\ over K. □ 

When R does not contain Z, a statement similar to Lemma 11.11 does 
not hold in general. We will give a counterexample at the end of the next 
section. 

Let us define five types of elements of -R[x]. In (1) and (2) of the following 
definition, c G i? \ {0} denotes the leading coefficient of the polynomial 
g G It is easy to check that the following five types of polynomials 

are coordinates of K\x\ over K. 

Definition 1.1. Let / be an element of R\x\. 

(1) We say that / is of type / if 

/ = /i := ax2 +g 

for some a & R \ {0} and g G R[xi] such that deg^^ 5 > 2, and c does not 
belong to aR. 

(2) We say that / is of type II if 

/ = /2 := a'xi + h 
for some a' and h G K[x] as follows: 

(a) There exist C G \ {1} and e > 2 such that = 1 and a' belongs to 
R' :=i?[(C-l)-i]. 

(b) There exists g G R[xi] such that deg^.^ g > 2, c does not belong to 
(C — l)R and h belongs \ R', where 2/2 := (C — ^)x2 + 9- 

(3) We say that / is of type III if 

/ = /s := aixi + 02x2 + b 

for some 01,02 G R\ {0} and b & R such that ai/a2 does not belong to 
ViR). 
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(4) We say that / is of type IV if 

for some a £ R \ {0}, and T4 € AS(K,x) for which there exist ai, 02 € 
such that T4(xi) = aij;i + 02X2 and axja^ does not belong to V^(-R). 

(5) We say that / is of type V if 

f = h-= n{x2 +g') 
for some rs G Aff (K, x) and g' G K[a;i] \ {0} with deg^^ g' >?, as follows: 

(a) g' belongs to xf'iC[xf'] for some e' > 2. 

(b) Let ai, I3i £ K for i = 0, 1, 2 be such that 

T5{xi) = aixi + a2X2 + ao and r5(x2) = /3iXi + /32a;2 + /3o- 

Then, we have / for i = 1, 2, and 01/02 does not belong to V{R). 

(c) There exists G R \ {1} such that {C'Y = 1, and 



belongs to R for z 



7., (CO 
0,1,2 and j 



1,2. 



By definition, no element of -R[x] is of type III or IV or V if V{R) = . 
If 72 is a Q-domain and C£-R\{l}isa root of unity, then C — 1 is a nonzero 
element of Q[C] = Q(C)i ^-iid hence belongs to R^ . Thus, no element of 
i?[x] is of type II by (b) of (2). If is a Q-domain, then (b) and (c) 
of (5) imply that /3j 7^ for i = 1,2. In fact, if /3i = 0, then we have 
72,2 (C') = (C ~ 1)02/01- Since C' ~ 1 belongs to R^ , it follows from (c) that 
02/01 belongs to R. Hence, 01/02 belongs to V{R), a contradiction to (b). 
Similarly, we get a contradiction if /?2 = 0, since 71,1 (CO = (1 — C')<^i/'^2 
belongs to R. 

Put A = deg^,^ g, Ai = deg^^^ ^ ^^'^ ^2 = deg^.^ g' , where we regard h as 
a polynomial in 1/2 over R'. Then, we have A > 2, Ai > 2, A2 > 3 and 



(1.2) 



w(/i) = (deg^2 /i,deg^j fi) = < 



(1,A) 


Hi 


= 1 


(Ai,AAi) 


[fi 


= 2 


(1,1) 


if i 


= 3 


(2,2) 


if i 


= 4 


(A2,A2) 


iff 


= 5. 



Let ci G R' and C2 G be the leading coefficients of h and g' , respectively. 
Then, we have 



(1.3) 



f 



w(/,) 



ax2 



CX^ 



Ci((C - 1)X2 + CXi 
aiXi + 02^2 

a(oiXi + 02X2) 



if i 
Hi 
Hi 
Hi 
Hi 



1 

2 
3 
4 
5. 



C2(oiXl + 02X2)"^^ 

By assumption, c/a does not belong to R when i = 1, c/{C — 1) does not 
belong to R when i = 2, 01/02 does not belong to V{R) when i = 3, 
and 01/02 does not belong to V{R) when z = 4, 5. Hence, we know by 
Proposition 12.51 that fi is tamely reduced over i? for z = 1, . . . , 5. This 
implies that, if fi is a coordinate of -R[x] over R, then fi is wild. Indeed, if 
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a tame coordinate of ii[x] over R is tamely reduced over R, then it must be 
a Unear polynomial in Xi over R for some i G {1,2}. 
The following is the main theorem of this chapter. 

Theorem 1.2. Assume that n = 2. Let R he a domain containing Z, K the 
field of fractions of R, and f € -R[x] a coordinate of K\x\ over K. Then, f 
is of one of the types I through V if and only if the following three conditions 
hold: 

(A) H[f) is not equal to {id/j[x]}- 

(B) / is tamely reduced over R. 

(C) deg,^/>deg,^/>l. 

As discussed in the next section, there exist many elements of -R[x] which 
are coordinates of K\x\ over K satisfying (B) and (C), but are of none of 
the types I through V. For such / G i?[x], we have H{f) = {id/jjx]} due to 
Theorem 11.21 Since Aut(i?[x]/i?[/]) itself is an infinite group, this means 
the existence of a large number of wild automorphisms. 

When R does not contain Z, a statement similar to the "if part of 
Theorem 1 1 . 2 1 does not hold in general. We will give a counterexample at the 
end of the next section. 

Next, we define a subset Hi of Aut(i?[x]/i?) for the polynomial fi in 
Definition 11.11 for i = 1, . . . , 5. 



Definition 1.2. (1) For /i, we define 

i^i = {0 G J(i?;xi,X2) I (t){x2) =X2 + a^^{g - (pig))}. 

(2) For /2, let /j, be the maximal integer such that h belongs to R'ly!^], and 
Z the set of a; G R^ such that u'^ = 1 and g^^ := (uj — 1)(C — 1)~^9 belongs 
to Then, we define 

H2 = {(/) & Aut(i?[x]/i?[xi]) I (j){x2) = u)X2 + gui for some u; £ Z} . 

(3) For /s, we define to be the set of G Aff (i?, x) defined by 
(1.4) (0(xi), <Pix2)) = ixi,X2)A + (61, 62) 

for some A G GL{2, R) and 61, 62 G ii such that 

' ai 
02 



(1.6) ((r4 ^o(/)or4)(a;i), (r4 ^o(/)or4)(a;2)) = (xi,X2) ( ^ ) - (a, a^a) 



(1.5) Aa = a and aibi + 0262 = 0, where a 

(4) For /4, we define H4 to be the set of G Aff (i?, x) such that 

e 2eaa \ 

for some e G {1, —1} and a G K. 

(5) For /s, let fi' be the maximal integer such that g' belongs to K[x^ ], 
and Z' the set of G R^ such that u^' = 1 and jij{Ljj) belongs to R for 
i = 0, 1, 2 and j = 1, 2. Then, we can define cpuj G Aff (i?, x) by 

(puiixi) = (1 + 7i,2(w))2;i + 72,2(^^)2:^2 + 7o,2(w) 
(t>uj{x2) = -ji,i{u})xi + (1 - 72,i('^))a;2 - 70,1 ('^) 
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for each u G Z'. Actually, we have det Jcf)^^ = to, since 
(1 + 7i,2(w))(l - 72,i(w)) - (-7l,l(^))72,2('^) 

_ - 1)(qi/32 - Q2/3i) _ (g; - l)^«i/32«2/3i _^ ju) - l)^ai/?ia2^2 _ 

ai/32 - a2/3i (ai/32 - a2/3i)2 (ai^2 - a2/3i)^ 

We define = {0a; I w e Z'}. 

In the notation above, the following theorem holds. 

Theorem 1.3. Let /i, . . . , /5 be as in Definition \l.l\ where /s need not to 
satisfy (c) of (5). Then, we have H{ fi) = Hi for i = 1, . . . , 5. 

We remark that H2 is a finite set with at most /x elements, since Z 
consists of /U-th roots of unity. Similarly, is a finite set with at most 
//' elements. Thus, H{f2) and H{f^) are finite groups due to Theorem 11.31 
Therefore, if / is of type II or V for / S -R[x], then / is quasi-totally wild. 

Proposition 1.4. fi, f^ and f^ are not exponentially wild. In particular, 
H{fi), -^(/s) and H{fi) are infinite groups. 

Proof. For i = 1,3,4, define A/, as in (jl.ip . Then, A/, is locally 
nilpotent, since fi is a coordinate of K\x\ over K. Take G N such that 
A^'(xj) = for j = 1,2, and set = mJAj.. Then, we have Di{fi) = 0, 
and expDj induces an element of Aut{R[x\/R). From the definition of /i 
and /s, we see that dfi/dx2 belongs to R, and dfi/dxi belongs to R[xi\ 
for i = 1,3. Hence, Di and -D3 are triangular. Thus, expDi and expDs 
belong to T(i?, x). Since df^/dxi is a linear polynomial for z = 1,2, we see 
that 1)4 is affine. Hence, expD4 belongs to T(i?, x). Therefore, fi is not 
exponentially wild for i = 1,3,4. Since expDj belongs to H{fi) and has an 
infinite order, we know that H{fi) is an infinite group for z = 1, 3, 4. □ 

As a consequence of Theorems 11.21 and 11.31 and Proposition 11.41 we get 
the following corollary. 

Corollary 1.5. Assume that f € -R[x] is a coordinate of K\x\ over K. 

(i) / is quasi-totally wild if and only if f is exponentially wild. 

(ii) Assume that R is a Cl-domain such that V{R) = . If H{f) is not 
equal to {id/j[x]}; then 11(f) is an infinite group. 

Proof, (i) It suffices to prove the "if part. Assume that / is exponen- 
tially wild. Without loss of generality, we may assume that 11(f) ^ {id/j[x]}- 
By replacing / with t(/) for some r G T(i?, x), we may assume further that 
/ is tamely reduced over R and deg^.^ / > deg^.^ /. Since / is exponentially 
wild by assumption, / is not killed by d/dx2. Hence, we get deg^-j / > 1- 
Thus, / satisfies (A), (B) and (C) of Theorem 11.21 Therefore, / must be of 
one of the types I through V. By Proposition 11.41 / is not of type I or HI 
or IV. Hence, / must be of type II or V. Therefore, / is quasi-totally wild 
as mentioned after Theorem 11.31 

(ii) By replacing / with t(/) for some r G T(i?, x), we may assume that 
/ is tamely reduced over R and deg^^ / > deg^.^ /. If deg^.^ / = 0, then / 
is a linear polynomial in xi over R. Hence, we have 11(f) = H(xi). Thus, 
11(f) is an infinite group. Assume that deg^.^ / > 1, and 11(f) ^ {id/jjx]}- 
Then, / satisfies (A), (B) and (C) of Theorem [TT2j Hence, / must be of one 
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of the types I through V. Since R is a Q-domain such that V{R) = K^, 
we know that / is of none of the types II through V by the remark after 
Definition II. li Thus, / is of type I. Therefore, H(f) is an infinite group by 
Proposition 11.41 □ 

Thanks to Theorem [H Corollary 11.51 (ii) implies the following corollary. 

Corollary 1.6. Assume that n = 3. Let f G /c[x] be a coordinate of 
k{x3)[xi,X2] overk{x^). Then, Aut(A;[x]/A;[x3, /])nT(/c, x) is egwa/ to {idfc[x]} 
or an infinite group. 

Actually, R = k[x^ is a Q-domain such that V{R) = , and 

H{f) = Ant{k[^]/k[x3, f])nT{k[x3],{xi,X2}) = Aut{k[^]/k[xs, f])nT{k,^) 

by Theorem [TJ 

2. Examples 

In this section, we construct various examples. First, we give the five 
types of polynomials. It is easy to find polynomials of types I through IV. 
For example, let R = Z. Then, 171 := 2x2 + is of type I, and 

92 ■= xi + (2X2 + xjf 

is of type II with ( = —1, e = 2 and g = —x^. Let R = Z[ai,a2] be the 
polynomial ring in ai and 02 over Z. Then, oi/a2 does not belong to V{R) 
by Lemma [3T] (ii). Hence, 53 := aixi + 02^2 is of type III, and 

54 := {aixi + 02X2)^ + X2 

is of types IV with a = 1 and G Aff (ii', x) defined by T^ixi) = aixi + 02X2 
and Ti{x2) = X2- 

To construct a polynomial of type V, consider the subring R := 7i[y, 2z, yz] 
of the polynomial ring Z[y, z]. Then, it is easy to see that y is an irreducible 
element of R, z does not belong to R, and / := yR + yzR is not equal to R. 
We claim that / is not a principal ideal of R. In fact, if / = pR for some 
p & R \ R^ , then p divides y, since y belongs to I. Hence, we get pR = yR 
by the irreducibility of y. Since yz belongs to /, it follows that y divides 
yz. Hence, z belongs to R, a contradiction. Thus, / is not a principal ideal 
of R. Therefore, yz/y does not belong to V{R) by Lemma |3. II (ii). Define 
r5 e Aff(_R',x) by T^ixi) = yxi + yzx2 and r5(x2) = X2. Then, 

95 := T5{X2 +xf) 

is an element of R[x] of the form of /s with g' = xf, and satisfies (b) of 
Definition O (5). Since xf belongs to x^-fC[x|], we see that (a) holds for 
e' = 4. Observe that 7i,2(-l) = -2y/y = -2, 72,2(-l) = -"^yz/y = -2z 
and 7jj(— 1) = if i = or j = 1. Hence, 7jj(— 1) belongs to R for 
i = 0,1,2 and j = 1,2. Since (—1)^ = 1, we conclude that (c) holds for 
C = — 1. Therefore, 55 is of type V. 

We remark that gi,...,g^ above are not coordinates of R[x] over R. 
This can be verified by using the following lemma and proposition. 

Lemma 2.1. Let f be a coordinate of R[x] over R, p a prime ideal of R, and 
f the image of f in {R/p)[x]. If f belongs to {R/p)[xi] for some i G {1,2}, 
then we have deg^, . / = 1 . 
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Proof. Since / is a coordinate of ii[x] over R, we may find (p E 
Aut(i?[x]/i?) such that _(j){xi) = f. Set R = R/p. Then, cj) :=_id^ (g) (/> 
is an automorphism of -R[x] = R (^r R[x\ over R. Since (j){xi) = f belongs 
to R[xi] by assumption, cj) induces an element of Aut{R[xi]/ R). Because R 
is a domain, this implies that (/)( linear polynomial. Therefore, we 

getdeg^^/ = l. □ 

Since the images of gi and (72 in (Z/2Z)[x] are xf and xi + xf, respec- 
tively, we know by Lemma l2.ll that gi and (72 are not coordinates of Z[x] 
over Z. Since the image of g^ in (Z[ai, a2]/(ai))[x] is (02X2)^ + 2:2, we know 
that 54 is not a coordinate of (Z[ai, a2])[x] over Z [01,02] similarly. As for 
55, observe that p = (y, 2z, 2) is a prime ideal of i? = Z[y, 22;, yz]. Since the 
image of 55 in (i?/p)[x] is (7/2x2)^ + 2^2, we know that g^ is not a coordinate 
of i?[x] over R. 

By the following proposition, g^ is not a coordinate of -R[x] over i?. 

Proposition 2.2. No coordinate of R[x] over R is of type III. 

Proof. Suppose to the contrary that (j){xi) = fs for some cp € Aut(i?[x]/i?). 
Then, detJcp belongs to aiR + a2R, since dfs/dxi = ai for i = 1,2. Because 
det Jcp belongs to R^ , we get aiR + a2R = R. This contradicts that ai/02 
does not belong to V{R). Therefore, /s is not a coordinate of i?[x] over 
R. □ 

Next, we give examples of coordinates of -R[x] over R which are of types 
I, IV and V. The following fact is well-known (see [Bl Lemma 1.1.8] for a 
more general statement). 

Lemma 2.3. Let (p be an endomorphism of the R-algebra R[x] such that 
det J(j) belongs to R^ . If K[(j){xi), (j){x2)] = i^[x], thencp belongs to Aut(i?[x]/i?). 

Assume that R = Z. Then, it is easy to see that 

hi := 4x2 + 1 + xi + 2x1 

is a type I element of R[x\. We show that hi is a coordinate of i?[x] over R. 
Since 

2hl - 3hi = 2(1 + xif + (1 + xi + 2x1) = xi - 1 (mod 4i?[x]), 
we see that 

h[ := i (xi - 1 - {2hj - 3hi)) 

belongs to R[x]. Hence, we may define an endomorphism 4> of the i?-algebra 
R[x] by 4>{xi) = hi and 4>{x2) = h[. Then, we have det Jcp = —1, since 

dhi A dh'i = -dhi A dxi = —dxi A dx2. 

Thus, det J(j) belongs to R^ . Since K[hi,h'i] = K[hi,xi] = K[x], we con- 
clude that (f) belongs to Aut(i?[x]/i2) by Lemma 12.31 Therefore, hi is a 
coordinate of i?[x] over R. 

Next, let R = Z[ai,a2] be the polynomial ring in ai and 02 over Z. 
Define elements of R[x] by 

/14 = ai(aixi + a2X2)^ + X2, /i4 = 02(01X1 + 02X2)^ - xi. 



52 



4. TAME INTERSECTION THEOREM 



Then, /14 is of type IV with a = ai and T4 G Aff(/C, x) defined by T4(xi) = 
aixi + a2X2 and T4(x2) = X2- Since 02/^4 — ai/14 = aixi + 02X2, we see that 
xi and belong to R[h4,h'^]. Hence, we get R[hi,h'^] = R[x]. Therefore, 
/14 is a coordinate of -R[x] over R. 

Finally, we construct a coordinate of type V. Let Rq be the polynomial 
ring in four variables Ui and /3j for i = 1,2 over Z. Put 6 = ai/32 — a2/3i, 
and consider the subring 

R := i?o [2air\ 2a2r\ 4/3ir\ 4/32^1, (ai + 2/3i)r\ (a2 + 2/32)6-^] 

of /2o[<5"^]. Define rs G Aff(i^,x) by 

•'"5(3^1) = + a2a;2 + 2 and T5{x2) = (3iXi + (32X2- 

Then, /15 := r5(a;2 +xf) is an element of i?[x] of the form of /s with 5' = , 
and satisfies (a) of Definition ll.il (5) for e' = 4. We check (b) and (c). 
Define a homomorphism ip : Rq —?■ Z oi Z-algebras by 

V^(ai) = 0, 4^(02) = 2, V'(/3i) = -2, V'(/32) = 3. 

Then, we have 4'{d) = 4. Hence, V extends to a homomorphism : 
i?o[<5"^] ^ Z[l/4] of Z-algebras. Then, we have ij{4^i6-^) = ^{I3i) for 
i = 1, 2, and 

i,{2ai5-^) = 0, i){2a26-^) = 1, VS((ai+2/3i)ri) = -1, i){{a2+2h)5-^) = 2 

Thus, ip{R) is contained in Z. Therefore, we get V'(i?) = Z. 

We prove that 2 is an irreducible element of R by contradiction. Suppose 
that 2 = pq for some p, g G i? \ {0} not belonging to R^ . Since p and q 
belong to i?o[<^~^]) we may write p = p'b~^ and q = where p\ q' G -Rq 

and l,m ^ Z>o. Then, we have 2(5'+^" = p'g'. Since 2 and (5 are irreducible 
elements of Rq, we may write p' = 2u5^' and q' = u5'^' by interchanging 
p' and if necessary, where u G {1,-1}, and l\m' G Z>o are such that 
I' + m! = I + m. We show that {l,m) = {l',ni'). Then, it follows that q = 
{u6'^ )6~"^ = u belongs to R^ , and we are led to a contradiction. Suppose 
to the contrary that {l,m) 7^ {l',m'). Then, we have I > V ox m > m'. If 
I > I', then u5^^^'^^p belongs to i?, since so does p. Since p = {2u5^' )5~\ 
we have u6^~^'~^p = 26~^. Hence, 26~^ belongs to R. Thus, i'{26~^) = 1/2 
belongs to 'ip{R) = Z, a contradiction. Similarly, if m > m', then uS"^"'"^ ""^q 
belongs to R. Since q = {u6^ we have u6^~"^ ~^q = . Hence, 

belongs to R. Thus, 'tp{6~^) = 1/4 belongs to V'(-R) = Z, a contradiction. 
Therefore, 2 is an irreducible element of R. 

We show that I := aiR + a2R is not a principal ideal of R. First, note 
that I is not a unit ideal, since '4>{I) = 2Z. Suppose that I = sR for some 
s £ R \ R^ . Then, s divides 

ai ((02 + 2/32)5-1) - 02 ((ai + 2pi)6-^) = 2{aip2 - a2^i)S-^ = 2. 

Since s is not a unit of R, it follows that sR = 2R by the irreducibility of 2. 
Hence, 2 divides ai. Thus, ai/2 belongs to R, and so belongs to iio['^-i]> 
a contradiction. Therefore, / is not a principal ideal of R. Consequently, 
ai/a2 does not belong to V{R) by Lemma [3.11 (ii). This proves that T5 
satisfies (b) of Definition 1 1.1] (5). Observe that 

7i,,(-l) = -2ail3j6-' = -(3j{2ai6-^) and 7o,j(-l) = -^/3jS-^ 
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belong to R for each i,j G {1,2}. Since (—1)'^ = 1, we know that (c) holds 
for C = — 1. Therefore, /15 is of type V. 

Next, we show that /15 is a coordinate of R[x] over R. Consider the 
polynomial 

K :=<5-^(r5(xi) + 2(/i5-17)). 
Then, we have K[h5,h'^] = /^[/is, T5(xi)] = K[T5{x2),T^oixi)] = K[x], and 

(2.1) (i/15 A dh'^ = 5^^dh^ A dT^{xi) = 6^'^dT^{x2) A dT^{xi) = —dxi A dx2- 

We check that h'^ belongs to R\x\. Note that p := t^{xi)'^ — 16 is divisible 
by 01X1 + 02X2. Since 2(5~-'^(aiXi + 02X2) belongs to i?[x], we see that 25~'^p 
belongs to i?[x]. Since /15 — 17 = t(x2) + p — 1, it follows that 

K = <^"^(r5(xi)+2(r(x2)+p-l)) = {ai+2l3i)6~^xi+{a2+2l32)5-^X2+25-^p 

belongs to R\x\. Hence, we may define an endomorphism (p of the i?-algebra 
i?[x] by 0(xi) = /15 and 4>{x2) = h'^- Then, we have det Jc/) = —1 by 
(pTTj) . Hence, dei Jcj) belongs to R'^ . Thus, belongs to Aut(i?[x]/i?) by 
Lemma 12.31 Therefore, /15 is a coordinate of -R[x] over R. 

As remarked after Theorem 1 1.2 1 we can easily construct elements of R\x\ 
which are coordinates of K\x\ over K satisfying (B) and (C) of Theorem ll.2l 
but are of none of the types I through V. For example, take any polynomial 
/i of type I, and ^i{z) £ R[z] with Cj := deg^ ^iiz) > 2 for each i > 1. We 
define a sequence (pi)^o elements of R[x] by 

Po = xi, pi= fi and pi+i = pi-i + ^i{pi) for i > 1. 

Then, pi is a coordinate of K[x] over K for each i > 0, since K\pQ,pi] = K[x] 
and i2[p/,p/_|_i] = R\pi-i,pi] for each Z > 1. We show that pi satisfies (B) 
and (C), but is of none of the types I through V when i > 3. Let q be the 
leading coefficient of ^i{z) for each i > 1. First, we show that 

(2.2) P7 = ci---c,^iifrr-''-' 

holds for each w G and ^ > 1 by induction on i. The assertion is clear 
if i = 1. Assume that i > 2. Then, we have pY = ci • • • Cj-i{f^y^"''^^-^ 
for j = l,...,i — 1 by induction assumption. When i > 3, this implies 
that deg^pi_i = ej_2 deg^pj_2. Since ei-2 > 2, we get deg^pi_i > 
degwPi-2- The same holds when i = 2 since deg^ /i > deg^xi. Hence, 
deg^ $i_i(pj_i) = ei-i deg^pi-i is greater than deg^pj_2. Thus, it follows 
that 

= c,_i (ci ■ ■ ■ c,-2{frr-''-T~" = ci • • • ci.,ifrr 

Therefore, (j2.2p holds for every i > 1. Since pi is a coordinate of K[x] over 

K, we may write pY^^^^ as in Proposition 11.21 Thanks to ()2.2p . this implies 

that fY^^''^ = ax2 + cx\. Hence, pY^^^ is a power of X2 + (c/a)x^ multiplied 
by a nonzero constant. Since fi is of type I, we have A > 2, and c/a does 
not belong to R. Hence, pi is tamely reduced over R by Proposition 12.51 (ii). 

Thus, Pi satisfies (B). By Proposition [L2l we have deg^^pi = deg^^pY^^^^ for 
I = 1,2. Hence, we see from ()2.2p that 

(2.3) deg^.^ Pi = Aei ■ ■ ■ ej_i and deg^^ pi = ei ■■■ ei-i. 
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Since A > 2, it follows that pi satisfies (C). Moreover, we know that pi is 
not of type other than II owing to (jl.2p . We show that pi is not of type II. 
Suppose to the contrary that pi is of type II. Then, we may find q G K[x] 
such that deg^2 9 = 1 ™d K\pi, q] = K[x]. Since K\pi,pi^i] = K[k], we may 
write q = api-i + ^(pi), where a G and ^{z) € K[z]. Since z > 3, we 
have deg^^ Pi > deg^^pi-i > ei > 2 by (|2.3p . Hence, deg^.^ q is equal to the 
maximum between deg^^ Pi-i ^^'^ deg^.^ ^(pi), and is at least deg^..^ pi-i > 2. 
This is a contradiction. Thus, pi is not of type II. Therefore, pi is of none 
of the types I through V. 

In closing, we construct counterexamples to statements similar to Lemma fl.ll 
and the "if part of Theorem 11.21 in the case where R does not contain Z. 
First, let R = {Z/2Z){z^) and S = (Z/2Z)(z), and consider the element 

/I 2 I 2 2 
:= X2 + Xi + Z X2 

of i?[x]. Since f = X2 + {xi + 2x2)^, we can define £ Aut(S'[x]/5) by 
ijj{xi) = f and 'ip{x2) = 2:1 + zx2. Hence, / is a coordinate of S'fx] over S. 
Observe that /^(-^^ = (xi + ZX2)^. Since z does not belong to R = K, this 
implies that / is not a coordinate of K[x] over K in view of Proposition [T21 
Therefore, / is a counterexample to a statement similar to Lemma ll.ll 
Next, let R = (Z/2Z)[z], and define ai G Aut(iC[x]/i^) for i = 0, 1, 2 by 

(fTo(xi),(To(x2)) = (xi,ZX2), 

{ai{xi),ai{x2)) = {xi,X2+ xi+ xl) and icr2{xi),a2{x2)) = {xi + xl,X2). 
Then, consider the polynomial 

g ■= (fjo o (Ti o 0-2 O fTi)(x2) 

= (O-Q O fTl) (X2 + (Xl + xl) + (Xi + xj)) 

= O'o((x2 + Xl + xf) + Xl + (X2 + xf + Xi) + X^ + (x2 + xj + xf)) 
= X^ + X^ + ZX2 + -2^X2 + 2^X2. 

Clearly, g belongs to R[x], and is a coordinate of K[x] over K by definition. 
We show that g satisfies (A), (B) and (C) of Theorem 11.21 but is of none 
of the types I through V. Define (p G Aut(i?[x]/i?[x2]) by </>(xi) = xi + 1. 
Then, cp belongs to T(i?,x), and satisfies (j){g) = g. Hence, cp belongs to 
H{g). Thus, g satisfies (A). Since ^i^^^) = z^(x2 + z~'^x\Y , and z^"^ does 
not belong to R, we know that g is tamely reduced over R by Proposition [23] 
(ii). Hence, g satisfies (B). Since deg^,^ 5 = 8 and deg^.^ 5 = 4, we see that g 
satisfies (C). Moreover, g is not of type other than II because of ()1.2p . Since 
R does not contain a root of unity of positive order, we know that g is not 
of type II. Therefore, g is of none of the types I through V. 

3. Proof (I) 

We begin with the proof of the "only if part of Theorem 11.21 Let 
/ G ^[x] be a coordinate of K\x\ over K of one of the types I through V. 
Then, / is tamely reduced over R by the discussion after (jl.Sp . Hence, / 
satisfies (B). From ()1.2p . we see that / satisfies (C). By Proposition 11.41 
H{fi) is an infinite group for i = 1,3, 4. Hence, / satisfies (A) if / is of type 
I or III or IV. We show that H2 and are not equal to {id^jx]}. Then, 
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when Theorem 11.31 is proved, it is also proved that / satisfies (A) if / is of 
type II or V. 

For /2, set d = lcm(e, Then, h belongs to R'[y2], since h belongs to 
-^'[yl] and R'[y2] by assumption. By the maximality of /i, it follows that 
d = fi. Hence, fi is divisible by e. Since C*^ = 1 by assumption, we get 

= (C^)^^^ = 1. Because g( = {( — 1)(C — = 9 belongs to we 

know that ( belongs to Z. Define (j) £ Aut(i?[x]/i?[3;i]) by (/>(x2) = Cx2 + g- 
Then, cj) belongs to H2, and is not equal to id/jjx]- Therefore, H2 is not equal 

to {id/{[x]}. Similarly, since g' belongs to K[xl ] and K[x'^ ] by assumption, 
we know that /z' is divisible by e' by the maximality of /x'. Hence, we have 
{(Y = {{CT'Y'^^' = 1- Since 7ij(C') belongs to R ioi i = 0,1,2 and 
j = 1,2 by assumption, it follows that C,' belongs to Z' . Thus, contains 
(/>^'. Since deiJcj)!^/ = Q' ^ 1, we have (j)c_i / id/jjxj- Therefore, is not 
equal to {id^^x]}- 

Next, we prove Theorem 11.31 Assume that i = 1. Since /i is tamely 
reduced over R, and deg^^ /i = A is greater than deg^^ /i = 1; we know that 
H{fi) is contained in J{R; xi, X2) thanks to Theorem l2.7l (ii). By definition. 
Hi is also contained in J{R; xi, X2). Hence, it suffices to show that (p belongs 
to H{fi) if and only if (j) belongs to Hi for each (j) G J{R] xi,X2)- Take any 
</> G J{R;xi,X2). Then, (/> belongs to T(i?, x). Hence, (j) belongs to H{fi) 
if and only if (p{fi) = fi- Since fi = ax2 + g and a 7^ 0, this condition is 
equivalent to a(j){x2) + <p{g) = ax2 + g, and to (p{x2) = X2 + a~^{g — (pig))- 
This condition is equivalent to the condition that <j) belongs to Hi. Thus, (p 
belongs to H{fi) if and only if (j) belongs to Hi. Therefore, we get H{fi) = 
Hi. 

We treat the case i = 2 later. For i = 3, 4, 5, we have deg^,^ fi = deg^^ fi 
by ()1.2p . Since fi is tamely reduced over i?, we know that H{fi) is contained 
in Aff(i?, x) thanks to Theorem 12.71 (i). By definition. Hi is also contained 
in Aff (i?, x). So we show that cp belongs to H{fi) if and only if (p belongs to 
Hi for each (p S Aff(i?, x). Since Aff(i?,x) is contained in T(i?, x), it suffices 
to check that (p{fi) = fi if and only if (p belongs to Hi. 

Assume that i = 3. Set /g = fs — b. Then, we have (pifs) = fs if and only 
if (p{f^) = /g. Write (p as in (|1.4|) . Then, since /g = aixi + 02X2 = {xi, X2)a, 
we have 

Hfs) = <p{ixi,X2)a) = {(p{xi),(p{x2))a 

= {{xi,X2)A + (6i,62))a = (xi,X2)(vla) + aibi + 0262. 
Hence, we know that (p{f^) = f'^ if and only if 

(xi, X2)(^a) + aihi + 02^2 = (a^i, X2)a, 

and hence if and only if A, hi and 62 satisfy (|1.5p . Thus, we have (p{fz) = fs 
if and only if (p belongs to H3. This proves that H{f^) = H^. 
We use the following lemma for the cases of z = 4, 5. 

Lemma 3.1. Let ip G Aff(i^, x) be such that 'ip{x2 + g) = X2 + g for some 
g G i^[xi] with deg^.^ g >2. Then, ip belongs to J{K;xi,X2). 

Proof. It suffices to show that deg^^ip{xi) < 0. By assumption, we 
have ipig) = ip{{x2 + g) — X2) = X2 + g — ip{x2)- Since deg^^ 5 = and ip is 
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affine, this implies that deg^,^ tp{g) < 1- On the other hand, we have 
deg^^tpig) = (deg^^ 5) deg^.^ > 2 deg^^ ^(2:1), 

since is a polynomial in the single variable xi with deg^..^ 5 > 2. Thus, 
we get 2 deg^,^ ■0(3^1) < 1- This gives that deg^.^ ^'(^^i) ^ 0- Therefore, ^p 
belongs to J{K;xi,X2)- □ 

Now, assume that i = 4. Then, (p fixes = Ti{ax1 + X2) if and only 
if (/)' := o (f) o fixes axf + X2- Since (/>' belongs to Aff(iir, x), this 
implies that (/>' belongs to J{K; xi, X2) by Lemma ISTTl and so implies that 
(j)'{xi) = exi — a for some e G and a & K. Hence, (f)' fixes ax\ + X2 if 
and only if 0'(xi) = exi — a and 

(3.1) a{exi — of' + <p'{x2) = (t){ax\ + X2) = ax\ + X2 

for some e ^ and a ^ K. Since (/>' is affine, ()3.ip implies that = 1. 
Hence, for e E /C^ and a G i^, we have (jS.ip if and only if e belongs to 
{1, —1} and 

(t>'{x2) = 2eaaxi + X2 — o^a. 

Since (^'{xx) = exi — a, we may write [<fJ {x\) ^ (\)' {X2S) as in ()1.6p . Thus, we 
know that (/'(/4) = /4 if and only if (|1.6p holds for some e G {1, —1} and 
a ^ K. Therefore, we conclude that H^f^) = H4. 

To prove Theorem 11.31 for i = 5, we need the following lemma. 

Lemma 3.2. For lo G , we have 

(3.2) (j)^{T5{xi)) = UT^^ixi), (l)coiT5{x2)) = T5{X2). 

Proof. Put (j) = (j^w, t = and = 7jj(a;) for each i and j. Then, 
we have 

(3.3) ((/>(r(xi)),(/>(T(x2))) = [ck{xi)A{x2)) +(ao,/3o) 
and 

{Cp{xi),(p{x2)) = (^l'^2) (^^^^^^'^ 1-^^72 1) + (^0-2, -70,1) • 

A direct computation shows that 

1 +71,2 -71,1 ^ "1 /^i 

72,2 1 - 72,1 y v"2 P2 

"1 + 7i,2ai - 7i,ia2 Pi + 7i,2/3i - 71,1/^2 ^ ^ '^"i /^i 
72,2ai + a2 - 72,ia2 72,2/3i + /32 - 72,i/32 / ^^^"2 1^2 

and 

. ,/q!i (w - l)ao ,0 /^A /'^ i\ nA 

U2 /?2 J = a,P2-a2Pi ^^''-^'^ U2 /?2 J = 

Hence, the right-hand side of (j3.3p is equal to 

(a;i,a;2) ^2 ) ~^ '■^^ ~ l)«o,0) + (ao,/3o) = (u;r(xi), r(x2)) . 

Therefore, we get (/)(r(xi)) = a;r(j;i) and (f){T{x2)) = t(2;2). □ 
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We show that (pif^) = /s if (/> belongs to = {(j)^ \ oj € Z'}. Take 
uj ^ Z' such that (p = (p^j- Then, we have oj^ =1. Hence, every element 
of K\t^{xiY ■•'^b{x2)\ is fixed under (f)^ by Lemma [321 Since g' belongs to 
Klx'^], we see that /s = t^{x2 + g') belongs to K[t^{xiY' ,t^{x2)]- Hence, 
/5 is fixed under cj)^. Therefore, we get 4>{f^) = /s- 

To prove the converse, we use the following lemma. 

Lemma 3.3. Let f be an element of K[z] \K, m the maximal integer for 
which f belongs to K[z"^], and 4> £ PMt{K[z\/K) such that (piz) = az for 
some a € . If (f){f) = f , then we have a™ = 1. 

Proof. Let S be the set of i G Z such that the monomial appears 
in / with nonzero coefficient. Then, we have a* = 1 for each i € S* by the 
assumption that (p{f) = f. Let m' be the positive generator of the ideal (S) 
of Z generated by S. Then, we may write m' = '^i^gini, where nj G Z for 
each i S 5. Hence, we have a"" = Uiesi^^T' = 1- 

Since (S) is generated 

by m', we know that S is contained in m'Z. Hence, / belongs to Klz"^']. 
By assumption, / also belongs to K[z"^]. Thus, / belongs to where 
d := lcm(m, m'). By the maximality of m, it follows that d = m. Hence, m' 
divides m. Therefore, we conclude that a"^ = (q™ )™/™ = l. □ 

Now, assume that (p € Aff(i?, x) fixes /s = t^{x2 + g'). Then, (p' := 
o (p o T5 fixes X2 + g' ■ Since cp' belongs to Aff(K, x), and deg^,^ 5' > 3 
by assumption, it follows that cp' belongs to J{K;xi,X2) by Lemma [3.11 
Write (p'{xi) = uxi + /3, where w G and (5 ^ K. We show that /3 = 0. 
Suppose to the contrary that /3 7^ 0. Then, the monomial appears in 

4>'{c2X^^) = C2{ijJXi + Set g" = g' — C2x\^ . Then, we have 

</)'(c2xt^) = (P'{{x2 + g') - {X2 + g")) =x2 + g'- <P'{x2 + g"). 

To obtain a contradiction, it suffices to check that does not appear in 

g' and (p'{x2 + g")- Since g' belongs to Klx'^ ], we know that A2 = deg^^ g' is 
divisible by /x'. Since fi' > 2, this implies that A2 — 1 is not divisible by /x'. 
Hence, does not appear in g'. Note that A2 — 2 > 1 by the assumption 

that A2 > 3. Since g" is an element of ] with deg^.^ g" < A2, we have 
degj,^ g" < A2 — /u' < A2 — 2. Hence, X2 + g" has total degree at most 
A2 — 2. Since an affine automorphism preserves the total degrees, it follows 
that deg(p'{x2 + g") < A2 — 2. Thus, Xi'^~^ does not appear in 0'(x2 + g")- 
Therefore, we are led to a contradiction. This proves that /? = 0. Hence, we 
have (/>'(xi) = uxi, and so (p'i^i) = for each i > 0. Since g' belongs 
to K[xi], it follows that g' — (p'{g') belongs to x^ K[xi]. On the other 
hand, we have g' — 4>'{g') = (p'{x2) — X2, since 4''{x2 + g') = X2 + g' ■ Hence, 
<P'{x2) — X2 belongs to x'^ Klx'^ ]. Since cp' is affine and n' > 2, this implies 
that (p'{x2) = X2. Consequently, we have (p'{g') = g' ■ Since is the maximal 
integer for which g' belongs to K[xi ], we conclude that u'^' = 1 by means 
of Lemma 13.31 Note that (p{T5{xi)) = u}T5{xi) and i;^(t5(x2)) = T5(x2), since 
(j)'{xi) = Loxi, <p'{x2) = X2 and (f)' = t^^ o (p o t^. By Lemma [3.21 this 
implies that cp = (p^. Because (p is an element of Aff(i2, x), it follows that 
u = detJcpuj belongs to . Moreover, (pi^ixi) = (p[xi) belongs to -R[x] for 
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i = 1,2. From this, we see that ^ij(uj) belongs to R for i = 0,1,2 and 
j = 1,2. Thus, uj belongs to Z'. Therefore, 4> = 4>uj belongs to H^. This 
completes the proof of Theorem 11.31 for i = b. 

Here is a useful identity to be used in the following discussions. Let A be 
a domain, and 7^ and pi elements of A for i = 1, 2. Define an endomorphism 
(j) of the A-algebra A[z\ by 4>{z) = and define 

z' = 72Z + p2 and p = J2P1 - (71 - 1)P2- 
Then, it holds that 

(3.4) (j){z') = j2Hz) +P2 = ll {I2Z + P2) - (71 - 1)P2 + I2PI = liz' + p'. 

Now, we show that H2 is contained in H[f2). Take any (j) € H2- Then, we 
have (l){xi) = xi and 4){x2) = ujX2+goj for some oj € Z. In the notation above 
with A = R[xi], z = X2 and (71,^1,72,^2) = (w, 5^^, C - 1, 5), we have ^(z) = 
wx2 + 5c^ = 4>^X2), z' = {C-l)x2+g = 2/2 and p' = {C,-l)gu - (a; - l)g = 0. 
Hence, we get 4>{y2) = ^\z' + p' = ujy2 by ()3.4p . Since u)^ = 1, it follows 
that (j) fixes every element of -fC[xi, 7/2]- Hence, (/> fixes /2 = axi + /i, since /i 
belongs to Klyl^] by the choice of fi. Clearly, (j) belongs to T(i?, x). Thus, (p 
belongs to H{f2). Therefore, H2 is contained in H{f2). 

The reverse inclusion is proved by using the following lemma and propo- 
sition, where we denote H{xi) = Aut(i?[x]/i?[xi]) for simplicity. 

Lemma 3.4. H'2 '■= H(f2) H H{xi) is contained in H2. 

Proof. Take any (j) E H2. Then, we have (/>(xi) = xi. Hence, we 
may write (p{x2) = u}X2 + p, where uj E and p G /^[xi]. We show that 
cj^ = 1 and p = gu- Then, it follows that <j) belongs to H2- By applying 
([331) with A = R[xi], z = X2 and (71,^1,72,^2) = (w,p,C - 1,5), we get 
0(7/2) = W2/2 + g, where 

q:= iC-l)p-{io-l)g. 

Then, we have p = g^^ if and only if g = 0. So we prove that q = 0. Note 
that h = f2 — axi is fixed under (f>, since (f> belongs to H{f2) fl H{xi). Hence, 
we have 

ci(a;y2 + g)^^ = cl^{ciy^') = -h') = h- ^{h'), 
where h' := h — 01^2^. Now, suppose to the contrary that q ^ 0- Then, the 
monomial ?/2^~^ appears in {ujy2 + q)^^ as a polynomial in y2 over 
Hence, 2/2^"^ appears in h or (f){h') by the preceding equality. Since h be- 
longs to R'[y2], we know that Ai = deg^^^ ^ is divisible by fi. Since /u > 2, 
this implies that Ai — 1 is not divisible by fi. Hence, ^2^"^ does not ap- 
pear in h. Note that deg^^^ h' < \i — n < Xi — 2, since h' is an element 
of R'[y2] with degj^2 ^' < -^i- Because 4>{y2) = ojy2 + q, it follows that 
degy^(j){h') = degy^h' < Ai — 2. Hence, y2^~^ does not appear in (t){h'). 
This is a contradiction, thus proving (7 = 0. Therefore, we get p = g^ and 
(t'{y2) = ^y2- Since (/'(/i) = /i, and ^ is the maximal number such that h 
belongs to R'lyi^], it follows that = 1 by Lemma 13.31 This proves that (f) 
belongs to H2- Therefore, H'2 is contained in H2. □ 

The following proposition is a key to the proof of the "if part of Theo- 
rem [L2l and Theorem 11.31 for i = 2. 
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Proposition 3.5. Let f € ^[x] be a coordinate of K[x] over K which is 
tamely reduced over R. 

(i) Assume that deg^.^ / > deg^^ / ^ 2. Ifcj}{f) = f for some (j) G J{R; xi,X2) 
with 4> idR[x], then (j) belongs to H{xi) and f is of type II. 

(ii) Assume that deg^^ / = deg^.^ / > 2. If (j)(f) = f for some (j) € Aff(i?, x) 
with (p 7^ id/j[x]; then f is of type IV, or f satisfies the condition (5) of 
Definition \l.l\ except for (c). 

We prove Proposition 13.51 in the next section. In the rest of this section, 
we derive from Proposition l3.5l the "if part of Theorem ll.2l and Theorem ll.31 
for i = 2. 

Let / G -R[x] be a coordinate of K\x\ over K which satisfies (A), (B) 
and (C) of Theorem 11.21 We show that / is of one of the types I through 
V. Since deg^,^ / > deg^.^ / > 1 by (C), we have |w(/)| > 1. Hence, there 
exist l,m £ N and a,/3 E such that deg^^ / = Im, deg^^ / = and 
yw(/) _ 0,(^3.2 -)- /3xi)"^ by Proposition [L2i Because / is tamely reduced over 
R by (B), it fohows from Proposition 12.51 that /3 does not belong to V{R) if 
I = 1, and to i? if / > 2. 

Assume that I = m = 1. Then, we have deg^.^ / = deg^,^ / = 1 and 
jw(/) _ ^(^^^ _|_ f]xi). Hence, / has the form ax2 + a(3xi + b for some b E R. 
Since / belongs to -R[x], it follows that 02 '■= a and oi := a/3 belong to 
R \ {0}. Since / = 1, we know that ai/a2 = /? does not belong to Vijl)- 
Therefore, / is of type HI. 

Assume that I > 2 and m = 1. Then, we have deg^^ f = I, deg^^ / = 1 
and f^^-l"^ = a{x2 + (3x[). From this, we see that g '■= f — ax2 is an element 
of R[xi] of degree / > 2 with leading coefficient a/3. Since / > 2, we know 
that /3 does not belong to R. Hence, a/3 does not belong to aR. Therefore, 
/ is of type I. 

Assume that / > 2 and m > 2. Then, we have deg^,^ / > deg^.^ / > 
2. Thanks to Theorem 12.71 (ii), this implies that H(f) is contained in 
J{R; xi, X2) because of (B). By (A), there exists 4> € II{f) with cp / id^jx]. 
Then, (j) belongs to J{R; xi, X2) and satisfies (j){f) = f. Therefore, / is of 
type n due to Proposition 13.51 (i). 

Finally, assume that I = 1 and m > 2. Then, we have deg^.^ / = 
deg^2 / — 2. Thanks to Theorem 12. 71 (i). this implies that II[f) is contained 
in Aff(i2, x) because of (B). By (A), there exists (/) G II{f) with (/> ^ id/j[x]. 
Then, (j) belongs to Aff(i?,x) and satisfies (/>{ f ) = f . Due to Proposition 13.51 
(ii), this implies that / is of type IV, or satisfies the condition of Defini- 
tion [LT] (5) except for (c). 

We show that / is of type V in the latter case. By assumption, we may 
write / = T^{x2 + g'). Here, rs is an element of Aff(K, x) satisfying (b) of 
Definition 11.11 (5), and g' is an element of x\ K\x\ ] for some e' > 2 with 
deg^j 5' > 3. By Theorem 11.31 for i = 5, we have II{f) = H^. Hence, we 
get Z' \ {1} / by (A). Take uj Z' with / 1. Then, we have w^' = 1 
and ^^^{ui) belongs to i? for i = 0,1,2 and j = 1,2 by definition. Since 

g' belongs to K[xi ] and x^ K[xi], we know that g' belongs to x^* K[x^ ]. 
Thus, / satisfies (a) and (c) of Definition 11.11 (5) with e' replaced by fj,'. 
Therefore, / is of type V. 
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This proves that / is of one of the types I through V. Therefore, the "if 
part of Theorem 11.21 follows from Proposition 13. 5i 

To complete the proof of Theorem 1 1.3 1 for i = 2, it remains only to prove 
that H{f2) is contained in H2- Thanks to Lemma [3. 41 it suffices to verify that 
H{f2) is contained in H{xi). By ()1.2p . we have deg^.^ /2 > deg^^ /s ^ 2. In 
view of Theorem l2.7l fii). this implies that H{f2) is contained in J{R; xi, X2), 
since /2 is tamely reduced over R. By Proposition 13.51 (i). we know that 

AutiR[x]/R[f2])nJiR;xi,X2) 

is contained in H{xi). Thus, H{f2) is contained in H{xi). This proves that 
H(f2) is contained in H2- Therefore, Proposition [33] (i) implies Theorem 1 1.3 1 
for i = 2. 

4. Proof (II) 

The goal of this section is to prove Proposition 13. 5[ Recall that elements 
of Aut(i?[x]/ii) are naturally regarded as elements of Aut(74[x]/^) for any 
i?-domain A. For each (p € Aut(i?[x]/i?), we define an ^-subalgebra of A[x\ 

by 

^[x]* = {/ G yl[x] I = /}. 

Lemma 4.1. (i) Let t > 2 be an integer, and f G R[x\,X2] a coordinate 
of K[x] over K . Then, we have f = 0x2 + p for some a £ R \ {0} and 
p G R[x{]. 

(ii) Let (j) £ Aut(i^[x]/Er) be such that (j){xi) = ax\ and 4>(x2) = X2 + q for 
some a G and q G i^[a;i] \ {0} with (f){q) = q. Then, K\x\'^ is contained 
in K[xi\ . 

Proof, (i) Let U be the set of / G -R'[a;*,a;2] which is a coordinate 
of K\x\ over K, but is not of the form / = ax2 + p for any a & 
and p G For each q G we define tpq G Aut(i^[x]/i^[rci]) by 

'^q{^2) = X2 — q- Then, we remark that ipq{U) is contained in U. Now, 
suppose to the contrary that there exists a coordinate /' G -R[x^,X2] of 
K\x\ over K which is not of the form /' = ax2 + p for any a R \ {0} and 
p G Then, /' belongs to U. Actually, if /' = ax2+p for some a G 

andp G -fi'fic*], then a and p belong to i?\{0} andi?[a;*], respectively. Hence, 
U is not empty. Choose / G {/ so that |w(/)[ is minimal. First, we show 
that |w(/)| > 1. Suppose to the contrary that |w(/)| = 1. Then, / is a 
linear polynomial in Xi over K for some i G {1,2}. Since / is an element of 
iir[a;^,X2] with t > 2, we know that i = 2. Hence, we have / = ax2 + /3 for 
some a ^ and (3 & K. Thus, / does not belong to f7, a contradiction. 
Therefore, we get |w(/)| > 1. By Proposition 11.21 there exist i,j G {1,2} 
with i ^ j , l,m G N and a, f3 € such that deg^. f = m, deg^_. f = Im 
and f^^f^ = a{xi + j3x^-)'"^. Since K is of characteristic zero, the monomials 

XiX^j^ and x™~^Xj appear in f'^^f\ and hence appear in /. Because / 
is an element of i^'[3;^,X2] with t > 2, it follows that {i,j) = (2,1), and 
I is a multiple of t. Hence, q := f3x\ belongs to -/^[x^]. Put ip = ipq. 
Then, ip{U) is contained in U as remarked. Hence, ip{f) belongs to U. 
Thus, we get |w('(/'(/))| > |w(/)| by the minimality of |w(/)|. To obtain a 
contradiction, we show that |w('0(/))| < |w(/)[ using Lemma 12.31 Since / 
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is a coordinate of K[x] over K with |w(/)| > 0, we know that / satsfies the 
equivalent conditions (a) and (b) before Proposition 11.31 By definition, we 
have ip{xi) = xi and ^(^2) = X2 — I3x[. Since w(/) = {mjm), we see that 
tp is w(/)-homogeneous. Since 

V,(/-(/)) = ^(a(x2 + Mr)=ax^, 

we have deg^^ Vl/"^^^^) < deg^i Z"^^-^^- Thus, it follows that |w(V'(/))| < 
|w(/)| by Lemma 12.31 Therefore, we are led to a contradiction, proving (i). 

(ii) Define a iC-linear endomorphism of i^[x] by 5 := i;^ — idj^[x]- Then, 
we have ker 6 = K[:x.]'^, and 

6{x\) = (pixiY - x\ = a'x\ - x\ = (a* - l)x\ 

for each i G Z>o. If 6'^{cx\) = c{a^ — lYx\ = for c G and i € Z>o, 
then we have c = or a* = 1, and hence 5{cx\) = c{a^ — l)x\ = 0. Thus, 
= implies 5{f) = for each / G K[xi]. 
Now, take any p G i^[x]'^\{0}, and write p = Yli=oPl-i^2^ where / G Z>o 
and po, ■ ■ ■ ,pi G -fiTfxi] with pQ ^ 0. Then, it suffices to show that / = 0. 
Since (l){K[xi]) is contained in and (j){x2) = X2 + q, we have 

i=0 

= (l){po)x2 + il4'{po)q + (j){pi))xlf^ + (terms of lower degree in X2). 

Hence, we get (j){po) = Po and l4>{po)q + <t>{pi) = Pi- Thus, po belongs to 
K[yLf and 

Kpi) = (t>{pi) -pi = -IHpo)'i = -^Poq- 

Since q belongs to K[k]'^ by assumption, —Ipoq belongs to i^[x]'^ = ker 5. 
Hence, it follows that 5'^{pi) = 0. This implies that 6{pi) = as mentioned. 
Thus, we get Ipoq = 0. Since po and q are nonzero, we conclude that / = 
due to the assumption that R contains Z. Therefore, p belongs to 
proving (ii). □ 

In the following discussion and two lemmas, n G N may be arbitrary. For 
each endomorphism cj) of the i?-algebra -R[x] and each matrix A = {aij)ij 
with entries in R[x\, we denote (j){A) = ((p{aij))ij. Then, by chain rule, we 
have 

(4.1) J{^o%b) =(t>{JiP) ■ J(l) 

for endomorphisms (p and ip of the ii-algebra R[x] . tp is an automorphism, 
then we get 

(4.2) J(V'~^ 0^0^) = (^-1 o (/.)(JV^) • Tp'\j^) ■ J{ip'^). 

Now, define an endomorphism eo of the i?-algebra R[x] by eo{xi) = for 
i = 1, . . . ,n. Assume that eo o (p = eo o ip = eo, i.e., (p{xi) and tp{xi) have no 
constant terms for each i. Then, the matrices eo{J{ip~^ ocpoip)^ and eo{J(p) 
are similar for the following reason. Since eo = (eo °'ip) ° "^"^ = eo ° ^~^> we 
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have 

eo(JV') • eo{J{^p-^)) = (eo o ij-'){Ji^) ■ eo(J(V'~')) 
= eo(V~'(JV') • Jii'-^)) = eo(^(^"' o i;)) = E. 
Hence, we get eo(J(V'"^)) = e^iJ'^T^. Thus, it follows from g2]) that 

eo(J(V-' o o V-)) = eo((V"' o 0)(JV)) • eo(V"'(J'^)) • eo(J(V'"')) 
= (eo o o 0)(JV') • (eo o ^-i)( J0) • eo(J^)-i 

= eo(JV)-eo(J0)-eo(JV')"'- 
Therefore, eo{J{ip~^ o o ■;/;)) and eo(J</>) are similar. 

Lemma 4.2. Lei k 6e any field, and (/) G J(fi:; xi, . . . , x„) suc/i that 0(/) = / 
/or some coordinate f of k[x] over k. Then, we have (j){xi) = Xi+g for some 
i E {1, . . . , n} and g £ k[xi, . . . , 

Proof. Write <p{xi) = OiXi + gi ior i = 1, . . . ,n, where a, G and 
gi € k[xi, . . . ,Xi-i]. We show that = 1 for some i by contradiction. 
Suppose that Oj 7^ 1 for all Then, we can define ci, . . . , c„ G k by 

Cj := -{ai - iy^gi{ci, ... , Cj_i) 

by induction on i. Define r € Aut(K[x]/K) by T{xi) = x^ — q for i = 1, . . . ,n. 

Then, we have 

(4.3) 

{(j) o r)(xi) = (j){xi - a) = aiXi + gi - Ci 

= ai{xi - Ci) + gi + (tti - l)ci = ai{xi - a) + gi - gi{ci, . . . , Ci_i) 

for i = 1, . . . ,n. Set (j)Q = t^^ o (p o t. Then, we see from ()4.3p that 
(j)o{xi) = r^^ (((/)or)(xi)) has the form OiXi+g'^ for some g'^ G k[xi, . . . ,Xj_i] 
for each i. Hence, J</)o is a lower triangular matrix with diagonal entries 
ai, . . . ,an- Thus, the same holds for eo( J</>o)- Therefore, ai, . . . , are the 
eigenvalues of eo^Jcpo). 

Observe that ()4.3p is sent to zero by the substitution Xj i-)- Cj for j = 
1, . . . ,i. Since (eo o r~^)(xj) = eo(xj + Cj) = Cj for j = 1, . . . , n, it follows 
that 

(eo o (/)o)(xi) = (eo or"^)(((/)or)(xi)) =0. 

Hence, we get eo o = eo. Since / is a coordinate of over k by 
assumption, there exists a G Aut(K;[x]/K) such that a{xi) = f. Define 
(Tq G Aut(K[x]/K) by 

c^oixi) = (t~^ o a){xi) - eo((T"^ o a){xi)) 

for z = 1, . . . , n. Then, we have eo(iTo(xi)) = for each i. Hence, we get 
eo°c"o = eo- Set (f>i = ocpQoao. Then, €o{J4>o) and eo{J(f>i) are similar by 
the discussion above. Accordingly, ai, . . . , a„ are the eigenvalues of eo( 
Since (j){a{xi)) = (pif) = f = o"(xi), and /3 := eo((T~^oo")(xi)) is a constant, 
we have 

(00 °(^o){xi) = (t~^ O0O r)((r~^ ofT)(xi) - /?) 

= r-i(0(a(xi))) - (r-i o o r)(/3) = (r-^ o a){xi) -13 = ao(xi). 
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Hence, we get 



(t>i{xi) = (ctq ^ o 



0OOCTo)(xi) = O-g ^((00 o 0-o)(xi)) 



^(o-o(2;i)) = Xi. 



This shows that the first row of J(pi is (1,0, ...,0), and the same holds 
for eo(J0i). Thus, 1 is an eigenvalue of eo(Ji;^i). Since ai,... ,an are the 
eigenvalues of eo{J(j)i), this contradicts that Oi ^ 1 for all i. Therefore, we 



We also use locally nilpotent derivations to prove Proposition 13.51 For 
each domain A, we denote by Q{A) the field of fractions of A. Then, the 
following facts are well-known. Here, we recall that k is an arbitrary field of 
characteristic zero. For D E LND^ k[x] \ {0}, the transcendence degree of 
<5(ker £)) over k is equal to n — 1 (cf. [6, Proposition 1.3.32]). li D{f) 7^ for 
D € Derfc k[x\ and / E k[x], then / is transcendental over Q(keT D) (cf. [18\ 
Proposition 5.2]). 

The following lemma is a consequence of these facts. 

Lemma 4.3. For D E LNDfcfc[x], we put cj) = expD. Then, we have 
k[x]'l' = keiD. 

Proof. Obviously, kei D is contained in A;[x]'^. We prove the reverse 
inclusion by contradiction. Suppose that D{f) 7^ for some / E fc[x]'^. 
Then, / is transcendental over Q(ker D) as mentioned. Clearly, D is nonzero. 
Hence, QQiei D) has transcendence degree n — 1 over k as mentioned. Thus, 
the transcendence degree of Q{kei D){f) over k is equal to n. Since L := 
Q{k[x]'^) contains Q(k.er D){f), we know that A;(x) := (^(^M) is a finite 
extension of L. Note that cp extends to an automorphism of k{x) over L. 
Hence, (p must be of finite order. This contradicts that 4> = expD with D ^ 
0. Thus, k[x]'^ is contained in kerZ?. Therefore, we have klx]"^ = kerZ). □ 

For (j) E Aut(A;[x]/A;), consider the A:-linear endomorphism 5 = (p — id^jx] 
of k[x]. For each f,g E A;[x], we have 



s{fg) = 4>{f9) -f9= {m - f)g + miHg) -9)= s{f)9 + m^ig)- 



for each / > 1. By this formula, we know that 5''^^{fg) = if 5\f) = 
and 6"^{g) = for l,m E N. Hence, we see that 6 is locally nilpotent if 
(5'* (xj) = for some /j E N for i = 1, . . . , n. 

Lemma 4.4. Let (p E PLX\.t{k\x\/k) he such that (p{xi) = Xi + gi for some 
gi E k\xi, . . . ,Xi-i] for i = 1, . . . ,n. Then, we have (p = exp D for some 
triangular derivation D of k[x] over k. 

Proof. By induction on n, we can check that 5 = cp — id^j^] is locally 
nilpotent. In fact, assuming that the restriction of 5 to . . . , a;„_i] is 

locally nilpotent, we have 5\xn) = for some / E N, since 5{xn) = {xn + 
9n) — Xn = gn belongs to k[xi, . . . ,Xn-i]- This implies that 5 is locally 



have ai = 1 for some i. 



□ 



Since 5 o (p = (p o 5, it follows that 




i=0 
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nilpotent by the discussion above. Due to van den Essen [6l Proposition 
2.1.3] and Nowicki [231 Proposition 6.1.4 (6)], it follows that 

i>l 

belongs to LND/;A;[x] and satisfies = expL>. Since 6{xi) = (xi + gi) — 
Xi = Qi belongs to . . . , and . . . , is contained in 

k[xi, . . . , Xj-i], we see that D{xi) belongs to k[xi^ . . . , for i = 1, . . . , n. 
Therefore, D is triangular. □ 

Now, we prove Proposition 13.51 (i). Let / € i?[x] be a coordinate of K[x\ 
over K which is tamely reduced over R and satisfies deg^,^ / > deg^^ / ^ 2. 
Take id^[x] / </> G JiR] 3^1, 2:2) such that (p{f) = f, and write 

(4.4) <p{xi) = uixi + V and (t>{x2) = U2X2 + g , 

where ui,U2 G , v £ R and g G Then, we have ui = 1 or 

ti2 = 1 by Lemma 14.21 Since / is a coordinate of K[x] over K with 
deg^^ / > deg^..^ / > 2, we see from Proposition 11.21 that / has the form 
ax2 + (terms of lower degree in X2) for some a G i? \ {0} and I > 2. Then, 
we have 

(f){f) = au2X2 + (terms of lower degree in X2) 

because of ()4.4p . Since 4>{f ) = /, it follows that U2 = 1. Hence, U2 is a root 
of unity. We show that ui = 1 and n2 7^ 1 by contradiction. 

Suppose that ui = U2 = 1- Then, there exists a triangular derivation D 
of K[x] over K such that (j) = exp D by Lemma [4. 4 1 Here, we identify with 
the natural extension to i^[x]. Since (j) id/j[x], we have D ^ 0. Assume 
that D{xi) = 0. Then, we have D{x2) 7^ 0. Hence, we get kerZ) = 
Since / belongs to -fC[x]'^, and i^[x]'^ = kerZ) by Lemma 14.31 it follows 
that / belongs to Hence, / is a linear polynomial in xi over K. 

This contradicts that deg^^ / ^ 2. If D{xi) / 0, then D{xi) belongs to 

by the triangularity of D. By integrating D{xi)~^D{x2) in xi, we can 
construct q G -fC[xi] such that dq/dxi = D{xi)^'^D{x2). Then, we have 
D{x2 — q) = D{x2) — D{xi)dq/dxi = 0. Since X2 — q is a coordinate of 
K[x] over K, it follows that ker D = K[x2 — q] by Theorem 12.11 Hence, / 
belongs to K[x2 — q]- Since / is a coordinate, / must be a linear polynomial 
m X2 — q over K. Thus, we get deg^^ / = !> a contradiction. Therefore, we 
have {ui,U2) 7^ (1,1)- 

Next, suppose that ui ^ 1 and U2 = 1. Set 

Zl = {ui - l)xi + V. 
Then, we have -/^[-Zi] = i^[xi] since ui 7^ 1. Moreover, we get 

(p{zi) = UiZi + (ui — l)v — {Ul — l)v = UlZi 

by applying (j3.4p with (71,^1,72,^2) = iui,v,ui — l,v). Since g belongs to 
iir[xi] = i^[-zi], we may write g = X^j>o A-^l, where I3i G K for each i. Let 
/ be the set of i such that /3j 7^ and u\ ^ 1. Then, define 

Z2 = X2 + q, where q := y^/3j(l - u\)~^z{. 

iei 
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Since n2 = 1, we have 

(t>{z2) = 4>{x2 + q) = {x2 +g) + 4>{q) = {z2-q)+g + 4>{q) = Z2 + q, 

where 

q':=9 + m -q = Yl /^^^i + E ^^^^ " " 4) 

= ^Azi + -txD-Htxl - i)z\ = Y.^A- 

Note that i does not belong to / if and only if /3j = or = 1, and so if and 
only if (j){l3izl) = /3iu\z\ is equal to /3jz|. Hence, we get (l){q') = q' . If q' / 0, 
then we know by Lemma l4.ll (ii) that if[x]'^ is contained in -/^[zi] = 
Hence, / is a linear polynomial in xi over a contradiction. If q' = 0, 
then we have (j){z2) = Z2. Since <t){zi) = uizi with ui / 1, it follows that 
JC[x]''^ = K[zi,Z2\'^ is equal to K[z\, Z2] for some t > 2 if ui is a root of unity, 
and to i^[z2] otherwise. In the former case, / is a linear polynomial in Z2 
over ^^[-2*] by Lemma l4.ll (i). In the latter case, / is a linear polynomial in 
Z2 over K. In either case, we have deg^.^ / = 1, a contradiction. Therefore, 
we conclude that ui = 1 and tt2 7^ 1. 

Since U2 is a root of unity as mentioned, we may find the maximal integer 
e > 2 such that n| = 1. Then, we have 

(j)'^{xi) = xi + ev and (f)^ {X2) = X2 + p 

for some p € i?[xi]. Hence, (f)^ belongs to J{R; xi, X2)- Since (/>'^(/) = /, 
we may conclude that 0*^ = id^[x] from the discussion for the case of ui = 
U2 = 1. Hence, we have ev = 0, and so f = 0. Thus, we get (j){xi) = xi. 
Therefore, (p belongs to H{xi), proving the first part of Proposition 13.51 (i). 
We check that / is of type II. Set u = U2 — 1, and define 

1/2 = ux2 + g and R' = R[u~^]. 

Then, we have R'[xi^y2\ = -R'[x] since U2 7^ 1- Moreover, we get 4){y2) = 
U2y2 by applying (|3.4p with (71,^1,72,^2) = {u2,g,u,g)- Hence, it follows 
that 

R'l^f = R'[xi,y2]'^ = R'[x^,y'2] 

by the definition of e. Since / belongs to this set, we know by Lemma l4.ll 
(i) that / = a'xi + h for some a' G R' \ {0} and h G Then, h does 

not belong to R' by the assumption that deg^^ / — 2- Furthermore, we have 
A := degj,^ g > 2 hy the assumption that deg^,^ / > deg^^ /• Let c be the 
leading coefficient of g. Then, /^(-Z^) is equal to a power of y^*-^^^ = ux2 + cx^ 
multiplied by an element of R' \ {0}. Since A > 2 and / is tamely reduced 
over R by assumption, it follows from Proposition 12.51 (ii) that c does not 
belong to uR. Thus, / satisfies all the conditions of Definition 11.11 (2). 
Therefore, / is of type II. This completes the proof of Proposition 13.51 (i). 
We use the following lemma to prove Proposition 13.51 (ii). 

Lemma 4.5. Let f E i?[x] be such that f = ^(7x2 + q) for some tp G 
Aff(i^,x), 7 E and q E -Rr[xi]. If f is tamely reduced over R, and 
deg^^ / = deg^2 /; then the following statements hold: 
(i) //deg^^ q = 2, then f is of type IV. 
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(ii) Assume that q belongs to K[[sxi + \K for some s € , t ^ K and 
I > 2. If deg^^ 9 > 3, then f satisfies the conditions of Definition \1.1\ (5) 
except for (c) . 

Proof. Write "0(^1) = ct[xi + 02^2 + Oq, where a[,a2,a'Q £ K. If 
deg^^ 9 = 2, then we may write 

q = /32(xi - a'of + ^1x1 + /3o, 

where /3o, Pi, 1^2 ^ K with /32 7^ 0. Take u G such that a := n^/32 belongs 
to R. Then, we can define r € Aff(i(', x) by 

r(xi) = - Go), '^(2^2) = + 1x2 + /3o), 

since 7 7^ 0. Using this r, we may write 

f = '^{q + 1x2) = il^{P2{xi - a'of + Pixi + /3o + 1x2) = aT{xif + r(x2). 

Put ai = u~^a[ for i = 1,2. Then, we have t(j;i) = aixi + 022^2- Since 
deg^^ / = deg^2 / by assumption, we know that ai and 02 are nonzero. 
Hence, we get 

jw(/) ^ ar^xi)"^ = aal{{ai/a2)xi +X2)^. 

Since / is tamely reduced over R by assumption, this implies that ai/a2 
does not belong to V{R) by Proposition 12.51 (i). Therefore, / is of type IV. 

Next, assume that q is as in (ii). Put yi = sxi + 1, and write q = q' + 6, 
where q' S and 6 £ K. Let g' be an element of obtained 

from q' by replacing yi with xi. Then, we have A := deg^^^^ g' = degy^ q' = 
degj^j q>3. Define r G Aff(K, x) by t{xi) = tpiyi) and t{x2) = '4'{'yx2 + S). 
Then, we have 

(4.5) / = V(72;2 +q' + 5) = 0^(7x2 + 6) + T{g') = t{x2 + g). 

Hence, / is written as in Definition ll.il (5). and satisfies (a). Put oci := sa[ 
for z = 1, 2. Then, we have 

r(xi) = il)[sxi +t) = aixi + 02X2 + suq + t. 

Since deg^^ / = deg^.^ / by assumption, we see from ()4.5p that ai and 02 
are nonzero, and 

/w(/) = (g')w(/) ^ ^(^^^^ + „^^2)A ^ ca^((«^/„2)xi + X2)\ 

where c € is the leading coefficient of g' . Since / is tamely reduced 
over R by assumption, this implies that 01/02 does not belong to V{R) by 
Proposition 12.51 (ii). Thus, (b) of Definition II. II (5) is satisfied. Therefore, 
/ satisfies the conditions of Definition ll.il (5) except for (c). □ 

Now, we prove Proposition [33] (ii). Let / G R[x] be a coordinate of K[x\ 
over K which is tamely reduced over R and satisfies deg^,^ / = deg^^ / ^ 2. 
Assume that (j){f) = f for some id/jjx] 7^ € Aff(i?, x). Then, it suffices to 
show that / is written as in Lemma [Csl Write (0(xi), 0(x2)) = {xi,X2)A + 
(61,62), where A S GL{2,R) and 61,62 G R. Let K' be an extension field 
of K to which the eigenvalues of A belong. Then, we know from linear 
algebra that P~^AP is upper triangular for some P G GL{2, K'). We define 
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if) G Aff(iC',x) by ((tlj{xi)^%l){x2)) = {xi,X2)P, and put (j)' = ip ^ ocpoip. 
Then, we have 

{Cf>'{xi),<f>'{x2)) = ((^-^ O (t>){xi), (V"^ O <P){X2))P 

= {{il,~\xi),^~\x2))A + {hiM))P = {xuX2)P-^AP + {biM)P. 

Since P~^AP is regular and upper triangular, we may write 

4)' {xi) = uixi + I3i and cj)' {x2) = vxi + U2X2 + ^2, 

where ui,U2 G {K')'^ are the eigenvalues of A, and v,/3i,/32 G K' . Hence, 
(j)' belongs to J{K';xi,X2)- Since (/>(/) = / by assumption, (p' fixes the 
coordinate ilJ~^{f) of i^'[x] over K'. Thus, we have ui = 1 or 1*2 = 1 by 
Lemma [121 Since U1U2 = det P~^AP = det A belongs to i?^ , it follows that 
ui and U2 belong to . Hence, we may assume that K' = K. Since ui = 1 
or U2 = 1, we have ui 7^ U2 if and only if {ui,U2) ^ (1, !)• If this is the 
case, then we may choose P so that P~^AP is a diagonal matrix. Then, we 
have V = In this case, we may assume further that ui ^ 1 and 7/2 = 1 by 
replacing P if necessary. Thus, we are reduced to the following two cases: 

f (t)'{xi) =xi+/3i f (t)'{xi) =uxi + /3i 

\ (Ii'{x2) =X2 + aXi+l32, \ 0'(X2) =X2+/32- 

Here, a, /3i and /32 are elements of and u 7^ 1 is an element of . 
First, we consider the former case. Define D G Derii-i^[x] by 

D{xi) = /3i and D(x2) = axi + /32 - 

Then, D is triangular, and satisfies expD = (/>', since 
{expD){xi) = xi + D{xi) = xi + /3i 

(expZ))(x2) = X2 + D{X2) + = X2+ (^axi +/32 - ^) + 

Hence, we have iir[x]''^' = kerD by Lemma 14.31 so i^[x]'^ = ipQieiD). 
Since / is a coordinate of K[k\ over K belonging to -ftr[x]''^, we know that, if 
kerZ) = K[h] for some h G ^[x], then / is a linear polynomial in ip{h) over 
K. 

We prove that /?i 7^ by contradiction. If /3i = 0, then we have kerD = 
-fC[xi]. Hence, / is a linear polynomial in V'(^i) over K. Since ip is affine, it 
follows that deg/ = 1, a contradiction. Thus, we get /3i / 0. Define 

Then, we have D{x2 — q) = 0, since 

Since X2 — 9 is a coordinate of K[x] over K, it follows that ker D = K[x2 — q] 
by Theorem 12.11 Hence, we have 

/ = 7V'(X2 - g) + 7' = i^{lX2 + (7' - 79)) 
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for some 7 € and 7' S as remarked. Since deg/ > 2 by assumption, 
this implies that deg^.^ > 2. Thus, we get a / 0, and so deg^^(7' — 7^) = 
deg^^ q = 2. Therefore, / is expressed as in Lemma [^5] (i). 

Next, we consider the latter case. Set yi = {u — l)xi + /3i. Then, we 
have i^[x] = K[yi,X2] since u 7^ 1. Moreover, we get (j)'{yi) = uyi by 
applying ()3.4p with (71,^1, 72,^2) = (w, /3i, u — 1, We prove that /32 = 
and M is a root of unity. Suppose to the contrary that /32 7^ 0. Then, 
,X2]'^' is contained in K[yi] by Lemma [JT] (ii) . Hence, / 
belongs to ^(i^[yi]). This implies that / is a linear polynomial in ip{yi) 
over K. Since ip is affine, it follows that deg / = deg^(yi) = degyi = 1, 
a contradiction. Thus, we get = 0, and so (j)'{x2) = X2- Suppose that 
u is not a root of unity. Then, we have /C[x]'^ = K[yi,X2]'^ = K[x2], 
since (jj^yi) = uyi. Hence, / belongs to ^l^{K[x2])■ This implies that / is a 
linear polynomial in ip{x2) over K. Thus, we get deg / = 1, a contradiction. 
Therefore, m is a root of unity. Consequently, we have i^[x]'^' = K[y[,X2] for 
some / > 2. Note that il^~^{f) belongs to i^[x]'^', and is a coordinate of ^^[x] 
over K. Hence, by virtue of Lemma [4.1l (i). we may write tp~^{f) = 7x2 + q, 
where 7 G and q € Then, we have / = "0(7^2 + q)- Since 

deg / > 2 by assumption, we see that q does not belong to K. Hence, we 
know that deg^.^ q = deg^^ q > I > 2. If deg^^ 9 = 2, then / is expressed as 
in Lemma 14.51 (i). If deg^^ 9^3, then / is expressed as in Lemma 14.51 (ii). 
This completes the proof of Proposition 13.51 (ii). and thereby completing the 
proof of Theorems 11.21 and 11.31 

5. Application 

Assume that i? is a Q-domain, and let D be a triangular derivation of 
i?[x] over R with D{xi) / for z = 1, 2. Take any / G ker D \ i?, and put 
(/> = exp/D. In this section, we investigate when the coordinates ipixi) and 
4>{x2) of R[x\ over R are totally wild or quasi-totally wild. Note that (j){xi) 
is quasi-totally wild if and only if is exponentially wild for i = 1,2 

by Corollarv 11.51 (i). If (j){xi) is exponentially wild, then (j){xi) is wild as 
mentioned after Definition 10.11 If is wild for some i G {1J2}, then (p 

does not belong to T(i?,x) by definition. Conversely, if (p does not belong 
to T(i?, x), then 4'{xi) is wild for i = 1,2. In fact, if (f){xi) is tame for some 
i € {1, 2}, and r G T(ii, x) is such that r(xj) = cj}{xi), then o belongs 
to Aut{R[x]/R[xi]). 

Write D as in i^Ji), and define / as in ([231) • Then, due to Theorem E21 
(j) does not belong to T{R, x) if and only if one of the following conditions 
holds: 

(Wl) /n{i,...,0 7^ 0- 

(W2) / = {0}, bo /a does not belong to V{R) and deg^.^ / 7^ 1- 

Here, we note that deg^,^ / 7^ 1 if and only if deg^,^ / > 2, since / is not an 

element of R by assumption. 

Define r G Aut{R[x]/R[xi]) as in ([2^ . and set gi = r((/)(xj)) for i = 1, 2. 
Then, 4>{xi) is totally (resp. quasi-totally) wild if and only if gi is totally 
(resp. quasi-totally) wild for i = 1,2. 

With this notation, we have the following theorems. 
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Theorem 5.1. Assume that <j) = expfD does not belong to T(i?,x). Then, 
the following assertions hold: 

(i) deg^^ gi > 2, deg^^ gi > deg^^ 92 > 1, and deg^.^ c/2 > deg^.^ 52 > 2. 

(ii) gi and g2 are tamely reduced over R. 

(iii) Assume that H{gi) is not equal to {id^[x]} for some i G {1,2}. Then, 
gi is of type I or IV or V if i = 1, and of type IV or V if i = 2. 

Next, consider the following condition: 

(5.1) / = {0} and bo/a does not belong to V{R), and Z = if i = 2. 

Theorem 5.2. The following assertions hold: 

(i) gi is of type I if and only if deg^^ / = 1 and / n {1, . . . , Z} 7^ 0. 

(ii) gi is of type IV for i G {1, 2} if and only i/deg^.^ / = 2 and (|5. j|) holds. 

(iii) If gi is of type V for i G {1, 2}, then we have deg^^ / > 3 and 

First, we describe 4>{xi) and (p{x2) concretely. Since D{xi) = a, we have 

(j){xi) = (exp fD){xi) =xi + fD{xi) =xi + af. 

Define h as in (|2.2|) . Then, we have (j){h) = h, since D{h) = 0. Hence, we 
get 

i=0 1=0 

This gives that 

(^(X2) = X2 + Y, ( ■ ((a^l + «/) 

Set /o = t(/). Then, we have 

gi = t(0(xi)) = xi + afo 

j=0 ^ ' i£l ^ ' 

since I is the complement of /' in {0, 1, . . . , Z}. 

Now, we prove Theorems I5.ll and l5.2l Since <^ does not belong to T(i?, x) 
by assumption, we have / 7^ by Theorem 12.21 Set t = max / > and 
Hq = T{h). Then, we see from (|2.5|) that /i^'''^"'* is written as in (|2.7p . Since 
kerD is contained in K[K\ as mentioned before Theorem 12.11 /o belongs to 
i^[/io] \ R- Hence, we have m := deg^,^ / = deg^ / = deg^^ fo > ^- We show 
that 

(5.3) ^r^"'^ = ci{x2 - bx\+'r, g^^^'^ = C2{X2 - bx\+^f+^'^^ 

for some ci,C2 G , where b = {{t + V)a)^^bt. Since f^^^"^ is equal to 
^^w(/io)-jm _ gm^^^ _ 53;*+! up to a nonzero constant multiple, it suffices 
to verify that deg^.^ /o > 2, deg^,^ /o > 1 and deg^.^ fl^^ > 2 in view of (|5.2|) . 
Note that deg^.^ Hq = t + 1, deg^.^ = 1 and 

deg^^ /o = {dagho /o) deg^^ /iq = mdeg^,^ /iq 

for i = 1,2. First, assume that t > 1. Then, it follows that deg^.^ /o > 
2m > 2 and deg^ fo = rn > 1. Since / is a subset of {0, . . . , / }, we have 
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I > t. Hence, we get deg^.^ /g^^ = (/ + l)m > 2. Thus, the assertion 
holds. Next, assume that t = 0. Then, we have / = {0}. Since (p does not 
belong to T(i2, x) by assumption, this implies that cj) satisfies (W2). Hence, 
we get m = deg^.^ / > 2. Since deg^,. /iq = 1 for i = 1,2, it follows that 
deg^^ /o = m > 2 for i = 1, 2, and deg^^ /^+^ = (/ + l)m > m > 2. Thus, 
the assertion holds. Therefore, we obtain (|5.3p . 

Thanks to Proposition 11.21 we see from (|5.3p that 

^^^^ deg^j 51 = (t + l)m deg^^ fif2 = (t + 1)(/ + l)m 

deg^2 gi = m deg^^ 92 = {I + 



By the preceding discussion, we have / > t, and m > 2 if t = 0. Hence, (i) 
follows from ()5.4p . We prove (ii) using Proposition 12.51 First, assume that 
t = 0. Then, we have h = bo/ a. Since / = {0}, we know that b does not 
belong to V{R) by (W2). By ()5.3p . this implies that gi and §2 are tamely 
reduced over R because of Proposition 12.51 (i). Next, assume that t > 1. 
Since t is an element of /, we see that bt does not belong to aR. Hence, 
b = {{t + l)a)~^bt does not belong to R. By ()5.3p . this implies that gi and 
52 are tamely reduced over R because of Proposition 12.51 (ii). This proves 
(ii). 

To prove (iii), take any i € {1,2}, and assume that H{gi) is not equal 
to {idR[x]}. Then, gi satisfies (A) of Theorem 11.21 By (ii) and (i) of Theo- 
rem ETU gi also satisfies (B) and (C). Thus, gi must be of one of the types 
I through V by Theorem 11.21 Since i? is a Q-domain, gi is not of type H 
as remarked after Definition I l.li Since gi is a coordinate of i?[x] over R, we 
know that gi is not of type III by Proposition 12. 2i Since deg^^ 52 > 2 by (i), 
we see that 52 is not of type I. Therefore, gi is of type I or IV or V if i = 1, 
and is of type IV or V if i = 2. This proves (iii), and thus completing the 
proof of Theorem 15.11 

Next, we prove TheoremlO Note that deg^.^ / = 1 and In{l, . . . , Z} 7^ 
if and only if deg^^^ /o = 1 and t > 1. If these conditions are satisfied, then 
we see from ()2.5p and ()5.2p that gi has the form a'{ax2 — g) + xi for some 
a' G and g G with deg^^ g = t + 1 > 2 whose leading coefficient is 

equal to bt/{t + l). Since bt/{t + l) does not belong to aR, we know that gi is 
of type I. Conversely, if gi is of type I, then we see from ()2.5p and ()5.2p that 
deg/iQ /o = 1 and t > 1. Hence, we have degr^^ / = 1 and / H {1, . . . , /} 7^ 0. 
This proves (i). 

We prove the "only if part of (ii), and (iii). Take any i £ {1,2}, and 
assume that gi is of type IV or V. Then, we have deg^.^ gi = deg^^ 9i by 
p.2p . This implies that t = by (j5.4p . Hence, cj) does not satisfy (Wl). 
Since gi is a coordinate of R[x] over R, and is of type IV or V, we know 
that gi is wild by the remark before Theorem ll.2[ Hence, (f) does not belong 
to T(i?, x). Thus, 4> satisfies (W2). Consequently, (p satisfies the first two 
parts of (j5.ip . Now, assume that gi is of type IV. Then, we have deg i^j = 2 
by definition. Since t = 0, we know by (j5.4p that m = 2, and / = if i = 2. 
Hence, we get deg^,^ f = 2 and the last part of (j5.ip . This proves the "only 
if part of (ii). Next, assume that gi is of type V. Then, we have deg^j > 3 
by definition. If z = 1, or if z = 2 and I = 0, then it follows from (j5.4p that 



5. APPLICATION 



71 



deg^,^ f = ni > 3, since t = 0. To complete the proof of (iii), it suffices to 
verify that g2 is not of type V when / > 1. 

Lemma 5.3. Assume that /s is as in Definition \l.l[ Let /s be a linear form 
in xi and X2 over K such that f^^'^^^ = afc^ for some a € and u G N. 
Then, we have df^ A d/s = pdxi A dx2 for some /3 G . 

Proof. From (|1.3|) . we see that /s = c{aixi + 02X2) for some c £ . 
Hence, T^ixi) belongs to -/^[/s]. Since / = r5(x2 + g') for some g' G 
it follows that 

df5 A d/5 = d/5 A dT{x2 + g') = d/5 A dT5{x2) = c{ai(32 - a2Pi)dxi A dx2. 

Since rs is an element of AS(K,x), we know that det Jrs = ai/32 — 02/^^1 
belongs to -fC^. Therefore, c(ai/32 — a2/5i) belongs to K^. □ 

Since t = 0, we have I = {0}. Hence, we get ho = a{x2 — bxi) by (|2.5|) . 
Thus, we see from ()5.3p that g^^^^^ = c/iq for some c G and u G N. 
Now, suppose to the contrary that I > 1 and g2 is of type V. Then, we have 
dho A dg2 = f3dxi A dx2 for some (3 G -fC^ by Lemma [5.31 By ()5.2p with 
/ = {0}, we get 

' b- bo 

dho A dg2 = dho A dx2 + / —{xi + afoYdho A dxi dho A dxi 

^-^ a a 

i=0 

I 

= - ^ bi{xi + afofdxi A (ix2, 
?;=o 

since dho A d/o = 0, dho A dxi = —adxi A (ij;2 and d/iQ A dx2 = —bodxi A dx2- 
By the supposition that / > 1, this implies that dho A dg2 7^ A dx2 for 
any /? G , a contradiction. Therefore, g2 is not of type V if / > 1. This 
completes the proof of Theorem 15.21 (iii) . 

Finally, we prove the "if part of Theorem l5.2l (ii) . Assume that deg^.^ / = 
2 and (|5.1|) is satisfied. We show that gi is of type IV for i = 1, 2 by means 
of Lemma 14.51 (i). Since (W2) is satisfied, (j) does not belong to T(i2,x). By 
Theorems 15.11 (ii), it follows that gi is tamely reduced over R for i = 1,2. 
Since I = {0} by (|5.ip . we have t = 0. Hence, we get deg^.^ gi = deg^.^ gi 
for i = 1,2 by (j5.4p . Since I = {0}, we have ho = ax2 — boxi by (|2.5p . 
Define ip G AE{K,x) by ijj{xi) = ho and il){x2) = xi, and take q G 
such that 4'{q) = fo- Then, we have gi = xi + afo = '4'{x2 + aq) by (|5.2p . 
and deg^^ q = deg^j^^ fo = deg^^ / = 2 by assumption. Therefore, we con- 
clude that gi is of type IV thanks to Lemma 14.51 (i). If i = 2, then we 
have Z = by the last part of (jS.ip . Hence, we get g2 = X2 + bofo by (|5.2p . 
Define V'' ^ Aff(i(', x) by V'C^i) = ^0 and ij)'{x2) = X2- Then, we have 
92 = V''(^2 + ^o^)- Therefore, we conclude that 52 is of type IV similarly. 
This proves the "if part of (ii) Theorem [521 and thus completing the proof 
of Theorem 15.21 

Theorem 5.4. For i G {1,2}, the following statements hold: 
(i) The coordinate (p{xi) of R[x] over R is wild and is not quasi-totally wild 
if and only if one of the following conditions holds: 
(1) i = 1, deg^.^ / = 1 and I n {1, . . . , 7^ 0- 
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(2) deg^2 f = and ([5JD holds. 

(ii) The coordinate 4>{xi) o/i?[x] over R is quasi-totally wild if and only if 
one of the following conditions holds: 

{!) i = 2 or deg^.^ f >2, and I n {I, . . . ,1} ij). 

(2) i = 2, I > 1, f = 2, I = {0} and bo/ a does not belong to V{R). 

(3) deg^2 / ^ 3, / = {0} and bo /a does not belong to V{R). 

(iii) If I n {1, . . . ,1} 7^ and deg^^ f > 2, then (j){xi) is a totally wild 
coordinate of i?[x] over R. 

(iv) // one of the following conditions holds, then (j){x2) is a totally wild 
coordinate of -R[x] over R: 

(1) /n{i,...,/}/0. 

(2) / > 1, deg^2 f ^ 2, I = {0} and bo/ a does not belong to V{R). 

Proof. We may replace with gi in the statements of the corohary 
if necessary. 

(i) If 4'{xi) is wild, then cp does not belong to T(i?, x). When this is the 
case, we know by Theorem 15. II (iii) and Proposition 11.41 that gi is not quasi- 
totally wild only if i = 1 and gi is of type I, or gi is of type IV. Conversely, if 
gi is of type I or IV, then gi is wild and is not quasi-totally wild. Thus, (j){xi) 
is wild and is not quasi-totally wild if and only if i = 1 and gi is of type I, 
or gi is of type IV. Therefore, (i) follows from (i) and (ii) of Theorem 15.21 

(ii) Note that (p{xi) is quasi-totally wild if and only if 4'{xi) is wild and 
(1) and (2) of (i) do not hold. We prove that this condition is equivalent to 
the condition that one of (1), (2) and (3) of (ii) holds. First, assume that 
/ n {1, . . . , /} 7^ 0. Then, cj) does not belong to T{R, x). This implies that 
(^(xj) is wild as mentioned. Since / 7^ {0}, we see that (|5.ip does not hold. 
Hence, (2) of (i) is not satisfied. In this case, (1) of (i) does not hold if and 
only if i = 2 or deg^^ / ^ 2. Hence, gi is quasi-totally wild if and only if 
(1) of (ii) holds. Next, assume that In {!,...,/} = 0. Then, (Wl) and 
(1) of (i) do not hold. Hence, we know that gi is quasi-totally wild if and 
only if (W2) holds and (2) of (i) does not hold. Since the first two parts of 
(W2) and ()5.ip are the same, it follows that gi is quasi-totally wild if and 
only if (W2) holds, and deg^^ / 7^ 2 or z = 2 and / > 1. This condition is 
equivalent to the condition that (2) or (3) of (ii) is satisfied. Therefore, gi 
is quasi-totally wild if and only if one of (1), (2) and (3) of (ii) holds. 

(iii) Since /n{l, ...,?} 7^ by assumption, cfi does not belong to T(ii, x). 
Hence, it suffices to show that gi is not of type I or IV or V in view of 
Theorem 15.11 (iii). Since deg^^ / ^ 2 by assumption, gi is not of type I by 
Theorem 15.21 (i). Since I 7^ {0}, we see that ()5.ip does not hold. Hence, 
gi is not of type IV or V by (ii) and (iii) of Theorem 15.21 Therefore, gi is 
totally wild. 

(iv) Assume that (1) or (2) is satisfied. Then, (p does not belong to 
T(_R, x), since (1) is the same as (Wl), and (2) implies (W2). Thus, it 
suffices to show that g2 is not of type IV or V in view of Theorem 15.11 (iii). 
Note that (|5.ip does not hold, since / 7^ {0} in the case of (1), and Z > 1 in 
the case of (2). Hence, we know by (ii) and (iii) of Theorem 15.21 that 52 is 
not of type IV or V. Therefore, g2 is totally wild. □ 

Since no elements of R[x\ is of type IV or V when V{R) = K^, Theo- 
rem [531 implies the following corollary. 
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Corollary 5.5. Assume that V{R) = . 

(i) The following conditions are equivalent 

(1) (j) does not belong to T(i2, x) and deg^.^ / > 2. 

(2) (i){xi) is a quasi-totally wild coordinate of R[x\ over R. 

(3) 4>{xi) is a totally wild coordinate of R[x] over R. 

(ii) The following conditions are equivalent: 

(1) (p does not belong to T(i?, x). 

(2) 4'{x2) is a wild coordinate of R[x] over R. 

(3) 4'{x2) is a quasi-totally wild coordinate of R[x\ over R. 

(4) 4'{x2) is a totally wild coordinate of R[x] over R. 

Proof, (i) Assume that (1) is satisfied. From the first part of (1), we 
have (Wl) or (W2). Since V{R) = by assumption, (W2) does not hold. 
Hence, we get (Wl), and so I PI {1, ...,/} 7^ 0. Since deg^.^ / > 2 by the 
last part of (1), we know that (i){xi) is totally wild by Theorem 15.41 (iii). 
Therefore, (1) implies (3). Clearly, (3) implies (2). Assume that (/'(xi) is 
quasi-totally wild. Then, one of (1), (2) and (3) of Theorem 15.41 (ii) holds. 
Since V[R) = by assumption, (2) and (3) do not hold. Hence, (1) of 
Theorem 15.41 (ii) holds. Since i = 1, it follows that In{l,...,/}7^0 and 
deg^2 / ^ 2. This implies (1). Therefore, (1), (2) and (3) are equivalent. 

(ii) Since V{R) = ivT^, we see that (1) implies (Wl). By (1) of Theo- 
rem [53] (iv), (Wl) implies (4). Hence, (1) implies (4). Clearly, (4) implies 
(3), and (2) implies (1). We have shown that (3) implies (2) after Defini- 
tion [OTi Therefore, (1) through(4) are equivalent. □ 

Finally, assume that n = 3, and consider the element /j = exp fTg ^ of 
Aut(fc[x]/A:) defined before Proposition [23] for {g, h) £ A and / G k[xi,gx3 + 
h] not belonging to k[xi]. As mentioned, ^>^^ does not belong to T(/c,x). 
We define 

Hi = Aut{k[x\/k[xi,<S>l^ixi)]) nT{k,x) 
for i = 2,3. Then, we have the following corollary. 

Corollary 5.6. For i G {2,3}, we have Hi ^ {^(^k[x]} ^/ '^^'^^ only if i = 2 
and deg^3 / = 1- 

Proof. Let R = k[xi], yi = Xj+i for i = l,2 and y = {2/1,2/2}) and put 
(t> = ^l^. Then, we have Hi = Aut(i?[y]/i2[0(2/i_i)]) n T{R,y) for i = 2,3 
on account of Theorem[TJ Hence, we have Hi ^ {id^jx]} if and only if (/)(yi_i) 
is not a totally wild element of i?[y] over R. Note that Tg^^ is a triangular 
derivation of R\y\ over R with Tg h{yj) = Tg ^ixj+i) / for j = 1,2, and 
(j) is an element of Aut(i?[y]/ii) not belonging to T(i?, y). Hence, (p{yi) is 
totally wild if and only if degj^^ / ^ 2 by Corollary 15.51 (i), and 0(y2) is 
always totally wild by Corollarv 15.51 (ii). Since / is not an element of k[xi], 
we have deg^^ / = deg^^^^ / > 1- Thus, (p{yi-i) is not totally wild if and only 
if i = 2 and deg^^^ / = 1- Therefore, we have Hi / {id^^x]} if and only if 
i = 2 and deg^.^ / = 1. □ 

In Chapter [6l we will give coordinates of fc[x] over k some of which are 
totally wild, and others are quasi-totally wild, but not totally wild. 
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Generalized Shestakov-Umirbaev theory 

1. Shestakov-Umirbaev reductions 

Part [2] is devoted to applications of tiie generalized Shestakov-Umirbaev 
theory. Throughout, a tame (resp. wild) automorphism of k[x] will always 
mean an element of T(k, x) (resp. Aut(A;[x]/A;) \T(/c, x)). In this chapter, we 
briefly review the generalized Shestakov-Umirbaev theory, and derive some 
consequences needed later. 

Let r be a totally ordered additive group, and let F = (/i,/2,/3) and 
G = {91,02,93) be triples of elements of k[x\ such that /i, /2, /s and gi, 92, 
9'i are algebraically independent over k, respectively. Here, n G N may be 
arbitrary for the moment. We denote by r>o the set of positive elements of T. 
For w G (r>o)", we say that the pair (F, G) satisfies the Shestakov-Umirbaev 
condition for the weight w if the following conditions hold (cf. [16J): 

(SUl) gi = fi + afl + cf3 and 92 = f2 + bfs for some a,b,c£ k, and 93 - /s 
belongs to A; [51, 52]; 

(SU2) deg^ /i < deg^ 91 and deg^ /2 = deg^ 92; 

(SU3) (gj^)^ ~ (92')^ some odd number s > 3; 

(SU4) deg^/3 < deg^5i, and does not belong to k[gY,9Y]; 

(SU5) deg^c/3 < deg^/3; 

(SU6) deg^ 93 < deg^ gi - deg^ 52 + deg^ dgi A (ic/2- 

Here, hi /12 (resp. hi 96 h2) denotes that hi and /12 are linearly 
dependent (resp. linearly independent) over k for each /ii,/i2 G k[x] \ {0}. 
We say that {F,G) satisfies the weak Shestakov-Umirbaev condition for the 
weight w if (SU4), (SU5), (SU6) and the following conditions are satisfied 



(SUl') 91 - fi, 92 - f2 and 93 - f3 belong to A;[/2,/3], k[f3] and /c[c/i,52], 
respectively; 

(SU2') deg/i<deg5i fori = 1,2; 

(SU3') deg(72 < deggi, and g^ does not belong to k[gY]- 

It is easy to check that (SUl), (SU2) and (SU3) imply (SUl'), (SU2') and 
(SU3'), respectively. Hence, the Shestakov-Umirbaev condition implies the 



weak Shestakov-Umirbaev condition. As listed in [TBt Theorem 4.2], if 



[F, G) satisfies the weak Shestakov-Umirbaev condition for the weight w, 
then (F, G) has certain special properties such as 



(PI) (gY)'^ ~ (52')'^ foi' some odd number s > 3, and so 6 := (l/2)deg^52 
belongs to F. 

(P2) deg^ f3>{s- 2)5 + deg^ dgi A dg2. 



(cf. my- 
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(P5) If deg^ /i < deg^ 91, then s = 3, gY ^ {frf, deg^ /s = (3/2)5 and 

5 

deg^ fi> -6 + deg^ dgi A ^5-2- 

(P7) deg^/2 < deg^/i, deg^/3 < deg^/i, and 6 < deg^ < s6 for 
i = 1,2,3. 

In what follows, we simply say that elements of T are linearly dependent 
(resp. hnearly independent) if they are hnearly dependent (resp. hnearly 
independent) over Z. 

Lemma 1.1. Assume that {F, G) satisfies the Shestakov-Umirbaev condition 
for the weight w. Then, deg^ fi and deg^ /2 are linearly dependent for i = 1 
or i = 3. 

Proof. If deg^ fi = deg^ gi, then we have 

2 deg^ /i = 2 deg^ gi = s deg^ 52 = s deg^ /2 

for some odd number s > 3 by (SU3) and (SU2). Hence, deg^ /i and deg^ /2 
are linearly dependent. If deg^ /i 7^ deg^gi, then we have deg^ /i < 
degw5i by (SU2), and hence deg^ /s = (3/2)<5 = (3/4)deg^92 by (P5). 
Since deg^5r2 = deg^ /2 by (SU2), it follows that deg^ /s and deg^ /2 are 
linearly dependent. □ 

We define the rank rankw of w = {wi, . . . ,Wn) as the rank of the Z- 
submodule of T generated by ifi, . . . , If rankw = n, then ■ ■ ■ a;^"'s 
have the different w-degrees for different (ai, . . . , a„)'s. Hence, f^ and g^ 
are monomials for each f,g€ k[x\ \ {0}. When this is the case, and g^ 
are algebraically independent over k if and only if deg^ / and deg^ g are 
linearly independent. 

Now, assume that n = 3. Then, we may identify F € Aut(A;[x]/A;) with 
the triple {fi, f2, fs), where fi := F{xi) for i = 1,2,3. For a permutation 
a of {1,2,3}, we define F„ = (/^^(i), 7^(2), /^(s))- We say that F admits a 
Shestakov-Umirbaev reduction for the weight w if there exist a permutation 
a of {1, 2, 3} and G G Aut(A;[x]/A;) such that (F^-, G^) satisfies the Shestakov- 
Umirbaev condition for the weight w. If this is the case, deg^ fi and deg^ fj 
must be linearly dependent for some i 7^ j by virtue of Lemma II. 11 If 
rankw = 3, then this implies that fj^ and fJ' are algebraically dependent 
over k for some i ^ j. Therefore, if rankw = 3, and f^, f^ and f^ 
are pairwise algebraically independent over k, then F admits no Shestakov- 
Umirbaev reduction for the weight w. 

Lemma 1.2. Assume that deg^ /i > deg^ /2 > deg^/3. If F admits a 
Shestakov-Umirbaev reduction for the weight w, then we have 3deg^/2 = 
4deg^/3, or 2deg^/i = sdeg^/j for some odd number s > 3 and i £ 
{2,3}. 

Proof. By definition, there exist a and G such that [F^^Gu) satis- 
fies the Shestakov-Umirbaev condition for the weight w. Since deg^ /i > 
degw /« for ^ = 2,3 by assumption, we know that cr(l) = 1 in view of 
(P7). If deg^ fi = deg^ gi, then we have 2 deg^ fi = s deg^ /^(2) for some 
odd number s > 3 by (SU3) and (SU2). Since a{2) must be 2 or 3, we 
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get the last statement. If deg^ /i / deg^gi, then we have deg^ /^-(a) = 
(3/2)(l/2)deg^/,(2) by (P5) and (SU2). Hence, we get 3deg^/,(2) = 
4deg^/o-(3). Since deg/2 > deg^ /s by assumption, it fohows that a is 
the identity permutation. Therefore, we obtain 3deg^ /2 = 4deg^ f^. □ 

The following theorem is a generalization of the main result of Shestakov- 
Umirbaev |27j . 

Theorem 1.3 ( jl6| , Theorem 2.1]). Assume that n = 3. Ifdeg^cj) > [w| 
for (j) G T(A;,x) and w S (r>o)^, then (j) admits an elementary reduction for 
the weight w, or a Shestakov-Umirbaev reduction for the weight w. 

We mention that (j) ^ Aut(/c[x]/A;) is tame if deg^cj) = |w| (cf. [161 
Lemma 6.1]). By Lemma ll.ll we have deg^ (p = |w| if and only if (j){xi)^, 
(p{x2)'" and (/)(x3)^ are algebraically independent over k. 

By TheoremOl it follows that F = (/i,/2,/3) G Aut(A:[x]/A;) is wild if 
there exists w G (r>o)^ with rankw = 3 as follows: 

(1) fj^, f^ and f^ are algebraically dependent over k, and are pairwise 
algebraically independent over k; 

(2) f:^ does not belong to ^[{/J^ | j + i\\ for i = 1, 2, 3. 

In fact, the former part of (1) implies that deg^ F > [w|. Since rankw = 3, 
the latter part of (1) implies that F admits no Shestakov-Umirbaev reduc- 
tion for the weight w as mentioned. The latter part of (1) also implies that 
^[fi^ fjV — ^[fi'jfj'] each i ^ j hy the discussion before Lemma [TTTJ 
Hence, (2) implies that F admits no elementary reduction for the weight w. 

Definition 1.1. We call P G /c[x] a W-test polynomial if there do not 
exist (p G T(/i;,x), totally ordered additive group F and w G (r>o)'^ with 
rankw = 3 which satisfy the following conditions: 

(a) deg^</>(P) < deg^(/>(xij for some ii G {1,2,3}; 

(b) deg.^ (j){xi^) and deg.^4>{xi^) are linearly independent for some ^2,^3 S 
{1,2,3}. 

Since rankw = 3, the condition (b) is equivalent to the condition that 
(j){xi^Y^ and (/>(xig)^ are algebraically independent over k for some ^2,^3 € 
{1,2,3}. Note that P is a W-test polynomial if and only if the following 
condition holds: 

(t) If (/> G Aut(/c[x]//c) satisfies (a) and (b) for some totally ordered additive 
group r and w G (r>o)^ with rankw = 3, then (f) does not belong to T(A;, x). 
For P G /c[x], we define 

F{P) = {P^ I V G (A>o)^, A is a totally ordered additive group}. 

The following result will be used in Chapter 7 to prove the wildness of certain 
exponential automorphisms. 

Proposition 1.4. Assume that P G A;[x] does not belong to A;[x \ {xj}] for 
i = 1, 2, 3. If the following conditions hold for each f G F{P), then P is a 
W-test polynomial: 

(i) / is not divisible by Xi — g for any i G {1, 2, 3} and g G ^[x \ {xj}] \ k. 

(ii) / is not divisible by x^' —cxj^ for any i,j G {1, 2, 3} with i / j, Si, sj G N 
and c (z k^ . 
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Proof. Let P be as in the proposition. We verify that P satisfies (|). 
Assume that G Aut(A:[x]//c) satisfies (a) and (b) for some totally ordered 
additive group F and w G (r>o)'^ with rankw = 3. Then, we show that 
(f) is wild. Since rankw = 3, it suffices to check the conditions (1) and (2) 
after Theorem 11.31 Set fi = 4){xi) and vi = deg^ for i = 1,2,3. Then, 
V := {vi,V2,V'i) belongs to (r>o)^, since so does w, and /i, /2 and /s are 
not constants. Because P does not belong to /c[x \ {xi}] for i = 1,2,3 by 
assumption, there appears in P a monomial involving Xj^. Hence, we have 
degyP > Vi^. By (a), vi^ = deg^</>(xji) is greater than deg^0(P). Thus, 
we get deg.^, P > deg^(/)(P). This implies that tpi^P^) = 0, where is the 
endomorphism of the /c-algebra k[x] defined by ip{xi) = for i = 1,2,3. 
Consequently, we know that f^, and are algebraically dependent 
over k. 

We show that f^, and are pairwise algebraically independent over 
k by contradiction. Suppose that fj^ and fj^ are algebraically dependent 
over k for some i ^ j, say i = 2 and j = 3. Since rankw = 3 by assumption, 

and are monomials. Hence, we have {f^Y = c{f^Y for some c £ k^ 
and s,t G N with gcd(s,t) = 1. Then, — cx^ is an irreducible element of 
A;[x]. Since x^ — cx\ is a monic polynomial in xs, it follows that x^^ — cx^ is an 
irreducible polynomial in x^ over k[xi,X2\-, and hence over k{xi^X2)- Note 
that and are algebraically independent over k by (b), since and 
are algebraically dependent over k by supposition. Let z be an indeterminate 
over A;[x]. Then, and z are algebraically independent over k. Hence, 

p{z) := z" — c{f^Y is an irreducible polynomial in z over k{fy' , f^). Since 
P{fz') ~ {fz'Y ~ '^if¥Y ~ 0, it follows that p{z) is the minimal polynomial 
of over k{f'i ■, fY)- Let q{z) be the element of , /2^][^;] obtained from 
P^ by the substitution Xi i-> fj" for i = 1,2 and X3 1— )• z. Then, we have 
q{f^) = V'(-P^) = 0- Hence, q{z) is divisible by p{z). Accordingly, P"^ 
is divisible by contradiction to (ii). Thus, /f , and are 

pairwise algebraically independent over A;, proving (1). As a consequence, we 
know that 'keiip is a prime ideal of k\x\ of height one, and hence a principal 
ideal of k [x] . 

Finally, we show (2) by contradiction. Suppose to the contrary that 
ff belongs to k[{fY \ j 7^ i}] for some i, say i = 1. Then, there exists 
g G A;[x2,X3] \ k such that /f = 4'{g). Note that xi — g \s an irreducible 
element of k\x\ such that il:{xi —g) = fi'—il^{g) = 0. Since ker -0 is a principal 
prime ideal of fc[x] as mentioned, this implies that ker'i/' is generated by 
xi — g. Since P^ belongs to ker -0, it follows that P^ is divisible by xi — g. 
This contradicts (i). Therefore, (p satisfies (2). This proves that (f> is wild, 
and thereby proving that P is a W-test polynomial. □ 

2. Shestakov-Umirbaev inequality 

In this section, we review the generalized Shestakov-Umirbaev inequality 
[15j . Consider a nonzero polynomial $ in one variable z over fc[x]. Take 
w G (r>o)" and g G A;[x] \ {0}, and set w^ = (w, deg^^). Regard $ as a 
polynomial in n + 1 variables over k with Xn+i = z. Then, we have 

degi $ := deg^^ $ > deg^ deg^ $ > (deg^ deg^ g. 
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We denote by the i-th. order derivative of $ in z for each i > 0. Then, we 
have deg^ = deg^ ^^^\g) for sufficiently large i >0. We define mw(^') 
to be the minimal i G Z>o such that deg^ ^^^^ = deg^ ^^'^\g). We mention 
that m^{^) is equal to the minimal i G Z>o such that ^ (see 

[15\ Lemma 3.1(ii)]). 

With this notation, we have the following theorem. This is a generaliza- 
tion of Shestakov-Umirbaev \26\ Theorem 3]. 

Theorem 2.1 ( |15[ Theorem 2.1]). Let fi, ■ ■ ■ , fr be elements of k[x] which 
are algebraically independent over k, and co := dfi A • • • A dfr, where r € N. 
// <I> belongs to k[fi, . . . , fr][z] \ {0}, then we have 

degw ^(5) > degs; $ + mS;(^>)(deg^ u A dg - deg^ uj - deg^ g). 

In the situation of Theorem 12.11 belongs to k[fi, . . . , /r]^[-2] \ {0}. 
Let K be the field of fractions of k[fi, . . . , fr]^, ip{z) the minimal polynomial 
of g^ over K, and m := mw(*J')- Then, is divisible by ip{z)'^ , since m 
is equal to the minimal number such that ($^9)(™)((yr^) ^ as mentioned. 
Since deg^ < deg^ ^, it follows that m is at most the quotient of deg^ ^ 
divided by [K{g^) : K]. 

Now, let S = {f,g} C A;[x] be such that / and g are algebraically 
independent over k, and (p a nonzero element of k[f,g]. Then, we may 
uniquely write cp = j Cij f^g^ , where Cij G k for each i,j € Z>o. We 

define deg^(f> to be the maximum among deg^Pg^ for i,j € Z>o with 
Cjj- 7^ 0. We remark that, if and g^ are algebraically independent over 
k, then deg^^ c;/) is equal to deg^cp. Take <I> G such that <1*(5) = (p. 

Then, we have deg^ ^> = deg;^ (p. Hence, it follows that deg^ (p < deg^ (p if 
and only if m^{^) > 1. 

Lemma 2.2. If deg^cp < deg^ cp for cp € k[f,g\ \ {0}, then the following 
assertions hold: 

(i) There exist p,q G N with gcd{p,q) = 1 such that (5^)^ ~ {f^Y ■ 
ill) deg^ (p>q deg^ / + deg^ df Adg - deg^ / - deg^ g. 

(iii) Assume that deg^ / < deg^ g, deg^ (p < deg^ g and g^ does not belong 
to k[f^]. Then, we have p = 2, and q > 3 is an odd number. Moreover, 
6 := (1/2) deg^/ belongs to T, and 

deg^ (p > {q - 2)6 + deg^ df A dg > deg^ g - deg^ /. 

If furthermore deg^ (p < deg^ /, then we have q = 3. 

(iv) Let $ G 6e such that ^{g) = (p. Then, m^{^) is at most the 
quotient of deg^ <I> divided by p. 

Proof, (i) and (ii), and (iii) follow from Lemmas 3.2 and 3.3 of [16j . 
respectively. We prove (iv). Since klf]^ = k[f^], the field of fractions of 
klfY" is equal to k{f^). Hence, m%,{(^) is at most the quotient of deg^ $ 
divided by [k{f'^){g^) : kif^)] as remarked above. Since (5^)^ ~ {f^y, 
there exists c G A;^ such that {g'")P = c{f^Y. Then, - c{f'")i is the 
minimal polynomial of g^ over A;(/^), since gcd(p, g) = 1. Hence, we have 
[k{f^){g^) '■ k{f'^)] = p. Therefore, mw(^) is at most the quotient of 
deg^ $ divided by p. □ 
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Using the results above, we prove a technical lemma which will be used in 
Chapters 6 and 7. Assume that /, 5 G fc[x] satisfy the following conditions: 

(1) deg^ / < deg 

(2) does not belong to 

(3) / and g are algebraically independent over k. 
Then, we define 

3 

m = degw / + 2 degw 9 and r/2 = 2 deg^ / + deg^ g. 

Take any 6[z) € k[z\ with d := deg^ 9{z) > 1. Then, there exists 

r]{e-f,g) := mm{deg^{e{g) + fh) \ h e k[f,g]}, 

since {deg^ h \ h £ k[x]\{0}} is a well-ordered subset of F by the assumption 
that w is an element of (r>o)^ (cf. [161 Lemma 6.1]). 

With the notation and assumption above, we have the following lemma. 

Lemma 2.3. If one of the following three conditions is satisfied, then we 
have r]{9; /, g) > 7]i for i = 1, 2: 

(i) d = 2, deg^ df A dg > deg^ g and {21 + 1) deg^ / = / deg^ g for some 
integer I > 3. 

(ii) d>3 and deg^ df A dg > {d - 1) deg^ /. 

(iii) d>9 andd^ 10, 12. 

Proof. Take h G k[f,g] and $ e k[f][z] such that 'q{9; f,g) = deg^{9{g)+ 
fh) and h = $(5), and put ^ = 9 + /<!>. Then, we have r]{9;f,g) = 
deg^ ^{g). Note that 

(2.1) deg^ ^ = max{deg^ 9, deg, /$} > deg^ 9 = d, 

since the leading coefficient of 9 is an element of A:^, while that of /$ is a 
multiple of /. Hence, we know that 

(2.2) deg^ ^ = deg^^ ^ > {deg, ^) deg^ g>d deg^ g. 

First, assume that ?tIw(^) = 0. Then, we have deg^ ^' = deg^'^{g). 
Since r]{9;f,g) = deg^'^{g), we get r]{9;f,g) > ddeg^g by i^^. Assume 
that (i) is satisfied. Then, it follows that r]{9;f,g) > 2deg^g, since d = 2. 
Because 

degw / = deg^ g 

for some / > 3, we know that deg^ / is less than (1/2) deg^ g. Hence, we see 
that r]i < 2 deg^ g iov i = 1, 2. Therefore, we get ri{9] f, g) > rji for i = 1, 2. 
If (ii) or (iii) is satisfied, then we have r]{9]f,g) > 3deg^g for i = 1,2, 
since d > 3. Because deg^ / < deg^ g by (1), we see that rji < 3 deg^ g for 
i = 1, 2. Therefore, we get r]{9; f,g) > rji for i = 1, 2. 

Next, assume that mw(^) > 1- Then, deg^ ^(9) is less than deg^ ^' = 
deg^^{g), where 5 := {f,g}- By Lemma [2^2] (i). there exist p, q G N with 
gcd{p,q) = 1 such that {g'^y ~ {f^^- Then, we have 2 < p < g by (1) 
and (2). Let a and b he the quotient and remainder of deg^ ^ divided by 
p. Then, we have a > mw(^) by Lemma 12.21 (iv). Since mw(^) > 1 by 
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assumption, it follows that a > 1. Set 5 = p deg^f. Then, we have 
degw / = pS, deg^ 9 = q6 and 

(2.3) vi = (^p + m = {2p + q)6. 

Since / does not belong to k by (3), and w is an element of (r>o)^, we have 
deg^ df = deg^ / by ()1.2p and the note following it. Hence, we get 

ri{e; /, g) = deg^ ^{g) > deg^^ ^ + mS;(^)(deg^ df A dg - deg^ / - deg^ g) 

by Theorem 12.11 Since mw('I') < a, and deg^ df Adg < deg^ / + deg^ g by 
()1.3p . we have 

"^w(*)(degw df Adg - deg^ / - deg^ g) > a(deg^ df A dg - deg^ / - deg^ g) 

= a(deg^ df Adg -p6 - q6). 

By (|2.2p . we know that deg^ ^ > {ap + b)q5. Therefore, we get 

. N Vi0;f,9)> degi ^ + a(deg^ df A dg - p6 - qS) 

(2.4) 

> {ap + b)q6 + a(deg^ df Adg — p6 — q6). 

First, assume that (i) is satisfied. Then, we have {p,q) = {1,21 + 1). 
Since deg^ df A dg > deg^ g = q6 by assumption, and a > 1 and 6 > 0, it 
follows that 

^(^; /) 9) > {C'P)q^ + <^{q ~ p ~ q)^ = c-piq ~ i)<^ ^ 2Ps 

by ([23]). By (I23D, we have r/i = (4/ + 3/2)5 and m = (4/ + 1)5. Since / > 3 
by assumption, we know that rji < 2l'^5 for i = 1, 2. Therefore, we conclude 
that 7/(6*; /, g) > rn for i = 1,2. 

Next, assume that (ii) is satisfied. Then, we have deg^ d/ A dg > 
2deg^ / = 2p6. Hence, we get 

'?(^; f,9) > {ap + b)q6 + a{2p -p - q)6 = (^a{p + {p - l)q) + bq^6 =: a 

by (j2.4p . We show that a > {p+2q)5. If p > 3, then this is clear, since a > 1 
and 6 > 0. Assume that p = 2. Then, we have 2a + b = deg^ ^ > d > 3 
with < 6 < 1. Hence, we get a > 2 or (a, b) = (1, 1). Thus, we know that 
a > {p + 2q)S. Since p < q, we see from (j2.3p that rji < {p+2q)6 for i = 1, 2. 
Therefore, we conclude that r]{6; f,g) > rji for i = 1,2. 

Finally, assume that (iii) is satisfied. By (3), we have df Adg 0. Since 
w is an element of (r>o)^, it follows that deg^ df A dg > 0. Hence, (j2.4p 
gives that 

(2.5) rj{e;f,g) > degi^ -a{p + q)6 

> {ap + b)q6 — a{p + q)S = (^a{{p — l)q — p) + bq^5 =: /3. 

Note that /? > a{p — 2)q6, since a > 1, 6 > and p < q. First, assume that 
p > 3. We show that a{p—2) > 3. Since a > 1, this is clear if p > 5. If p = 4, 
then we have a > 2, since 4a+6 = deg^ ^ > d > 9 with < 6 < 3. Hence, we 
get a{p — 2) > 4. If p = 3, then we have a > 3, since 3a + b = deg^ > d > 9 
with < 6 < 2. Hence, we get a{p — 2) > 3. Thus, we know that /? > 3q5. 
Because rji < 3q6 for i = 1,2, we conclude that r]{6;f,g) > rji for i = 1,2. 
Next, assume that p = 2. Then, we have rji = {{3/2)q + 2)5 and 7/2 = {q+^)5 
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by (j2.3p . Since q > p + 1 = 3, it follows that rji < {5q — 8)6 for i = 1, 2. First, 
consider the case where deg^ ^ ^ 10, 12. Since 2a + b = deg^ ^' > d > 9 
with < 6 < 1, we know that a>7, or4<a<6 and 6=1. If a > 7, then 
we have 

/3 > 7(g - 2)6 = {5q + {2q - U))6 > {5q - 8)6, 

since p = 2 and q>2>. If4<a<6 and 6=1, then we have 

P > (4(g - 2) + q)6 = {bq - 8)6. 

Therefore, we conclude that 'r]{9',f,g) > rji for i = 1,2. Next, consider the 
case where deg^ = 10 or deg^ ^' = 12. Since d 7^ 10, 12 by assumption, 
deg^ ^' is not equal to d = deg^ 6. Hence, we have deg^ 9 < deg^ by ()2.ip . 
Since 6 is an element of k[z], we get 

degw, 9 = (deg^ 9) deg^ g < (deg^ /^>) deg^ g < deg^^ 

Thus, we obtain 

deg^ ^ = deg^^ + /$) = deg^^ = deg^ / + deg^^ $ 

> deg^ / + (deg^ deg^ g = {2 + (deg, ^)q)6. 

Since deg^ ^ < deg^/$, we have deg^ $ = deg^ /$ = deg^ ^ by (|2.ip . 
Because deg^ = 2a + 6 > 2a, it follows that deg^ ^ > {2 + 2aq)6 by the 
preceding inequality. Hence, the first inequality of (j2.5p gives that 

r]{9;f,g)>degl,^-ai2 + q)6>{2 + 2aq)6-ai2 + q)6= {a{q-2)+2)6. 

Since 2a + 6 = deg^ ^' > 10 with < 6 < 1, we have a > 5. Hence, we know 
that a{q — 2) + 2 > 5{q — 2) + 2 = 5g — 8, since q > 3. Therefore, we get 
V{9;f,g) > r]i for i = 1,2. □ 

The following criterion for wildness will be used in Section [2j 

Lemma 2.4. F = (/i,/2,/3) G Aut(fc[x]/fc) is wild if the following condi- 
tions hold: 

(a) f^, f^ and f^ are algebraically dependent over k. 

(b) and f^ do not belong to k[f2, fs]^ and k[f^], respectively. 

(c) deg^ fi > deg^ /2 + deg^ /a. 

(d) deg^/2 > degw/3. 

(e) 2deg^/i / 3deg^/2. 

Proof. By Lemma [1. 11 (a) implies that deg^ > |w|. Hence, it suffices 
to check that (p admits no elementary reduction for the weight w, and no 
Shestakov-Umirbaev reduction for the weight w by virtue of Theorem 11.31 
Suppose to the contrary that (p admits a Shestakov-Umirbaev reduction for 
the weight w. By definition, there exist a and G such that {F„, G^) satisfies 
the Shestakov-Umirbaev condition for the weight w. Then, {Ffj, G^) has the 
properties listed before Lemma [1.11 By (P7), we know that /^(^^ > /o-(2) 
and > /^(3). Since deg^ /i > deg^ /2 > deg^ /s by (c) and (d), it 

follows that (t(1) = 1. Hence, we have deg^^i = s6 and deg^ 50.(2) = 25 for 
some s > 3 by (PI), and deg^^i > deg^ /i and deg^5„(2) = deg^ /^(a) by 
(SU2). Thus, we get 

degw /a(3) > {s-2)6 = deg^ gi - deg^ 5^(2) > deg^ /i - deg^ f„(2) 
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by (P2). This contradicts (c). Therefore, (j) admits no Shestakov-Umirbaev 
reduction for the weight w. 

Next, we show that (j) admits no elementary reduction for the weight w. 
Since does not befong to A;[/2, /a]^ by (b), we check that and do 
not belong to /c[/i,/3]^ and klfi^f^^", respectively. 

First, suppose to the contrary that /^^ belongs to k[fi, /a]^. Then, there 
exists h G k\fi, /a] such that = f^. We show that deg^ /2 = deg^ h is 
greater than deg^ /i - deg^ /s by applying Lemma [22] (hi) with / = /a, 
g = fi and <j) = h. Then, we get a contradiction to (c). Since does not 
belong to k[f^] by (b), we know that h belongs to k[fi, f^] \ A:[/a]. Since 
deg^ h = deg^ /2 is less than deg^ fi by (c) , this implies that deg^ h < 
degi^h, where ^2 := {/i,/a}. By (c), we have deg^ /i > deg^/a, and 
degw fi > deg^ /2 = deg^ h. By (b), /f does not belong to k[f^, f^], and 
hence does not belong to k[f^]. Thus, we conclude from Lemma 12.21 (iii) 
that deg^ h > deg^ fi — deg^ /a- This proves that does not belong to 

kifijsr. 

Next, suppose to the contrary that belongs to k[fi, /2]^. Then, there 
exists h G k[fi,f2] such that /i^ = . We show that {f^f « {f^f by 
applying Lemma 12.21 (i) and the last part of Lemma 12.21 (iii) with / = /2, 
g = fi and (j) = h. Then, we get a contradiction to (e). By (c) and (d), 
we have deg^ h = deg^ /a < deg^ /j for i = 1, 2. Hence, we get deg^ h < 
degi' h, where 5a := {/i,/2}. By (c) and (d), we have deg^ fi > deg^ /2 
and deg^ /2 > deg^ /a = deg^ h. By (b), does not belong to k[f^, f^], 
and hence does not belong to k[f^]. Thus, we conclude from Lemma [2.2l (i) 
and the last part of Lemma 12.21 (iii) that (/i^)^ ~ ifT)^- This proves that 

does not belong to A;[/i,/2]^. □ 
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Totally wild coordinates 



1. Main result 

In what follows, we always assume that n = 3 unless otherwise stated. 
The purpose of this chapter is to give coordinates of fc[x] over k some of 
which are totally wild, and others are quasi-totally wild, but not totally 
wild. 

Let 9{z) be an element of k[z] with d := deg^6{z) > 1. Define Dg G 
Derfe k[x] by 

De{xi) = -e'{x2), De{x2) = xg, /^^(xg) = 0. 

Then, Dg is locally nilpotent, since Dg is triangular if xi and X3 are inter- 
changed. Since fg := xixs + 9{x2) belongs to ker Dg, it follows that fgDg is 
locally nilpotent. Set ag = exp fgDg and in = crg{xi) for i = 1,2,3. Then, 
we consider the tame intersection 

Gg := Aut(fc[x]/A;[yi])nT(A:,x). 

Let us describe yi concretely. Since Dg{fg) = Dg{xs) = 0, we have 
(^eife) = fe and ^3 = ^:3, and so 

yixs + 0{y2) = cre{xiX3 + 0{x2)) = creife) = fe = X1X3 + 9{x2). 

Hence, we get 

Note that y2 = X2 + fexs, since {feDe)ix2) = fgx^ and {fgDg)'^{x2) = 0. 
Therefore, (jl.ip gives that 



(1.2) y. = X,- ^(^^ + /^^3)-^(x.) ^ _ ^ \e^ix2)flxt\ 

X3 

where 6^^\z) denotes the i-th order derivative of 6{z). 

Now, let c and c' be the coefficients of z'^ and z'^~^ in 9{z), respectively. 
Put K = —d I (cd) and write 

d 

0{z) = ^Ui{z - kY, 

1=0 

where Ui G k for each i. Then, we have li^ = c, Ud~i = and uq = 6[k). Let 
e S N be the greatest common divisor oiU := {2i — l \ i = 1, . . . ,d with Ui ^ 
0}, i.e., the positive generator of the ideal (U) of Z. Then, we define 

Tg = {Cek'<\C = 1}. 
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For each ( € Tg, we define an element c/)^ of J{k; X3,X2,xi) by 

cP^ix2) = C\X2 - + C(C - 1)0{k)x3 + K 

where 

Cg(x2)-0C(^(^2)) + (1-C)g(^) 

■= C^s • 

Here, we note that belongs to A;[x] if and only if ( belongs to Tq for ( ^ . 
To see this, observe that the numerator of 5^ is congruent to 

d d d 

cY.u,{x2 - ky -Y^u,{e{x2 -K)y+{i- o^w = Y.u,c{i - e'-'){x2 

i=0 i=0 i=l 

modulo X3A;[x], since 6{k) = uq. Then, the right-hand side of this equality 
belongs to 2;3A;[x] if and only if it is equal to zero. This condition is satisfied 
if and only if (^-^ = 1 for each j € C/, and hence if and only if belongs to 

The following is the main result. 
Theorem 1.1. In the notation above, (pc^ belongs to Go for each Q ^Tq, and 

is an injective homomorphism of groups. If d > 9 and d 7^ 10, 12, then l is 
surjective. 

Theorem 11.11 immediately implies the following corollary. 

Corollary 1.2. Assume that d > 9 and d ^ 10, 12. Then, the following 
assertions hold: 

(i) yi is a quasi-totally wild coordinate o/A;[x] over k. 

(ii) yi is a totally wild coordinate of k[x] over k if and only ifTg = {1}. 

Recall that k is said to be real if —1 is not a sum of squares in k. We 
remark that the roots of unity in a real field are only 1 and —1. Actually, 
real fields are ordered fields (cf. jl8| Chapter XI, Section 2]). Hence, if 
7^ 1, then we have > 1 or < < 1. If (^*^ = 1 for some e > 1, then it 
fohows that 1 = (C^)^ > 1^ = 1 or 1 = (C^)^ < 1^ = 1, a contradiction. 

By the following proposition, we see that there exist a number of totally 
wild coordinates. 

Proposition 1.3. // one of the following conditions is satisfied, then we 
have Te = {1}: 

(1) k is a real field. 

(2) Ud^i 7^ for some i>2 such that gcd(i, 2d — 1) = 1. 

Proof. Since Ud is nonzero, e must be a divisor of 2d — 1. Hence, e is 
an odd number. This implies that Tg = {1} if A; is a real field. 
If Ud-i 7^ 0, then e divides 2{d — i) — 1. Hence, e divides 

gcd(2((i - i) - 1, 2(i - 1) = gcd(2i, 2d-l) = gcd(i, 2d-l) = 1. 

Thus, we have e = 1. Therefore, we get Tg = {1}. □ 
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We remark that is equal to Nagata's automorphism defined in (j0.2p . 
Clearly, = X3 is a tame coordinate, while yi and 2/2 are wild coordinates 
due to Umirbaev-Yu [29]. Observe that 1/2 = xix^ + (x2 + 2:2^3) is killed by 
D € Der^ k[x] defined by 

(1.3) D{xi) = 1 + 2x2X3, D{x2) = -xl D{x3) = 0. 

Since D is triangular if xi and X3 are interchanged, we know that expL> is 
tame. Hence, 7/2 is not exponentially wild. Thus, a wild coordinate of A;[x] 
is not always exponentially wild. Since 6{z) = z^, we have e = 2d — 1 = 3. 
Hence, we get T^2 = {(^ G A: | (^^ = 1}. Therefore, yi is not totally wild if 
k contains a primitive third root of unity. The author believes that yi is 
quasi-totally wild, but it remains open. 

In the rest of this section, we prove the first part of Theorem 11.11 

Lemma 1.4. For each C, ^Tq, we have 

4>c{y^) = y^^ 4>dy2 - 1^) = C^{y2 - k), (Pdys) = Cys- 

If furthermore 0{n) = 0, then we have 

0f(xi) = xi, 0c(a;2 - k) = C^(x2 - k), </'c(x3) = Ca^s, 

and so ctq o (f)(^ = (j)(^o gq. 

Proof. Write (p = 4>c^ for simplicity. Since 7/3 = 2:3, we have (p^ys) = (ys 
by the definition of A direct computation shows that 

Hfe) = (t>{xiX3 + 9{x2)) = {xi + gc){Cx3) + 0{^{x2)) 

= c{xiX3 + e{x2)) - ce{x2) + gciCxs) + e{^{x2)) = Cfe + (i - C)^(^)- 

Since y2 = X2 + fexs, it follows that 

Hy2 - = (p{x2 - k) + 0(/e)0(2;3) 

= eix2 + C(C - m'^)x3 + {Cfe + (1 - C)^('^)) iCxs) 

= C'^{x2 - K + fexs) = C^iy2 - k). 
Hence, we have 

d d 

(1.4) ct>{9{y2))=Y,u,<p{y2->^y = cY.''^^^'''(y^-''y + ''<^- 

4 = 1 = 1 

Since C is an element of Tg, we have C^*-! = 1 for each i > 1 with Ui 7^ 0. 
Thus, the right-hand side of ()1.4p is equal to 

d 

(1.5) C YI ^^(2/2 - + no = C0{y2) + (1 - OuQ. 

i=l 

Therefore, it follows from (jl.ip that 

nyi) = (p\xi + - 



xi+g( + 



X3 

X2)) - {C0{y2) + (1 - O^o) 

(xs 



C£(X2)-C%2) 

xi H T = yi- 

CX3 
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Next, assume that 6{k) = 0. Then, we have (/)(x2 — k) = C'^{x2 — k). Hence, 
we obtain (^(6'(rE2)) = C9{x2) + (1 - CW{k) from ([13]) and (fLlD with y2 
replaced by X2. This implies that = 0. Thus, we get 4'{xi) = xi. By 
definition, we have (pix^) = (x^. Since (Tq{x.i) = yi for i = 1,2,3, it is easy 
to see that ae o (f> = (j) o ae- □ 

Since (pi^ is tame, and (j)({yi) = yi by Lemma \1A\ we know that 
belongs to Gg for each G Tg. By Lemma 11.41 we have 

{(pa o (pp){yi) =yi = (pap{yi) 

{4>a O 4>l3){y2 - k) = a^0^{y2 - k) = (pal3{y2 - k) 
{(pa O 4>l3){y3) = a/3ys = (pa(3{y3) 

for each a, /3 € Tg. Hence, i is a homomorphism of groups. If (p( = idfc[x] for 
( & Tg, then we have C^s = <p(;{x3) = X3, and hence C = 1- Therefore, l is 
injective. 

Sections [2J [3] and H] are devoted to proving the following theorem. Let 
A be the totally ordered additive group equipped with the lexicographic 
order such that ei > e2. We consider the element v := (ei,e2,ei) of A'^. 

Theorem 1.5. (i) LetT be a totally ordered additive group, andw € (r>o)^. 
If d > 9 and d ^ 10, 12, then we have deg^ 4'{y2) > deg^ 'P{x3) for each 
(peGg. 

(ii) Let V he as above, and assume that d>9. If deg^(p{y2) > deg^(p{x3) 
for (p G Gg, then there exists C, ^Tg such that (p = (p(^. 

By this theorem, it follows that l is surjective if d > 9 and d 7^ 10, 12. 
Thus, the proof of Theorem 11.11 is completed. 

2. Proof (I) 

Let (p be an element of Aut(fc[x]/fc[yi]). First, we investigate when (p is 
wild in general. Set Zi = (p{xi) for i = 1,2,3. Then, we have 

Zi = {(P{fg)-e{z2))z^^ 

(2.1) Z2 = <P{y2 - feX3) 

Z3 = (P{y3), 

since ziZ3+e{z2) = (p{fe), X2 = y2-feX3, and X3 = 2/3. Let w = {wi,W2,W3) 
be an element of (r>o)^. Then, there exist 

7^ := mm{deg^ {(p{fg) + ho) \ ho G k[z3]} 

7f := min{deg^(6'(z2) + hizs) \ hi E k[z2,Z3]} 

7^ := min{deg^(z2 + h2) \ h2 £ A; [23]} 

by the well-orderedness of {deg^ h \ h e k[x]\ {0}}. 
Take ho,h2 € ^[-23] and hi € k[z2,zs] such that 

lo = <ieg^i<P{fe) + ho), 7r = deg^(6'(2;2) + /ii^;3), 72^ = deg^(z2 + /i2)- 

Then, (p{fg) + ho and Z2 + /12 do not belong to k, for otherwise (j){fg) or Z2 
belongs to ^[2:3], and so fg or X2 belongs to A; [2:3], a contradiction. Similarly, 
9{z2) + hiZ3 does not belong to k, since Z2 and Z3 are algebraically inde- 
pendent over k. Hence, we have 7^ > for i = 0, 1, 2 by the choice of w. 
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For this reason, the w-degrees of (pife) + /iq and Z2 + /12 are not changed if 
we subtract the constant terms from ho and /i2. Therefore, we may assume 
that ho and /12 are elements of 2:3A;[2;3]. We remark that {(t>{fe) + ho)^ and 
{z2 + /i2)^ do not belong to A;[z3]^ = k[zY] by the minimality of and 72^. 
Set 73^ = deg^ ^3 > 0. Then, we have the following lemma. 

Lemma 2.1. // deg^ 0(2/2) < 70^ + ' then we have 7f < 7^ for i = 0,3. 

Proof. Since 7^^ > for z = 0, 3, it suffices to show that 70^ +73^ < T^- 
Since h2Z^^ belongs to k[z3] by the choice of /i2, we have deg^{(f>{f0) — 
h2Z^^) > 70^ by the minimality of 7^. Hence, we get 

(2.2) degMfe) - h2Z^^)zs > -/^ + 73- > deg^ ct>{y2) 
by assumption. Since Z2 = 4>{y2) — 4>{fe)zz by ()2.ip . we have 

72^ = deg^(z2 + /i2) = deg^((/)(y2) - {4>{fe) - h2Z^^)z^). 

Thus, we see from (j2.2p that is equal to the left-hand side of (j2.2p . and 
is at least 7^" + 7^^. Therefore, we conclude that 7^^ < 7^ for i = 0, 3. □ 

We define G Aut(A:[x]/A;) by 

il{xi) = Zi + hoZ'^^ - hi, 1p{x2) = Z2 + h2, 1p{x2.) = Z^. 

Then, o ip belongs to J(A:[x3]; X2, a^i). Hence, (p is tame if and only if so 
is ijj. We note that deg^ i^{xi) = 7^^ for i = 2, 3. 

Lemma 2.2. Assume that 7^ < 7^^, 7^^ > 7;^ and 

(2.3) 27r > 372"' + 273"', 7r > 72"^ + 273^ 
for some w S (r>o)^. Then, (p is wild. 

Proof. It suffices to prove that ip is wild. We check that ^p satisfies the 
conditions (a) through (e) of Proposition 12.41 Since deg^ ip{xi) = 'y^ for 
z = 2,3, and > 73^ by assumption, we see that ip satisfies (d). By (|2.ip . 
we have 

V'(xi) = {cP{fe)-e{z2))z^^ + hoZ^^-hi = {{cP{fg) + ho)-{e{z2) + hiZs))z^\ 

Since deg^(0(/6i) + ho) = 7^ < 7^^ = deg^(6'(z2) + hiz^) by assumption, it 
follows that 

(2.4) ^p{xlr = -{0(^2) + hiZ;)'"{zl)-\ 

Hence, ■(/'(^^i)^ belongs to the field of fractions of k[z2,z^Y' . Since ip{x2) and 
tp{x3) belong to ^[22,-^3], we know that tp{x2)^ and ^(^3)^ also belong to 
k[z2,Z3]^. Thus, Tp^xi)'^, ip{x2y and 'ip{x^)'" are algebraically dependent 
over k, since the field of fractions of k[z2,z^Y' has transcendence degree at 
most two over k. Therefore, ip satisfies (a). Since deg^ V(3^i) = iT by 
(1231), we have 

2 deg^ V(a^i) = 27r " 273"^ > 372"^ = 3 deg^ ^(^2) 
by the first part of (|2.3p . This proves (e). Similarly, we have 

degw i^ixi) = 7T -I3 >72 +13 = degw ^'(2^2) + deg^ ipixs) 

by the second part of (|2.3p . This proves (c). Since ip{x2)'^ = (^2 + ^2)^ 
does not belong to k['ip{x3)'^] = k[zY] as mentioned, V satisfies the second 
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part of (b). We prove the first part of (b) by contradiction. Suppose that 
belongs to k[ip{x2),tp{xs)]^ . Then, there exists h G k[ip{x2),'>p{x3)] 
such that /i^ = ijixi)"". By ([231), it follows that 

{hz,r + {0(.Z2) + hizsr = h-^zj - i'ixirzY = o. 

Hence, the w-degree of 

e{z2) + {hi + h)z3 = hz3 + {e{z2) + hiZs) 

is less than deg^(6'(2;2) + /ii^a) = 7^". By the minimality of 7^ , this implies 
that hi+h does not belong to k[z2, Z3]. However, hi is an element of k[z2, zs], 
and h is an element of k[tp{x2),ip{x3)] = k[z2 + h2,Z3] = k[z2,Z3]. Hence, 
hi + h belongs to k[z2i Z3], a contradiction. This proves the first part of (b). 
Thus, ip satisfies (a) through (e) of Proposition 12. 4i Therefore, we conclude 
that ijj is wild. Consequently, (p is wild. □ 

Since /12 belongs to 2:3A;[j;3], we see that ^(^^(^2)) = 0{z2 + h2) has the 
form 0{z2) + hz^ for some h € ^[^2,-23]- Similarly, 0{z2) = 0{ijj{x2) — /12) 
has the form 9{ip{x2)) +h'z^ for some h' G k[ilj{x2), z-^]. Since k['ijj{x2), zs] = 
k[z2,Z3], it follows that 

{e{ij{x2)) + hz3\h£ A;[V'(x2), ^3]} = {9{z2) + hzs \ h e k[z2, Z3]}. 

Hence, we have 

(2.5) 7r = min{deg^(^(V(x2)) + hz^) \ h G k[i^{x2), z^]}. 

In the notation of Lemma 12.31 we may write 7^ = r][9] Z3,ij){x2))- We note 
that the conditions (2) and (3) before Lemma [2. 31 are fulfilled for f = z^ and 
g = ^p{x2), since tp{x2)^ = {z2 + /i2)^ does not belong to A;[2:^], and 'tp{x2) 
and Z3 = tpixs) are algebraically independent over k. Since deg^ tp{x2) = 72^ 
and deg^ Z3 = 7^, the condition (1) is equivalent to 7^ > 7^. 

Lemma 2.3. Assume that 7^ > 7^. Then, (j) satisfies l\2.3\i if one of the 
following conditions holds: 

(1) d > 3 and il^{x2)'" and z^ are algebraically independent over k. 

(ii) d>2> and deg^ dz2 A dz^ > (d — 1) deg^ 23. 

(iii) d>9 andd^ 10,12. 

Proof. First, assume that (i) is satisfied. Then, we have fc['0(x2), -^3]^ = 
k['tp{x2)^ , z^], since tp{x2)'" and z^ are algebraically independent over k. 
Take any h £ k['tp{x2), z^]. Then, h^ belongs to k[ip{x2)^ , z'^]. Hence, we 
know that (9(V'(x2))'^ ~ (V'(a;2)'^)'^ 7^ h'^z^ = {hz^)^ . This implies that 

degw(6'(?/'(a;2))+/i^;3) = max{deg^6'(V'(x2)),degw/i2:3} > deg^ (9(V'(x2)) = ^7^. 

Thus, we obtain 7^^ > d^y^ in view of ()2.5p . Since d > 3 and 7^ > 7^ by 
assumption, it follows that 

27r > 2^72"^ > 572"^ > 372"^ + 273"^, iT > dl^ > 372" > 72"^ + 273"'- 
Therefore, (p satisfies (|2.3p . 

Next, assume that (ii) or (iii) is satisfied. Since djp{x2) Adz^ = dz2Adz3, 
we see that (ii) is equivalent to (ii) of Lemma 12. 3i Clearly, (iii) is the same 
as (iii) of Lemma |2.3[ Since 'jY > assumption, the conditions (1), 

(2) and (3) listed before Lemma [231 are fulfilled for f = z^ and g = ip{x2) 
as mentioned. Hence, we know by Lemma 12.31 that 7^ = r]{6; Z2„^{x2)) is 
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greater than r]i = 73^ + (3/2)72^ and 7/2 = 273^ + 'j^ ■ Therefore, we get 
D. □ 



Now, we prove Theorem 11.51 (i). Assume that d > 9 and d 7^ 10,12. 
Suppose to the contrary that deg^(/>(y2) < deg^cp^x^) for some (p € Gg. 
Since deg^ (j){x3) = deg^ Z3 = 7^, and 7^ > 0, we have deg^ (j){y2) < < 
70^ + 73". By Lemma l2.lt it follows that 73^ < To' ^ 72^ • Hence, (p 

satisfies the assumption of Lemma [2.31 Since d >9 and d 7^ 10, 12, we know 
by (iii) that cp satisfies ()2.3p . Since 70^ < 72", (j2.3p implies that 75^ < 7^^. 
Thus, we conclude from Lemma 12.21 that (p is wild, a contradiction. There- 
fore, we have deg^ 0(y2) > deg^ <P{x3) for each ip € Gq. This completes the 
proof of Theorem 11.51 (i). 

3. Proof (II) 

The goal of this section is to prove the following proposition, which is a 
key to the proof of Theorem 11.51 (ii). 

Proposition 3.1. Assume that d >9. Let (j) & Gg be such that deg^ 4'{y2) > 
deg^(p{x3). Then, the following assertions hold: 

(i) deg^(p{y2) = 3ei. 

(ii) (p{x3) = Z3 = 03X3 + §3 for some 03 G and §3 G k[x2]- 

(iii) 72 <ei. 

We begin with the following lemma, which is proved by a technique 
similar to Hadas-Makar-Limanov [11', Corollary 3.3]. 

Lemma 3.2. Let r he an element 0/ Aut(A;[x]/A;), and w an element ofV^, 
where n > 3 may he arbitrary. Assume that there exist ii,i2 G {l,...,n} 
such that r(xjj^ is divisible by xi for each i 7^ i2- Then, T{xjY' belongs to 
k[y.\{xi.,}] for j = l,...,n. 

Proof. For each / D G Der^t A;[x], we define 

7D = max{deg^ D{xi)x~^ | i = 1, . . . , n}, 

and G Der^ A;[x] by 

n r>^(^ \ - / ^^^iT if deg^D{xi)xl^ = jd 

' ^""'''X if deg^Z)(x.)xri<7^ 

for i = l,...,n. We show that Z)^(/^) / implies L>(/)'^ = D'^if^) 
for each / G A;[x] \ {0}. For each h G k[x] and i = 1, . . . ,n, we denote 
= dh/dxi for simplicity. Then, we have deg^ fx^ < deg^ fx^^ , and 
degw/xi = deg^/Xj"^ if and only if f"" does not belong to A;[x \ {xi}]. 
Hence, we know that 



(3.2) (r 



(/^J^ if deg^fx,=deg^fXi^^ 
if deg^ fx, < deg^ fx~'^ 

for i = 1, . . . , n. Let / be the set of i G {1, . . . , n} such that deg^ D{xi)x^^ 

■jD and deg^ fx^ = deg^ fx~^- Then, we have 

(3.3) 

n 

i=l iGl iel 
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Note that 

degw D{xi)f^^ < (7D + deg^ Xi) + (deg^ / - deg^ Xi) = 7d + deg^ / 

for i = 1, . . . ,n, in which the equahty holds if and only if i belongs to /. 
Since ^ by assumption, this implies that 



Thus, we get D[fY' = D^[f^). Using this, we can prove by induction 
on / that / implies D\f)^ = for each / G N and 

/ S A;[x] \ {0}. Therefore, if D is locally nilpotent, then D"" is also locally 
nilpotent. 

Now, take any iq G {1, . . . ,n} \ {ii}, and put D = t o {d/dx^^) o t^^. 
Then, D is locally nilpotent. Hence, is also locally nilpotent. Thus, 
kerD^ is factorially closed in A;[x], i.e., if fg belongs to kerZ)^ for f,g & 
k[x\\{0}, then / and g belong to kerZ)^ (cf. [20", Lemma 1.3.1]). Since ii ^ 
iQ, we have -D(r(xj^)) = 0. This implies that Z?^(r(3;j^)^) = 0, for otherwise 
Z)(T(xjj))^ = D^(T(xjj)^) / 0, a contradiction. Hence, r(xij^ belongs 
to kev D'^. Since Xi is a factor of r(xjj'*^ for each i ^ 12 hy assumption, it 
follows that Xi belongs to ker for each i 7^ 22 by the factorially closedness 
of kerD'*^. Hence, fc[x \ {xjg}] is contained in kerD'*^. Since D is nonzero, 
so is D^. Hence, the transcendence degree of ker over k is less than 
n. Thus, we conclude that ker D'^ = k[x \ {xi^}]- If j / ^O) then we have 
D(^T{xj)^ = 0. This implies that D^(r(xj)^) = as mentioned. Hence, 
r(xj)^ belongs to kerZ)^ = /c[x \ {xjj}]. Since n > 3 by assumption, we 
may take ig ^ {I)-- - i''^} \ {iojh}- Then, by a similar argument with iQ 
replaced by i'q, we can verify that r(xj)^ belongs to k[x \ {xi^}] for each 
j ^ Zq. Thus, T{xiQ)^ also belongs to fc[x\{xj2}]. Therefore, T{xj)^ belongs 
to A;[x \ {xjj}] for j = 1, . . . , n. □ 

Recall that fg = xixs + 0{x2), y2 = X2 + feX3 and ys = X3. Since 
V = (ei,e2,ei), we have 

(3.4) = X1X3, yl = xixl, yj = X3 

by the definition of A. Hence, we see from (jl.ip that 



To prove Proposition 13. H assume that d > 9, and take (p (z Gq such that 
degy (p{y2) is greater than deg^ (/"(xs) = deg^ Z3. Then, we have (piyi) = yi- 
Hence, (piyi)"^ = is divisible by xi and X3 by (|3.5p . Since (piyi) = i'P ° 
a0){xi), it follows that 4){y2Y — {(t^°'^e){x2Y and = {(I)°(Jq){x3Y belong 
to A;[2;i,3;3] by Lemma 13.21 Hence, we know that deg^(j){y2) = aei and 
degv 2:3 = 6ei for some a, 6 G N. Since deg^ 0(y2) > deg^ by assumption, 
we get a>h + l. 

Lemma 3.3. Ifdeg^yiz^ = d deg^ (f){y2) , then we have 

(a,6) = (3,l), deg^(?;)(y2) = 3deg^2;3 
and is a linear form in xi and X3 over k. 




(3.5) 



2/1 = -0{y2Vxr^ 
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Proof. By (j3.5p . we see that deg^ yi = (3d — l)ei. Since deg.^, 4>{y2) = 
oei, degy Z3 = bei, and deg^^^yi^s = d deg^ (j){y2) by assumption, we know 
that 3d— 1 + 6 = da. Because l<6<a — l,it follows that 1 < da — 3d+l < 
a — 1. Hence, we have 

3d -2 1 
3 < a < — — = 3 + — — < 4, 
d — 1 d — I 

since d > 9. Thus, we get a = 3. Since 3d — 1 + b = da = 3d, it follows that 
6=1. Therefore, we have deg^ (/>(y2) = 3ei = 3deg.^, z^- Since deg.^, = ei 
and V = (ei,e2,ei), we know that is a linear form in xi and x-^ over 
k. □ 

Using this lemma, we can prove the following proposition. 

Proposition 3.4. If (yiz^)^ ~ {4'{y2Y)'^ , then we have 4>{y2Y ~ xix\ and 
zj^x^. 

Proof. Since {yiz^Y ^ {(t^iyiYY, we have deg^yi^s = d deg^ (j){y2) ■ 
Hence, we may write = axi + 13x3 by Lemma 13. 3^ where a,l3 ^ k are 
such that a ^ or /3 ^ 0. In view of p.Sp . we have 

{ct>{y2YY « {yiz-iY « xixf-\ax, + 13x3). 
Since d > 9, this implies that a = 0, /? / 0, 4'{y2Y ^ xix'^ and = 13x3 ~ 

Since ^^(/e) = /e, (75(3:3) = X3 and (p{yi) = yi, we have 

(3.6) (l^ife) = HMfe)) = ct>{yiX3 + ^(2/2)) = yi^s + 0{(l>{y2)). 

The following proposition forms the core of the proof of Proposition 13.11 

Proposition 3.5. // (^1-23)^ 96 {(f>{y2YY> then the following inequalities 
hold: 

(i) degy #(/e) A dz^, > {d - 1) deg^ 4>{y2). 

(ii) degy dz2 A dz3 > (d - 1) deg^ (j){y2) + deg.^, Z3. 

(iii) + > (d-l)deg,<A(y2). 

Proof, (i) First, assume that degyyiZ3 = ddeg.^, i?!>(y2)- Then, we have 

(3.7) HfeY = {yiZ3 + 0iHy2))y = (yi^a)" + c(<A(y2)")" 

by (|3.6|) . since {yiZsY 7^ {4'{y2YY by assumption. Hence, we get 

(3.8) deg^ (f^ife) = ddeg^ (/>(y2)- 
Now, suppose that (i) is false. Then, we have 

degv d<j){fe) A d2;3 < (d - 1) deg^ ^(^2) < deg^ (t){fe) + deg^ Z3 

by (|3.8|) . This implies that 4){feY ^'^^ ^3 ^'^^ algebraically dependent 
over k. Since (pifeY ^-^d are v-homogeneous polynomials of positive 
v-degrees, it follows that {ipifeYY — ^^(^3)"^ some € N with 
gcd(/,m) = 1 and ci G k^ . By (j3.8p and Lemma 13.31 we know that 
degyi;^(/e) = 3ddegyZ3. Hence, we get (/,m) = (1,3d). By (|3.7p . it fol- 
lows that c((/)(y2)^)'^ = ci{z^Y'^ — yjz^. From this, we see that {4>{y2YY 
is divisible by zj. By Lemma 13.31 is a linear form, and so irreducible. 
Hence, zj divides (j){y2Y- Since d > 9 by assumption, it follows that 
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divides y^. By (j3.5p . we see that = C2Xj for some C2 G A;^ and i € {1,3}. 
Thus, c{(j){y2YY — ci{c2Xi)^'^ — C2Xjy^ is a binomial. Since A; is of charac- 
teristic zero, no binomial is a proper power of a polynomial. Therefore, we 
get d = 1, a contradiction. 

Next, assume that deg^ yiz^ < ddeg^ 0(2/2)- Then, we have 3d — 1 + 6 < 
da. This yields that a > 3 + {b — 1) / d > 3. Hence, we get a > 4. First, we 
prove that 

(3.9) deg^ yizl < {d - 1) deg^ 4>{y2) 

by contradiction. Suppose that ()3.9p is false. Then, we have 

{d-l)a < (3d - 1 + 26) - 1. 

Since 6 < a — 1, it follows that (d — l)a < 3d + 2a — 4. Since d > 9 by 
assumption, this yields that 

a < ^^"^ _g ^ 5 ^ ^ 
~ d — 3 d — 3 ' 

a contradiction. Therefore, ()3.9p is true. By (|3.6p . we get 

(3.10) d^ife) A dz3 = diyizs) A dzg + de{cp{y2)) A dzg. 

Since i;^(y2) = 4>{(^e{x2)) and 2:3 = 4>{(ye{x^)) are algebraically indepen- 
dent over /c, we know that d(p{y2) A dza is nonzero. Hence, the v-degree 
of d0{(t){y2)) A dza = 6'{(f){y2))d(j){y2) A dzs is greater than deg^ (9'(0(y2)) = 
(d — 1) degy 4>{y2)- Thus, it follows from ()3.9p that 

degv de{(t){y2)) A dz^ > (d - 1) deg^ 0(7/2) > deg^ yizf > deg^ d(yiZ3) A dzs. 

In view of ()3.10p . this implies that deg^ d(p{fg) A dz^ > (d — 1) deg^ 4>{y2)- 
Finally, assume that deg^yi^a > d deg^, (j){y2) ■ Then, we have 

degv d9{(t){y2)) A dz^ < deg^ 6'(0(y2)) + deg^ 23 = ddeg^ 0(^2) + deg^ 23 

< degv yi^3 + degv ^3 = deg^ yi^f. 

We show that 

(3.11) degv yi^i = degv d{yiz^) A dz^. 

Then, it follows that degv d9{(p{y2)) A dz3 < degv diyiz^) A dz3. In view of 
(|3.10p . this implies that degv dcpife) A d2:3 = degv '^(^i^s) A d2;3. By ()3.1ip . 
this is equal to degvyi-zf, and is greater than (d — 1) degv 0(1/2) by the 
assumption that degv 7/1-23 > c?degv0(y2)- Therefore, we get degv d0(/6i) ^ 
dz3 > (d- 1) degv 0(1/2) • 

Since d{yiZ3) A d2;3 = z^dyi A dz^, it suffices to verify that and are 
algebraically independent over k. Suppose to the contrary that yj and z^ 
are algebraically dependent over k. Then, we have (y]')'' ~ i^sY for some 
r G N with gcd(g, r) = 1, since y]' and z^ are v-homogeneous polynomials 
of positive v-degrees. Because gcd(d, 2d — 1) = 1, we see that yj ^ xfx^^^ 
is not a proper power of a polynomial. Hence, we know that r = 1. Thus, 
we get gdegvyi = degv 23 • Since degv yi 23 > c^degv0(y2) by assumption, 
and degv 0(^2) > degv -^3 t>y the choice of 0, it follows that 

2 degv ^3 = 9 degv Vi + degv ^3 > degv Vizs > d degv 0(y2) > d degv ^3- 
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This contradicts that d > 9. Therefore, i/i and are algebraicahy inde- 
pendent over k, proving that deg^ d(j){fg) A dz^ > (d — 1) deg^ (j){y2)- 

(ii) By (i), we know that 

degy Z3d(j){fg) A dz3 = deg^ A dzs + deg^ z^ 

> (d-l) deg^ 0(y2) + deg^ zs > deg^ d(/)(y2) A dzs, 

since d > 9. Because Z2 = 4'iy2) — 4'{fe)z3 by (|2.ip . we have 

A dzs = #(2/2) A dz3 - Z3d(p{fg) A dzs. 

Therefore, we get 

degy ^2:2 A dz3 = deg^ Z3d(/){fg) A dza > (d - 1) deg^ (?:)(y2) + deg^ Z3. 

(iii) Take /iq € A; [23] such that 7J = degy(0(/6i) + /iq)- Then, we have 
7o+73 = deg^((/)(/e)+/io)+deg^2;3 > deg^ d{<p{fg)+ho)Adz3 = deg^ d(t>{fg)Adz3. 
Therefore, we get 'Jq + ^3 > {d — 1) deg^ 0(1/2) by (i). □ 

Now, let us complete the proof of Proposition 13.11 First, we prove that 
(2/1-23)^ ~ (0(y2)^)'^- Suppose to the contrary that (2/12:3)^ 96 (0(y2)^)'^- 
Then, we have the three inequalities (i), (ii) and (iii) of Proposition [331 We 
deduce that cp is wild by means of Lemma 12.21 By the inequality (iii) , we 
have 

To + 73 > - 1) degv (p{y2) > deg^ (p{y2), 

since d>9. By Lemma [2Tl it follows that 73^ < To" < 7^". Hence, 

4> satisfies the assumption of Lemma [231 Since deg^ 4>{y2) > deg^ Z3 by the 
choice of (f), the inequality (ii) yields that 

deg.^, dz2 A dz3 > {d - I) deg^ ^(^2) + deg.^, Z3 > {d - 1) deg.^, Z3. 

Since d >9, this implies that (p satisfies (j2.3p because of Lemma l2.3l (ii). The 
second part of (j2.3|) implies 7^" > 7J. Since 7J < 7J, it follows that 7o < Tf- 
Thus, we conclude from Lemma 12.21 that (p is wild, a contradiction. This 
proves that {yiZ3)'^ ^ {4){y2YY- Therefore, we get 0(2/2)^ ~ and 
X3 thanks to Proposition 13. 4[ Hence, we have deg^(f){y2) = 3ei, proving 
Proposition 13.11 (i). Since v = (ei,e2,ei), we know that Z3 = 03X3 + §3 for 
some 03 € /c^ and §3 G /c[x2]. This proves Proposition 13.11 (ii) . 

Next, we prove Proposition 13.11 (iii). First, we show that 72 < ei. 
Suppose to the contrary that 72 > ei. We deduce that (p is wild by means 
of Lemma [2.2[ Since 73 = deg^ Z3 = ei, we have 72 > 73. Hence, (/> 
satisfies the assumption of Lemma |2.3[ Define ip € Aut(fc[x]//c) as before 
Lemma [2.2[ Then, il)[x2Y = (22 + ^2)^ does not belong to k[zj] = k{x3\ 
by the minimality of 72 . Hence, ^{x2Y and ~ X3 are algebraically 
independent over k. Since d > 9, we know by Lemma [2.31 (i) that satisfies 
(|2.3p . Finally, we show that 7J < 7^. The second part of ()2.3p implies 
7^ > 72 • If 7o ^ 72 ' then we get 7o < Tf- So assume that 7o > tJ • Then, 
we have deg^ (/)(y2) > 7o + 73 by the contraposition of Lemma [2Tl Since 
degy (I){y2) = 3ei and 7J = ei, it follows that 2ei > 7q . Hence, we get 

iX > I2 + 273" > 273 = 2ei > 7o" 
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by the second part of (j2.3p . Thus, we conclude from Lemma 12.21 that (p is 
wild, a contradiction. This proves that 72 < ei. Therefore, we may write 

Z2 + h2 = axi + a'xs + g, 

where a,a' £ k and g G k[x2]- In order to conclude that 72 < ei, it suffices 
to show that (a, a') = (0,0). Suppose to the contrary that {a, a') ^ (0,0). 
Then, we have a ^ 0, since {z2+h2)^ = axi+a'x^ does not belong to ^[^3 ] = 
k[x3]. Since /12 is an element of k[zs], and Z3 = 03X3+5(3 belongs to A;[2;2, X3], 
we know that /12 belongs to /c[x2, X3]. Hence, Z2 = axi + a'x^ + 51 — /i2 is a 
linear polynomial in xi over k[x2,X3] with leading coefficient a. Regard zizs 
and 9{z2) as polynomials in xi over k[x2,X3]. Then, the leading coefficient 
of 2:1^3 is a multiple of 23, while that of 6{z2) is an element oi k^ . Since Z3 
does not belong to k, it follows that 

deg^i 0(/e) = deg^^{zizs + 6^(22)) = max{deg^^ ziZ3,deg^^ 9{z2)}. 

Since deg^,^ -^3 = and deg^,^ Z2 = 1, this gives that deg^,^ (pife) = maxjdeg^,^ zi 
Hence, we get 

dega;i 4>{y2) = deg^^ {z2 + 4'{fe)zz) = deg^^ </>(/e) = maxldeg^.^ zi, d}. 
Consequently, we see from (jl.ip that 

deg^., <p{yi) = deg^^ [zi + (^(22) - e((/)(y2)))^3"^) 
= deg^^ 0{(t){y2)) = ddeg^^ 0(7/2) > d^- 
On the other hand, we have deg^^ 7/2 = deg^^ {x2 + fe^z) = 1. Hence, we get 

deg^., 2/1 = deg^,^ (^xi + (6l(x2) - 6'(y2))x3 = deg^.^ e{y2) = d. 

This contradicts that 4'{yi) = 2/1, thus proving that (a, a') = (0,0). There- 
fore, we conclude that 72 < ei. This completes the proof of Proposition 13.11 
(iii). 

4. Proof (III) 

In this section, we complete the proof of Theorem ll.51 (ii). Assume that 
d > 9. Take (p G Gg such that deg^ (j){y2) > deg^ (pixs). Then, we have 

(4.1) <p{x3) = Z3 = 03x3 + gs 

for some S k^ and 53 G k[x2] by Proposition 13.11 (ii). We establish that 
4> = (pa'i and 03 belongs to Tq. If = idfc[x], then we have Q3 = 1. Since 
i : Tq ^ Gq is a. homomorphism of groups, it follows that 4)a^ = p{l) = idfc[x]. 
Hence, the assertion is true. In what follows, we assume that (p ^ id^jx]- 

By Proposition 13.11 (iii), degy(z2 + ^2) = tJ is less than ei. Hence, 
Z2 + h2 belongs to k[x2\- Since Z2 + ^2 = ip{x2) is a coordinate of A;[x] over 
k, it follows that Z2 + /i2 is a linear polynomial in X2 over k. Hence, we have 

(4.2) (i){x2) = Z2 = 02x2 + 52 

for some 02 S k^ and 52 G ^[-23] = kla^x^ + 53], since /i2 is an element 
of k[z3]. From this and ()4.ip . we see that (p induces an automorphism of 
A;[2;2,2;3]. Thus, we know that k[xi,(p{x2),(p{x3)] = k[x]. This implies that 

(4.3) (p{xi) = aixi + gi 
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for some ai € A;^ and gi € k[(j){x2) , (I){x3)] = k[x2,X3] by the following 
lemma. 

Lemma 4.1. Let r € Aut(A;[x]/A;) be such that k[xi, t{x2) , t{x3)] = k[x] for 
some i G {1,2,3}. Then, we have t{xi) = axi + g for some a & k^ and 
g G A;[t(x2),t(x3)]. 

Proof. Since /^[xj, r(x2), t(x3)] = A;[x], we can define p G Aut(A;[x]/A;) 

by 

p{xi) = Xi and p{xj) = T{xj) for j = 2,3. 

Then, p~^ or belongs to Aut(fc[x]/fe[a;2, X3]). Hence, we may write {p~^ o 
r)(xi) = axi + where a £ k^ and g'' G k[x2,X3]. Then, we have 

t(xi) = p{{p~^ o t)(xi)) = p{axi + 5-') = ax^ + p{g'), 

in which is an element of p{k[x2,X3]) = A;[t(x2), t(x3)]. □ 

Since y2 = X2 + fex^ = X2 + (xiX3 + 6'(x2))x3 is a linear polynomial in 
xi with leading coefficient we see from (jl.ip that 

Ui = — cxfxg'^"^ + (terms of lower degree in xi). 

In view of (03]), (jM]) and (03]), we have 

'/'(yi) = — c(aiXi)'^(a3X3 + gzf''^~^ + (terms of lower degree in xi). 

Since <t){yi) = yi, we get 0^(03X3 + gs)'^^^^ = x^"^'^ by comparing the 
coefficients of xf. This implies that 5^3 = 0. Hence, we have 

(4.4) 0(2;3) = Z3 = 03X3 = <?;>a3(x3). 

From this, we know that (j) commutes with the substitution X3 1— )• 0. By 
p.2p . we see that yi is sent to xi — 0'{x2)0{x2) by the substitution X3 1-^ 0. 
Since yi = ^(yi), it follows that 

xi — 9'{x2)0{x2) = (p{xi) — 4>{9' {x2)0{x2)) = aixi + (an element of A:[x2, X3]) 
by ()4.3p and ()4.2p . This gives that ai = 1. Therefore, we conclude that 

4>{xi) = xi +gi. 
Since 2/3 = X3, we have 4>{yz) = cn^yz by (|4.4p . Hence, we get 

^[2/1, 2/2,^3] = fc[0(yi), 2/2, 0(2/3)]- 

By Lemma |4.H this implies that 

<t}{y2) = hy2 + h 

for some P2 £ k^ and /i G /c[2/i,2/3] = ^[2/i5 2:^3]- We note that deg.^, h < 3ei, 
since deg^ ^(2/2) = 3ei by Proposition l3. II (i) . and deg^ 2/2 = deg^ xix| = 3ei 
by ()3.4p . We prove that h belongs to A;[x3]. Suppose to the contrary that 
h does not belong to /c[x3]. Then, we have deg^ h > deg^yi, where S := 
{yi^xs}. Since yj xfxg'^"^ and X3 are algebraically independent over k, we 
have degy h = deg^ h. Hence, we get deg.^^ h > deg^ yi = {3d — l)ei > 3ei, a 
contradiction. This proves that h belongs to A;[x3]. From (jl.ip . we see that 

= 03X3(2/1 - 0(2/1)) 

= a3(xiX3 + 6'(x2) - 0{y2)) - (a3(xi + fifi)x3 + 6'(a2X2 + 52) - 6'(/322/2 + h)) 

= {0{hy2 + h) - a36{y2)) - {asgix-s + 6'(a2X2 + 52) - a3^'(2;2)) • 
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Hence, we have 

(4.5) p := 0{f32y2 + h) - a-i0{y2) = a^gix^^ + 6(02X2 + 52) - a39{x2). 

Since h belongs to k[x3] = k[ys], we see that p belongs to k[y2,y3]. As 
an element of [2/2, 2/3], we may consider the partial derivative dp/dyi for 
z = 2, 3. Then, we have 

dp _ dmdp_ ^ dy3_dp_ _ ^2 dp 
dxi dxi dy2 dxidy^ ^ dy2 

by chain rule. Since gi and §2 are elements of A;[x2,X3], we know that p 
belongs to fc[x2,X3] by ()4.5p . Hence, we have dp/dxi = 0. Thus, we get 

0=1^ = /32^'(/32y2 + h)- a39'{y2) 
oy2 

by the preceding equality. This implies that h is algebraic over k{y2). Since 
h is an element of A;[2/3], it follows that h belongs to k. Consequently, p 
belongs to k[y2]- Since dp/dy2 = 0, we conclude that p belongs to k. 

We prove that /32 7^ 1- Suppose to the contrary that /32 = 1- Then, the 
coefficient of 2/2 P is equal to c(l — 03). Since p belongs to k, it follows 
that a3 = 1. Hence, we get (/>(2/3) = 2/3 by ()4.4p . Since /32 = 03 = 1, we have 

P = e{y2 + h)-e{y2) = Y,^^h\ 

i=i ^■ 

Since p belongs to k, this implies that h = Q. Thus, we get (/'(2/2) = P2y2+h = 
y2- Since (^{yi) = 2/1, we conclude that (p = idfc[x]! ^ contradiction. This 
proves that /32 / 1- Set k' = h/{l — P2), and write 

d 

where u[ €z k for i = 0, . . . ,d. Then, we have 

(f>{y2 - k) = (/322/2 + h)- = ^2 ^^2 - 3~r^) = ^2(^2 - k'). 

Hence, we know that 

P = 0{fi2y2 + h)- 03^(2/2) = 0{(t){y2)) - 03^(2/2) 

d d d 

= Y.u'My2 - ^'T - «3^n^(y2 - ^'y = ^<{(3i - a3)(y2 - ^'y. 

i=0 i=0 i=0 

Since p belongs to A;, it follows that p = u'q{1 — as), and = or = 03 
for z = 1, . . . , d. 

We show that n' = n hy contradiction. Suppose that k" := k! — k is 
nonzero. Since u^-i = by the definition of k, we may write 

d-2 

e{z) =Ud{z-K' + K'Y + Y^Ui{z-Ky =Ud{z-KY + dK"ud{z-KY'^ + --- . 

i=0 

Hence, we get u'^ = Ud and u'^_i = dK"ud. Since Ud 7^ 0, and k" 7^ by 
supposition, we know that u'^ and u'^_i are nonzero. Hence, we have /Jg = 03 
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for i = d,d — 1. Thus, we get /32 = 1, a contradiction. This proves that 
k' = K. Therefore, we have u'^ = Ui ior i = 0, . . . , d. Consequently, we get 

(4.6) p = Uq{1 - as) = uo(l - as) = (1 - a3)e{K). 

To complete the proof, we verify that <j){xi) = (pasixi) for i = 1,2. Since 
(^eife) = fe, Hyi) = yi and (/"(ya) = 031/3, we have 

(l>{fe) = 4>{ae{fe)) = (t){yiy3 + 6{y2)) = yiiasVs) + d{Hy2)) 

= asfe - 0361(^2) + 0{(p{y2)) = as/e + p. 

Hence, we get 

4'{y2) = 4>{x2 + feX'i) = {a2X2 + §2) + ("s/e + p){a?.x:i). 

On the other hand, we have 

0(2/2) = P2y2 + h = f32{x2 + fexs) + h. 

Since §2 and h are elements of k[x3] and k, respectively, the monomial X2 
does not appear in 52 and h. Clearly, the monomial X2 does not appear in 
a multiple of X3. Thus, we get 02 = /32 by comparing the coefficients of X2- 
Equating the two expressions of (j){y2), we obtain 

92 -h = {P2fe - a3{a3fe+p))x3 = ((02 - al)fe - a3p)x3. 

Note that §2 — h belongs to k[x3\, while fe does not belong to k[x3\. Since 
p is a constant, it follows that Q2 = a\ and 92 = h — a3px3. Therefore, we 
have 

(j){x2 - n) = 4'ix2 — k) = a2X2 +92- ^ ^ r, = ^2X2 + {h - a3pX3^ 



1-/32 1-02 

= a2 (x2 - — ) - a3px3 = al{x2 - k) + 03(03 - l)e{K)x3 

V 1-02/ 

because of ()4.6p . This proves that 4'{x2) = (paaix2)- By ()4.5p and (|4.6p . we 
have 

a30ix2) - 0(02x2 + 92)+P a39{x2) - (j){0{x2)) + (1 - a3)0{K) 

91 = = = 9a3 • 

03X3 03X3 
Since (/>(xi) = xi +91, this proves that (/>(xi) = (pa-iixi). Therefore, we 
conclude that (p = 4'a3- Since = 9i belongs to A;[x], we know that 03 
belongs to Tg as noted before Theorem 11.11 This completes the proof of 
Theorem 11.51 (ii) , and thereby completing the proof of Theorem 11.11 
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Locally nilpotent derivations of rank three 

1. Main result 

Recall that the rank of D € Der^ fc[x] is defined to be the minimal 
number r > for which there exists a £ Aut(A;[x]/A;) such that D(a{xi)) ^ 
for z = 1, . . . , r. It is difficult to handle D € LND^ A;[x] with rankZ) = 3. 

In this chapter, we construct families of elements of LND/jA;[x] using 
"local slice construction" due to Freudenburg [7]. Then, we prove that most 
of the members of the families are of rank three, for which the exponential 
automorphisms are wild. 

For z = 0, 1, take G N and a*- G A; for j = 1, . . . , tj — 1. First, we define 
a sequence (fti)^o °^ integers by 

6q = 6i = and = Uhi - bi-i + for i > 1, 

where ti := Iq if i is an even number, and ti := ti otherwise, and where 
:= 1 if i = 0, 1 (mod 4), and := —1 otherwise. Next, for each i > 0, we 
define a polynomial r]i{y, z) G k[y, z\ by 

U-l 

= + ^a^y^z^*'-^)''' if i = 0, 1 (mod 4) 

i=i 

U-i 

r]i{y, z) = 2/** + ^ Q'jZ^^'^'^y*''^ + z*^**"^ otherwise, 
i=i 

where a*- := if i is an even number, and a*- := aj otherwise. Set 

to tl 

r = X1X2X2, — ^ Oilx2 ~ ^ o^jx\, 
i=i j=i 

where a^^ := aj^ := 1. Then, we define a sequence {fi)^Q of rational 
functions by 

fo = X2, fi=xi and /i+i = T/i(/i, r)/r:\ for i > 1. 
Set Qi = r]i{fi,r) for each i > 1. Then, we have 

tl to 

(1.1) qi = r?i(xi,r) = r + '^ajx{ = X1X2X3 - '^0^X2- 

j=i i=i 

Hence, we get 

tl 

(1.2) /2 = qiX2^ = X1X3 - 6'(x2), r = X2/2 - ^ a]x{, 

i=i 
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where 9{z) := YllLi ot^z^'^ . When to = 2, we have /2 = xix^ — X2 — a?- In 
this case, we can define T2 G T(A:,x) by 

(1.3) T2(xi) = /2, T2(X2) = Xi and T2{X3) = X3. 

For each (71,52 G ^M, we define Aj-^^^^^) G Der^ k[x] by 

d^i A (i5t2 ^dg = \g^^g.^){g)dxi A dx2 A dx^ 

for (7 G A;[x]. Then, k[gi^g2\ is always contained in 'kei /S.(^g^ g^y When /j and 
/j+i belong to /c[x], we consider the derivation 

of A;[x]. For example, since /o = X2 and /i = xi by definition, Dq = A^^,^ .j^) 
is the partial derivation of /c[x] in X3. By (jl.2p . we see that Di = A^j^.xi) is 
the triangular derivation of ^[x] defined by 



(1.4) L>i(xi) = 0, Z:»i(x2) = xi and L>i(x3) = ^'(xs) = ^(i - l)a°x: 



to 

2 

i=2 



Since 

9/2 9/2 

df2AdxiAdx2 = TT — dxi A(ix2 Adxa, d/2 Adxi Adxs = — — — dxi A(ix2 Adxs. 

0x3 ax2 

We say that Z) G Derfc/c[x] is irreducible if D(A;[x]) is contained in no 
proper principal ideal of A;[x], or equivalently -D(xi), D{x2) and -D(x3) have 
no common factor. Here, "no common factor" means "no non-constant 
common factor". Then, Dq is clearly irreducible, and Di is irreducible if 
and only if Iq > 2. We mention that, if to = 1; then kerDi = /i;[xi,X3] is 
not equal to k[fi, f2] = k[xi, X1X3 — 1]. 

We can similarly construct the sequence of rational functions from the 
same data 

(1.5) to, h, (a°);.ri' and (a])*L-i' 

by interchanging the roles of to and ti, and {a^Yj'Si and (a] )*t=ri^ , respec- 
tively. To distinguish it from the original one, we denote it by (/jO^^o- 
ti = 2, then we can define G T(A;,x) by T2(xi) = /g, T2(x2) = xi and 
"^2(^3) ~ ^3- When fl and fl_^_^ belong to k[x], we define D[ = A^j/^^ j/-). 
Let / be the set of i G N such that 

aj := tjbj + > 

for j = 1, . . . ,i. Then, we have 

f {1} if to = 1 



(1.6) 



{1,2} if (to,ti) = (2,l) 
{1,2,3,4} if (to,ti) = (3,l) 
N otherwise 



as will be shown in Section [31 We note that = = 1 for i = 0,1, since 
60 = 61 = 0. For each i > 1, we have 

(1.7) Oj+i = tj+iOj — Oj-i, 
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Since 

fli+i — ti+iCi + ai-i = (tj+i^j+i + Ci+i) — ti+i{tibi + ii) + {ti-ibi^i + 

= - tihi + bi-i - ii) + ^i+i + ii-i = 0. 

Now, we are ready to state the main results of this chapter. 

Theorem 1.1. In the notation above, the following assertions hold for each 
i G /: 

(i) fi and /j+i belong to k\x\, Di belongs to LNDfc/i;[x] and Di{r) = /i/j+i. 
Moreover, we have the following: 

(a) // i is the maximum of I, then Di is not irreducible and kerL'j ^ 
k[fi,fi+i]- 

(b) If i is not the maximum of I, then Di is irreducible and kerDj = 
k[fiJi+i]- 

(ii) If to = 2, then we have Tg"^ o Di o t2 = D^_^. Hence, D2 is tamely 
triangularizable. If to = ti = 2, then we have t^^ o Di o t = Do, where 

(t2 o r2)*/^ if i is an even number 

{t2 o r2)*-*^"'"^/^ o T2 otherwise. 

(iii) If to = 2, ti > 3 and i >3, or if to > 3 and i >2, then exphDi is wild 
for each h € ker Di \ {0}. 

By means of this theorem, we can completely determine when exp hDi is 
tame or wild for h G ker Z)j\{0} and i G / as follows. First, consider the case 
of i = 1. Since Di is triangular and L'i(xi) = by ()1.4p . we see that HDi 
is triangular if h belongs to ^[xi]. In this case, exphDi is tame. Assume 
that h does not belong to A;[xi]. If to = 1, then we have Di{x3) = 0. Hence, 
exphDi is elementary, and so tame. When to > 2, we have Di{xj) 7^ for 
j = 2,3. By Theorem 12.31 we know that exp hDi is tame if and only if 

dD (x ) 

— = y^(i—l)(i— 2)0^X0"^ belongs to D(x2)k[xi,X2] = xik[xi,X2], 

0x2 ^ 

and hence if and only if to = 2. Therefore, exp hDi is tame if and only if h 
belongs to k[xi] or to ^ 2. When to = 1, we have / = {!}. Hence, this case 
is completed. Assume that to = 2. Then, we have 

hD2 = T2 0{T2\h)D[)0T2^ 

by (ii). Since T2 is tame, exphD2 is tame if and only if so is expT2^{h)D[. 
Prom the preceding discussion, it follows that expr^^(/i)D^ is tame if and 
only if T2^ih) belongs to k[xi] or ti < 2. Since T2{xi) = f2 by definition, 
T2^{h) belongs to k[xi] if and only if h belongs to k[f2]. Therefore, we 
conclude that exp/iL'2 is tame if and only if h belongs to k[f2] or < 2 
when to = 2. If {to,ti) = (2, 1), then we have / = {1,2}. Hence, this case 
is completed. If to = ^i = 2, then we have hDi = r o (t~^(/i)L'o) ° for 
each i G / by (ii). Since Do{xj) = for j = 1,2, we see that expT~^{h)Do 
is elementary. Hence, it follows that exp hDi is tame by the tameness of r. 
If to = 2, ti > 3 and i > 3, or if to > 3 and i > 2, then exp hDi is wild due 
to (iii). Therefore, we have completely determined when exphDi is tame or 
wild for h G ker Di \ {0} and i £ I. 
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By the discussion above, we see that exp hDi is tame only if i = 1 or 
{i,to) = (2,2) or (toi^i) = (2,2). In this case, Di is tamely triangularizable, 
and hence kills a tame coordinate of fc[x] over k. Thanks to Theorem 11.31 
this implies that hDi is tamely triangularizable if exp hDi is tame. Clearly, 
exp hDi is tame if hDi is tamely triangularizable. Therefore, we get the 
following corollary to Theorem ll.il 

Corollary 1.2. For h € ker Di \ {0} and i ^ I , it holds that exp hDi is tame 
if and only if hDi is tamely triangularizable. 

If Z) is a derivation of k[x], then 

plD := i:>(fc[x]) nkerD 

forms an ideal of ker I?, and is called the plinth ideal of D. Assume that D 
is locally nilpotent. Then, p\D is not a zero ideal unless D = 0. Moreover, 
pi D is always a principal ideal of ker D by Daigle-Kaliman [5l Theorem 1] . 
Hence, the notation plD = (p) will mean that p\D = pkeiD. The plinth 
ideals are important in the study of the ranks of locally nilpotent derivations. 

In the following theorem, we completely determine pi Di and rank Di for 
i £ I. 

Theorem 1.3. The following assertions hold for each i £ I: 

(i) If tQ = \ or (to, ti,i) = (2, 1, 2), then we have pi Di = {fi) and rankDj = 
1. 

(ii) // {tQ,i) = (2,1) or tQ = ti = 2, then we have pi Di = ker Di and 
Tank Di = 1. 

(iii) // to = 2, ti > 3 and i = 2, or if to > 3 and i = 1, then we have 
plDi = {fi) and rankDj = 2. 

(iv) //to = 2, ti > 3 and i >3, or if to > 3, (to,ti) 7^ (3, 1) and i >2, then 
we have pi Di = (fifi+i) and rankDj = 3. 

(v) // (to,ti) = (3, 1), then we have plD2 = (/s) and rankZ?2 = 2, plD^ = 
kei D^ and rank 1)3 = 1, and PI-D4 = (f^) and rank 1)4 = 1. 

On the homogeneity of /j's, we have the following result. Assume that 
a* = for i = 0, 1 and j = 1, . . . , tj — 1. Then, we have r = X1X2X3 — X2' —x^i 
and /2 = X1X3 — X2~^ ■ P^it 

t := (to, ti, toti — to — ti). 

Then, it is easy to check that r and /2 are t-homogeneous. Moreover, we 
have the following proposition. 

Proposition 1.4. // q*- = for i = 0, 1 and j = 1, . . . , tj — 1, then fi and 
/j+i are t-homogeneous for each i £ I . 

Next, we construct another family of elements of LND^ k\x\ by making 
use of {fi)^Q- Take any 

X{y) £ k[y]\{0} and fi{y, z) = fij{y)z^ e zk[y, z], 

where //j(y) € k[y] for each j. For z > 2, we set 
ri = Hfi)r - nifi, fi-i), where f := 



( X2 If i = 2 
\ r if f > 3. 
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Then, we define 

fi+i = fji{fi,rA{fi)-')fr-\Hfir, where 7?,(y,z):=| ![ '. = 1 

When belongs to fcfxl, we consider the derivation Di := A.? of 

To study Di, we may assume that A(y) and lJ.{y,z) have no common 
factor for the following reason. Let u{y) be a common factor of A(y) and 

li{y,z), and let 

My) ■= Ky)^{y)~^ and iio{y,z) -.= n{y,z)u{y)~^. 
Then, we have 

5: = '?i(/i,(Ao(/i)r-Mo(/i,/i-i))Ao(/ir')Ao(/ir/^\ 

Hence, we get Di = A^^^,^^ ^.-^ = A^^j.). Therefore, the study of Di is 

reduced to the study of A(pj.). 

If /Lt(y, z) = 0, then we have riX{fi)~^ = r. In this case, we cannot obtain 
a new derivation as Di for the following reason. Since fi^y, z) = 0, we may 
assume that A(y) = c for some c G A;^ by the preceding discussion. Then, 
we have 

Is = Uf2,c-'r2)fr'c-' = r?2(/2,X2)/r^c»^ 

= 0"^ (/2 + 0{x2))fr' = C^^XiX^X^^ = C«2X3 

when i = 2. This gives that D2 = c"^ Aj-^^g jj)- Since /2 is a symmetric 
polynomial in xi and X3 over k[x2], we may regard 2)2 as c^^A^^-^j^) = 
—d^^Di by interchanging xi and X3. When i > 3, we have f = r and 
r].j(?/, z) = r]i{y, z) by definition. Since riX{fi)~^ = r and A(y) = c, it follows 
that /j+i = c°-^fi+i. Thus, we get L'^ = c^-^Di. Therefore, we may assume 
that ii{y, z) / 0. 

In the notation above, we have the following theorem. 

Theorem 1.5. Assume that to > Z and i = 2, or to > 3, {to,ti) / (3,1) 
and i > 3. If A(y) € k[y] \ {0} and iJ,{y, z) G zk[y, z] \ {0} have no common 
factor, then the following assertions hold: 

(i) /i+i belongs to fc[x], and Di is irreducible and locally nilpotent. Moreover, 
we have kerZ)j = k[fi,fi+i], and 



(1.9) Diin) = 



Kh)h ifi = '^ 

Kfi)fifi+i ifi>3. 



(ii) For h G kerZ), \ {0}, it holds that exphDi is tame if and only if i = 2, 
A(y) belongs to k^ , tJ-{y,z) belongs to zk[z]\{0}, and h belongs to ^[/3]\{0}. 
// this is the case, then HDi is tamely triangularizable. 

In the statement (iii) of the following theorem, ^/(\(^ denotes the 
radical of the ideal (A(y)) of k[y]. 
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Theorem 1.6. Under the assumption of Theorem \1.5l the following asser- 
tions hold: 

(i) Ifi^'i; then we have rank Di = 3. 

(ii) // X{y) belongs to , then we have rankL)2 = 2 and plL>2 = (/s)- 
Moreover, /s is a coordinate of k[x\ over k. 

(iii) Assume that X{y) does not belong to k^ . If to > 4, or to = 3 and fij{y) 
does not belong to \J (A(y)) for some j > 2, then we have rankL>2 = 3. 
If to = 3 and Hj{y) belongs to (A(y)) for every j > 2, then we have 

pl^2 = (/3). 

In the last case of (iii), we do not know the rank of D2 in general. 
However, if f^ is a coordinate of k[x] over k, then we may conclude that 
rankZ)2 = 2 as follows. Since D2 kills /s, we have 1 < rank 1)2 < 2 by the 
assumption that /s is a coordinate of k[x] over k. Suppose that rank 1)2 = 
1. Then, we have ker D2 = cr{k[x2, x^]) for some a G Aut{k[x\/k). Since 
ker D2 = k[f2, /s] by Theorem 11.51 (i), it follows that 

k[f2, fslWixi)] = k[a{x2),a{xs)][a{xi)] = a{k[jc]) = A;[x]. 

This implies that /2 is a coordinate of k[x] over k. Since to = 3, we have 
/2 = X1X3 — (a? + 02^2 + X2)- Hence, /2 is changed to a polynomial with 
no linear monomial by the substitution 2:2 2^2 — ^2/2. This implies that 
/2 is not a coordinate of A;[x] over k, a contradiction. Therefore, if /a is a 
coordinate of A;[x] over k, then we have rankD2 = 2. Possibly, f^ is always 
a coordinate of A;[x] over k. 

Finally, we discuss the locally nilpotent derivations of rank three given by 
Preudenburg O Section 4] (see also [9^, Sections 5.5.2 and 5.5.3]). Assume 
that to = ti = 3 and a*- = for i = 0,1 and j = 1,2. Then, we have 
r = X2/2 — xf and /2 = 3^1X3 — x| by ()1.2p . Moreover, we have /o = X2 and 
fi = xi, and 

fi~ifi+i = ff + r"' for each i > 1 
by the definition of r]i{y,zys. As mentioned, we have oq = ai = 1, and 
Oj+i = 3a j — aj_i for i > 1 by ()1.7p . Prom these conditions, we know that 
—Di = A(j. j.^j) is the same as the locally nilpotent derivation of "Pibonacci 
type" by Preudenburg for each i > 1, where we regard xi, X2 and X3 as x, 
—y and z, respectively. It is previously known that A(j, j.^^) has rank three 
if i > 2. In this case, exp /iA(j^ is wild for each h G ker A(j^ j^^^) \ {0} 
by Theorem 11.11 (iii) . 

Next, let X{y) = and fi{y,z) = —z"^ for / > 1 and m > 1. Then, we 
have r2 = /2X2 + x™. Since r/2(y, z) = y + z"^ and 02 = ^2^1 — oq = 2 by 
p77l) . it follows that 

/2/3 = m (/2,r2A(/2)-l) A(/2)'^^ = (/2 + (r2/2-')') ff = + 4 

= ff{x,X^ - xl) + {fix2 + xTf = X1(/|'X3 + 2fix^-^X2 + X^-^). 

Hence, we get 

/3 = /|'x3 + 2/^xr'x2+X^-l. 

This shows that, if m = 2/ + 1, then —D2 = ^(jj is the same as the rank 
three homogeneous locally nilpotent derivation of "type (2, 4/ + 1)" due to 
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Freudenburg, where we regard xi, X2 and X3 as x, y and z, respectively. If 
I > 1 and m > 1, then exp hA^j^^ is wild for each h € ker A^^^ \ {0} by 

Theorem 11.51 (iii), since A(y) = does not belong to A;^. If m > 2, then we 
have rankAj.^^ = 3 by Theorem 11.61 (iii), since to = 3 and /Xm(y) = — 1 

does not belong to \/{Mjj}) = (y). 

Note: Recently, Prof. Freudenburg kindly informed the author that he inde- 
pendently realized that Karas-Zygadlo [13', Theorem 2.1] implies the wild- 
ness of expD for his homogeneous locally nilpotent derivation of type (2,5) 
as follows: In this case, it holds that 

deg (expD)(xi) = 9, deg (exp L')(x2) = 25, deg (exp D)(a;3) = 41. 

On the other hand, the above-mentioned result of Karas-Zygadlo implies 
that (/) E AutcC[xi, 2:2, 2:3] is wild if the following conditions hold: 

(i) deg(j){x3) > deg4>{x2) > deg(j){xi) > 3. 

(ii) deg(/)(xi) and deg(/)(x2) are mutually prime odd numbers. 

(iii) deg<j){x3) does not belong to Z>odeg0(3;i) + Z>o deg (/)(x2). 

It is easy to check that exp D satisfies (i), (ii) and (iii). The author 
would like to thank Prof. Freudenburg for informing him the remark. 

2. A reduction lemma 

Recall that we defined elements T2 and T2 of T(A;[a;3], {xi, X2}) when 
to = 2 and ti = 2, respectively. Let A;(x) be the field of fractions of k[x]. 
Then, T2 and uniquely extend to automorphisms of k(x). By abuse of 
notation, we denote them by the same symbols T2 and The purpose of 
this section is to prove the following lemma, and Theorem 11.11 (ii) on the 
assumption that fi and /j+i belong to k[x] for each i ^ I. 

Lemma 2.1. (i) If Iq = 2, then we have T2{f-) = fi+i for each i > 0. 

(ii) If ti = 2, then we have T2(/i) = f[_^i for each i>0. 

(iii) If to = ti = 2, then we have {t2 o T2y{fi) = /i+2j for each i,j > 0. 

From the data ()1.5p . we can similarly define (6j)^0' '''^ iViiy^ ^))iZo^ 
(aj)^Q by interchanging the roles of to and ti, and {c(^Y°~i and {a^Yj_7^, 
respectively. To distinguish them from the original ones, we denote them by 

(6^-0, r', {7ii{y,zmo and (a^^o, 

respectively. We note that 60 = &i = and b[_^_^ = tj+i6- — b[_^ + for each 
i > 1. 

In the rest of this section, we always assume that to = 2. 
Lemma 2.2. For each i > 0, we have 

t _ t ( bi+i - 1 ifi = l (mod 4) 
b[ = bi+i + = I + 1 tfi = 3 (mod 4) 

I bi-^-l otherwise. 

Proof. We prove the first equality by induction on i. Since 6q = b'^ = 0, 



and 



, , 6 - Co 1-1 . , , , 6-6 , , (-i)-i . 

bi H — = — - — = and 02 H — = 1 H = 0, 
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the equality holds for i = 0,1. Assume that i > 2. Then, we have b'j = 
+ — ^i)/2 for j = i — 2, i — 1 by induction assumption. Hence, we 

get 

6^ = ti6^„i - b[_2 + e^-l = ti (hi + - f 6.-1 + ^'-^-j'-A + 



Since Uhi - = - and -(Ci-i - ii-2) = ^i+i - ^i, the right-hand 
side is equal to 

I /- , J. ~ Ci— 1 I ~ , /■ u \ fj. o^^* ~ Ci-1 , Ci+1 ~ 
Oi+1 - ?i + ^ ^ ^ \- = bi+l + [ti - 2) \ . 

Since tj = 2 if i is an even number, and — = otherwise, the right- 
hand side is equal to -|- (^i+i — 6)/2. This proves that the first equality 
holds for every i >0. The second equality is readily verified. □ 

Since to = 2 by assumption, we know by Lemma [2 . 2 1 that r/-(y, z) is equal 

to 

ti ti 
^hb'^+i ^ a]yiz(*i-J>^ = + if i = (mod 4) 

z^'-^+l +y2 =y2^Q,0y^b>+i-l +^2b,+i-l -^^ (mod 4) 

ii ii 

y*i + Yl "ly*'"-''^^''''"^ = + a]y*'"^'-z^'^'+'"^ if ^ = 2 (mod 4) 

i=i i=i 
y2 + alyz^'^-^ + z^M^i = ^26,+i+i ^ ^^Oy^b.+i ^ ^2 if i = 3 (mod 4) 

for i > 0. In each case, the right-hand side is equal to 77^+1 (y, z). Hence, we 
get 

v'iiy^z) = rii+i{y,z) 

for i > 0. Since a- = deg^ r]'^{y, z) and a^+i = deg^ r/j+i(y, z), this implies 
that a- = Oj+i for each i > 0. 

Now, let us prove Lemma 12.11 First, we prove (i) by induction on i. 
Since /g = X2 and /{ = xi, we get 

7"2(/o) = T-2(x2) = xi = /i and r2(/() = r2(xi) = /2 

by p.3|) . Hence, the statement holds for i = 0, 1. Assume that i >2. Since 
to = 2, we see that 

h 2 h 

r' = X1X2X3 - '^ajxl, - '^a'jxl = xi{x2X3 - a? - xi) - '^ajxl,. 

2=1 j=l i=l 

Hence, we get 

T2{r') = f2ixiX3 - a? - /2) - Z a}x\ = /2X2 - ^ a}x\ = r 

1=1 i=l 

in view of (|1.2p . Since T2{fj) = /j+i for j = z — 2, i — 1 by induction 
assumption, and r]'-_^{y,z) = rji{y,z) as shown above, it follows that 

r2(/n = r2 H~iifUr'){fL2)-') = m{h,r)fr\ = f^^,. 



3. PROPERTIES OF (a,)£o ^ 

This proves (i). We can prove (ii) similarly. To prove (iii), assume that 
^0 = ^1 = 2. Then, we have T2(/j') = fi+i and T2(/i) = fl_^_i for each i > 
by (i) and (ii). Hence, know that 

(T2 0r^)(/,)=T2(//+i) = /.+2. 

Therefore, we get {t2 o (fi) = fi+2j foi" each i,j > 0. This proves (iii), 
and thus completes the proof of Lemma 12.11 

For gi,g2,g3 G k[x], define an endomorphism ^ of the /j-algebra fe[x] by 
V'(xj) = Qi for i = 1,2,3. Then, we have A(p^ g2)(53) = det JV'. Prom this, 
it follows that 

(2.1) (j)-^ o A(^(g^)^^(g2)) o = (det J(/>)A(g^^g2). 

Actually, since J{(j) o ijj) = (j){J'ip) ■ J(j), and det Jcp is a constant, we have 

(</.-l o A(^(3^),^(^^)) o 4>){gs) = (det o i;)) = (det(0( JV) • J0)) 

= 0"i(0(det JV') det Jcp) = (det J^) det J(j) = (det J0)A(g^^g2)(c/3). 

Now, we prove Theorem 11.11 (ii) on the assumption that fi and /j+i 
belong to k[x] for each i ^ I. Assume that to = 2, and take any i & I. 
Then, it follows that fj_i = T2^{fj) belongs to A;[x] for j = i,i + 1 hy 
Lemma l2.ll fi). since i > 1. Hence, we may consider D^_^. By definition, we 
see that det Jt2 = 1. Thus, we know by (|2.ip that 

(2.2) T2^oDiOT2 = T2-^oA(,^(y,)^,^(y,_j)OT2 = (dct Jr2)A(y, j = D'i_^. 

This proves the first part of Theorem 11.11 (ii). Since D[ is triangular, and 
T2 is tame, the second part follows immediately. 

To prove the last part, assume that = ti = 2, and define r as in the 
theorem. Then, we know by Lemma 12.11 (iii) that 

r(x2) = iT2 o T^y/\fo) = t(xi) = (t2 o T^f^h) = /i+i 

if i is an even number. Since T2(/o) = /i and T2(/() = /2 by Lemma [XT] (i). 
we have 

r(x2) = ((T2or^)(*-i)/2or2)(/^) = /„ t(xi) = ((r2OT^)(-i)/2or2)(/0 = fi+i 

if i is an odd number. Hence, r(x2) = fi and t{xi) = /j+i hold in either 
case. Because det Jt2 = det Jt2 = 1, we get det Jr = 1. Thus, we conclude 
that 

r"i o L)j o T = T"i o A(^(^j)^^(^2)) o T = (det Jr)A(2.^^^.2) = Z^o 

by the formula (|2.ip . This proves the last part of Theorem 11.11 (ii) , and 
thereby completing the proof of Theorem 11.11 (ii) . 

3. Properties of (ai)^Q 

Let us prove (jl.6p . By (jl.7p . we can check the first three cases imme- 
diately. Actually, we have ai = 1 and a2 = if to = 1) oi = ^2 = 1 and 
03 = if (to)*i) = (2, 1), and ai = 03 = 04 = 1, 02 = 2 and 05 = if 
(^O)ii) = (3, !)• If to = ti = 2, then we have Oj+i — Oj = aj — aj_i for each 
i > 1 by (|1.7p . Since ao = ai = 1, it follows that = 1 for every i G N. 
Hence, we get / = N. 
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By (ii) of the following lemma, we have / = N if to ^ 3 and (toi^i) 7^ 
(3, 1). Then, it follows that / = N if = 2 and ti > 3, since aj+i = a'^ for 
each i > as mentioned after Lemma [2.21 Thus, (jl.6p is proved in all cases. 

Lemma 3.1. If to > 3 and (toj^i) 7^ (3,1); then the following assertions 
hold: 

(i) For each i > 1, we have 0^+2 — ai > 2 if i is an even number, and 
ai+2 — fli > 1 otherwise. 

(ii) For each i > 2, we have > 2 and hi > 1. 

(iii) For each i >3, we have Oj > ti. 

(iv) For each i > 3, we have 6j > 1 i/i = 0, 1 (mod 4), and hi>2 otherwise. 

(v) For each i > 2 and / G N, we have loi 7^ ti. 

To prove Lemma l3.ll we use the following lemma. 

Lemma 3.2. Let 7j_2, . . . , 7^+2 be five elements of an abelian group for 
some i ^Ti. Assume that there exists I € Z such that 'Jj+i = tj+i^j — Jj-i 
for j = i-l,i,i + l. Then, we have 7^+2 - 7i = (^0*1 - 4)7i + (7^ - 7j-2)- 

Proof. Since tj^i'jj = Jj+i + 7j-i for j = i — l,i,i + 1, we get 

ti+i-iti+m = ti+i-ii'^i+i + 7j-i) 

= t(j+i)+i7i+i + t(j_i)+;7i_i = (7i+2 + 7i) + (7i + 7i-2)- 

This gives that 7^+2 - 7i = (^0*1 - 4)7i + (7^ - 7i_2)- □ 

Now, let us prove Lemma l3.ll To prove (i), we demonstrate that 

0-21-1 > 0, a2i > 0, a2i+i — a2i-i > 1, a2j+2 — 02* > 2 

for each i > 1 by induction on i. Since to > 3 and (to;^i) 7^ (3,1) by 
assumption, we have to > 4 and ti = 1, or to ^ 3 and ti > 2. Assume that 
i = 1. Then, we have oi = 1 and 02 = to — 1 > 2 by the definition of Oj. 
Prom ([LTD, it fohows that 

03 - oi = ^302 - 2ai = ti(to - 1) - 2 > 1, 

04 - 02 = ^403 - 2a2 = to{ti{to - 1) - 1) - 2(to - 1) 

= to{ti{to-l)-3) + 2>2. 

Thus, the statement holds when i = 1. Assume that i > 2. Then, we have 

a2j~3 > 0, a2i-2 > 0, a2j--i — a2i_3 > 1, a2i — 024-2 > 2 

by induction assumption. This implies that 024-1 > and 021 > 0. By 
(|1.7p . we know that Oj+i = tj+iOj — aj-i for j = 2i — 2,2i — l,2i, since 
j > 2i — 2 > 2. Hence, we get 

02i+l — 02i-l = (^0*1 — 4)a2i-l + (a2j-l — 021-3) 

by Lemma [3. 2 1 Since to > 4 and ti = 1, or to > 3 and ti > 2, we have toti > 
4. Because a2i-i > 0, we conclude that a2i+i — 021-1 > ^21-1 — ^21-3 > 1- 
Similarly, since Oj+i = tj+iOj — aj-i for j = 2i — 1, 2i, 2i + 1 by ()1.7p . and 
since 021 > and 02* — 024-2 > 2, we get 

024+2 - 024 = (^0*1 - 4)024 + (024 - 021-2) > 024 - 024-2 > 2 

by Lemma |3.2[ Therefore, the statement holds for every i >1. This proves 
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By (i), we know that a-j is at least 02 or as for each i > 2. Since 
fl2 = ^0 ~ 1 ^ 2 and 03 = ti{to — 1) — 1 > 2, it follows that Oj > 2 
for each i > 2. This implies that 6j > 1 for each i > 2, for otherwise 
Oj = ti+ibi < 1. Therefore, we get (ii). 

To prove (iii), it suffices to check that > tj for i = 3,4, since ai+2j ^ Oi 
by (i) and ti = ti+2j foi" each j > 0. Since to > A and ti = 1, or to ^ 3 and 
ti > 2, we see that as = ti(to — 1) — 1 is greater than ti = t^. By (i), we 
have 04 > 02 + 2 = to + 1 > ^4- Therefore, we get (iii). 

By (iii), it follows that tibi + = ai > tj + 1 for each z > 3. Hence, 
we have 6j > 1 + (1 — ii)t^^- Since = 1 if z = 0, 1 (mod 4), and = — 1 
otherwise, we get 5j > 1 if f = 0, 1 (mod 4), and hi > 1 otherwise. This 
proves (iv). 

By (iii), we have lui > ti for any / € N if z > 3. Hence, (v) holds when 
i > 3. Suppose that /a2 = t2 for some I G N. Then, we have l{to — 1) = to- 
Hence, to/ {to — 1) = I must be an integer. This contradicts that to > 3. 
Therefore, we get (v). This completes the proof of Lemma l3. II 

4. Theory of local slice construction 

The main part of Theorem 11.11 (i) , and Theorem 11.51 (i) are proved by 
means of local slice construction due to Freudenburg In this section, we 
briefly review basic facts about locally nilpotent derivations, and summarize 
the theory of local slice construction. 

Let /, 5 E k[x\ be such that kerZ) = k[f,g] for some D £ LND^ k[x]. 
Then, ker D has transcendence degree two over k (cf. [20, 1.4]). Hence, / and 
g are algebraically independent over k. Since k[f, g] is the polynomial ring in 
/ and g over /c, it is clear that / is an irreducible element of k[f, g], and k[f] 
is factorially closed in k[f, g], i.e., pq belongs to k[f] for p,q G k[f, g] \ {0}, 
then p and q belong to k[f]. Recall that ker D is factorially closed in fc[x] 
(cf. |20^ 1.3.1]). Thus, it follows that / is an irreducible element of A;[x], 
and k[f] is factorially closed in k[x]. In particular, fk[x] is a prime ideal of 
A;[x]. Since g ^ f, and g is also an irreducible element of A;[x], we know that 
g does not belong to fk[x]. Here, p ^ q (resp. p ^ q) denotes that p and q 
are linearly dependent (resp. linearly independent) over k for p,q S A;[x]. 

We summarize these facts in the following lemma. 

Lemma 4.1. Let f,g & k[x\ be such that ker D = k[f,g] for some D G 
LNDfcA;[x]. Then, f and g are algebraically independent over k, f is an 
irreducible element of k\x\, k\f] and k[f,g] are factorially closed in k\x\, 
and fk\x\ is a prime ideal o/A;[x] to which g does not belong. 

In the situation of the lemma above, assume that K is an extension 
field of k. Then, D naturally extends to a locally nilpotent derivation D := 
idii" ® D o{ K\x\ := K ®k k\x\. Since K is flat over k, we have ker D = 
K ®k ker D = K[f,g]. Hence, / = 1 (8) / is an irreducible element of K\x\ 
(see also [4^ Corollary 1.7] for a stronger statement). Similarly, / + a is an 
irreducible element of K[x\ for each a £ K, since K[f + a, g\ = K\f,g\. 

Lemma 4.2. (i) Assume that f,g£ k[x] are algebraically independent over 
k. If ker D = k[f,g] holds for some D G Derfcfc[x], then we have k[f] n 
gk[x] = {0}. 



114 



7. LOCALLY NILPOTENT DERIVATIONS OF RANK THREE 



(ii) If f,s €z k[x\ \ k are such that D{f) = and D{s) ^ for some 
D G Derfc/c[x], then f and s are algebraically independent over k. 

(iii) Let f,g,s G /c[x] be such that kei D = k[f,g] and D{s) ^ for some 
D € LNDfcA:[x]. Then, P := k[f,s] D gk[x] is a principal prime ideal of 
k[f,s]. Ifr]{y,z) is an irreducible element ofk[y,z] such that T]{f, s) belongs 
to ^^[x], then P is generated by ri{f,s). 

Proof, (i) Suppose to the contrary that k[f] n gk[x] ^ {0}. Then, we 
may find X{y) € k[y] \ {0} and g' G A;[x] \ {0} such that A(/) = gg' . Since 
D{f) = D{g) = 0, it follows that gD{g') = D{\{f)) = 0. Hence, we get 
D{g') = 0. Thus, g' belongs to kerZ). Since kerZ) = k\f,g\, we may write 
g' = Kf^a), where n{y,z) G k[y,z] \ {0}. Then, we have A(/) = gg' = 
g^{f,g). Since X{y) and fJ-{y,z) are nonzero, this contradicts that / and g 
are algebraically independent over k. Therefore, we get k[f] PI gk[x] = {0}. 

(ii) Since k is of characteristic zero, k{f,s) is a separable extension of 
k{f). Since D{f) = and D{s) / 0, it follows that k{f,s) is not a finite 
extension of k(f) (cf. \18\ Proposition 5.2]). Hence, s is transcendental over 
k{f). Since / does not belong to k by assumption, k{f) is a transcendence 
extension of k. Therefore, / and s are algebraically independent over k. 

(iii) Since D is locally nilpotent and kei D = k[f,g] by assumption, / 
and g are algebraically independent over k by Lemma 14.11 Hence, we get 
k[f] n gk[x\ = {0} by (i). By Lemma 14.11 gk[x\ is a prime ideal of A;[x] 
to which / does not belong. Hence, P = k[f,s] D gk[x\ is a prime ideal 
of k[f,s]. Let / be the image of / in the /c-domain A;[x]/<^fc[x]. Then, / 
is transcendental over k, since k[f] D gk[x] = {0}. Hence, k[f,s]/P has 
transcendence degree at least one over k. Accordingly, P is of height at 
most one. Since k[f,s] is the polynomial ring in / and s over k by (ii), 
we see that k[f, s] is a noetherian UFD. Therefore, P is a principal ideal of 
k[f,s] (cf. [H Theorem 20.1]). 

Assume that r]{y,z) is an irreducible element of A;[y, z] for which q : = 
r]{f, s) belongs to 5A;[x]. Then, q belongs to P, and is an irreducible element 
of k[f,s]. Since P is a principal prime ideal of k[f,s], it follows that P is 
generated by g. □ 

Now, we briefly summarize the theory of local slice construction. Assume 
that D G LNDfc A;[x] is irreducible and satisfies the following conditions: 

(LSCl) There exist f,g & k[x] such that D = A(jg) and kei D = k[f,g]; 
(LSC2) There exist s G k[x]\gk[x] and F G k[f]\{0} such that D{s) = gF. 

Since ker D = k[f,g] by (LSCl), we know that / and g are algebraically 
independent over k by Lemma 14.11 In particular, we have g ^ 0. Hence, 
we get D{s) = gF ^ due to (LSC2). Thus, / and s are algebraically 
independent over k by Lemma [4.2l (ii). and P := k[f, s] r\gk[x\ is a principal 
prime ideal of k[f, s] by Lemma 14.21 (iii). 

We show that P is not the zero ideal. Since D{g) = 0, we see that D 
induces a derivation D of R := k[x\/gk[x\ over k. Then, D is nonzero, since 
Z?(fc[x]) is not contained in gk[x] by the irreducibility of D. Because gk[x] 
is a prime ideal of k[x] by Lemma |4.H and is of height one, we know that R 
is a domain having transcendence degree two over k. Accordingly, ker D has 
transcendence degree at most one over k. On the other hand, the images / 
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and s of / and s in R belong to ker D, since D{f) = and D{s) = gF. Thus, 
/ and s are algebraicahy dependent over k. Consequently, some element of 
k[f, s] \ {0} belongs to (7A;[x]. Therefore, P is not the zero ideal. 

Since P is a principal prime ideal of k[f, s], we may find an irreducible 
element q of k[f,s] such that P = qk[f,s]. Then, h := g~^q belongs to 
A;[x]. We note that q does not belong to k[f]. In fact, q = gh belongs to 
gk[x] \ {0}, and k[f] n gk[x] = {0} by Lemma lO (i). 

The following theorem is due to Freudenburg [7J (see also [9', Theorem 
5.24]). 

Theorem 4.3 (Freudenburg). In the notation above, we have the following 
assertions: 

(a) ^{f h) belongs to LNDfcA;[x]. 

(b) A(^;,)(s) = -hF. 

(c) //A(j/j) is irreducible, then ker A^j/^) = k[f,h\. 

The element ^{f^h) of LND/j A;[x] is called a locally nilpotent derivation 
obtained by local slice construction from the data {f,g,s). 

5. Irreducibility criteria 

In the situation of Theorem 14.31 the following proposition is useful to 
check the irreducibility of ^(f^h)- 

Proposition 5.1. // F and A(j /^)((j(o) have no common factor for some 
go G A;[x], then ^(f,h) is irreducible. 

Proof. Suppose to the contrary that E := ^(j^h) is not irreducible. 
Then, there exists p G k[x] \ k such that E(k[x]) is contained in p/i;[x]. 
Without loss of generality, we may assume that p is an irreducible element 
of fe[x]. Then, F does not belong to p/c[x], since F and E{go) have no 
common factor by assumption, and E{go) belongs to p/c[x] by supposition. 
By Theorem 14.31 (b), we have —hF = E{s). Since E{s) belongs to pA;[x], it 
follows that h belongs to pA;[x]. Hence, q = gh belongs to p/c[x]. Recall that 
q is an element of k[f,s], and / and s are algebraically independent over 
k. Hence, we may consider the partial derivatives dq/df and dq/ds. Since 
E{h) = E{f) = and E{s) = -hF, we get 

E{g) = E{qh-^) = E{q)h-^ = [jjEU) + J-sE{s)^ = "^^^ 

by chain rule. Because E{g) belongs to pk\x\, and F does not belong to 
pk[yi\ as mentioned, we conclude that dq/ds belongs to ^jA;[x]. 

Now, take 4'{y,z) G k[y,z] such that 4'{f,s) = q. Then, (j){y,z) is an 
irreducible element of k[y, z] by the irreducibility of q in k[f, s]. Since q does 
not belong to k[f], it follows that (/)(y, z) does not belong to k[y]. Let / and 
s denote the images of / and s in A;[x]/pfc[x], respectively. We show that / 
is algebraic over k. Define elements of the polynomial ring (A;[x]/pA;[x])[z] 
by tpiz) := (l){f,z) and tp'iz) := djp{z)/dz. Then, we have ip{s) = ip'is) = 0, 
since (l){f,s) = q and {d(j)/dz){f , s) = dq/ds belong to pfc[x] as mentioned. 
Now, suppose to the contrary that / is transcendental over k. Then, / 
and z are algebraically independent over k, since z is an indeterminate over 
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A:[x]/p/c[x]. Because (f){y, z) is an irreducible element of k[y, z] not belonging 
to k[y], it follows that tpiz) is an irreducible element of k[f, z] not belonging 
to k[f]. Consequently, 'ip{z) is an irreducible polynomial in z over k[f], 
and hence over k{f). Since k is of characteristic zero, this contradicts that 
= ip'{s) = 0. Therefore, / is algebraic over k. 

Let be the minimal polynomial of / over k. Then, we have /ii(/) = 

0. Hence, /Ui(/) belongs to pA;[x]. On the other hand, /Ui(/) is an irreducible 
element of k[f], since / is not a constant. By Lemma l4.ll k[f] is factorially 
closed in k[x]. Hence, it follows that is an irreducible element of A;[x]. 

Therefore, we conclude that Hi{f) ~ p. 

By definition, tp{z) belongs to /c[/][2;]. We claim that ipiz) is nonzero. 
In fact, if ip{z) = 0, then (j){y,z) is divisible by By the irreducibility 

of (j){y,z), it follows that (j){y,z) « fJ-iiy)- Hence, 4>{y.,z) belongs to k[y\, 
a contradiction. Thus, '4'{z) belongs to \ {0}. Since V'(^) = and 

/ is algebraic over fc, this implies that s is algebraic over k. Let ^2{z) be 
the minimal polynomial of s over k. Then, we have IjL2{s) = pho for some 
ho G A;[x], while ^2(5) does not belong to pfc[x], where n'2iz) := dfi2{z)/dz. 
Since p « fJ-iif) is killed by D, and D{s) = gF by (LSC2), we get 

pZ)(/io) = Dipho) = D{fi2{s)) = fi'2{s)D{s) = fi'2{s)gF. 

Because /X2(s) and F do not belong to pA;[x], this implies that g belongs to 
pfe[x]. By the irreducibility of g, it follows that g ^ p. Since p k. we 
conclude that / and g are algebraically independent over /c, a contradiction. 
Therefore, E must be irreducible. □ 

To prove the irreducibility of polynomials in two variables, we use the 
following lemma. 

Lemma 5.2. Let q € A;[a;i,a;2] be such that = xf + ax2 for some v G N^, 
a,6 G N with gcd(a,6) = 1 and a & k^ . Then, q is an irreducible element 

of k[xi,X2]. 

Proof. Since gcd(a, 6) = 1 and a 7^ by assumption, we see that 
xf + ax2 is an irreducible element of k[xi,X2]- Suppose to the contrary 
that q = qiq2 for some (?i,(?2 £ fe[a;i,X2] \ k. Then, qj and belong to 
k[xi,X2] \ khy the choice of v. Since xf + ax\ = q^ = (?i (?2 ; this contradicts 
the irreducibility of x^ + ax\. Therefore, q is an irreducible element of 

k[xi,X2]. □ 

Let r be a totally ordered additive group. Then, we have the following 
lemma. 

Lemma 5.3. Let v = (a, t) G be such that a > or t > 0. Then, for 
each i > 0, we have 



•ni{xi,x2Y 



x\ if tia > ait 
4* + X2'' if tia = ait 
x^ if tia < ait. 



"2 

Proof. Assume that t < 0. Then, we have a > by assumption. 
Hence, we get tjO > > ait. By definition, r/j(xi,X2) is a monic polynomial 
in xi over k[x2] of degree ti > 1. Since a > and t < 0, it follows that 
rji{xi,X2)^ = x\ . Therefore, the assertion is true. 
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Assume that t > 0. If f = 0, 1 (mod 4), then we have Oj = tibi + 1. 
Hence, we know that 

deg^ x{a;^**"^^*' = ja + {U - j)bit = ja + {U - j) (^"^^^ * 

t j 
= ait + — {j - ti) + — {tia - ait) 

for j = 1, . . . If tia > ait, then deg^ x{x2*' has the maximum value 
degy = tia when j = ti. Hence, we have 



Since '''"''^ = x'2 , it follows that r]i{y, z)^ = x^' if tia > ait, and r]i{y, z)'^ = 

X** + if tjO = ait. If fjfl < ait, then deg^ x{x2^ is less than Ojt = 
degyX2' for j = Hence, we get rji{y,z)^ = x'2 - Therefore, the 

lemma is true when i = 0, 1 (mod 4). 

If i = 2, 3 (mod 4), then we have Oj = tibi — 1. Hence, we know that 

degv x*'"^x^2'''"^ = - i)a + {jh - l)t = {ti - j)a + j^^-^t - t 

t j 
= tia + —{j- ti) + — {ait - tia) 

for j = 1, . . . ,ti. If tia < ait, then deg^ x*'"-'^^^*"^ has the maximum value 
degy X2'''~^ = ait when j = ti. This implies that 



ti 

(r/i(xi,X2) -x{'y = y^^a)x*{~^x{^'~^ 



Ubi-l _ ai 



Hence, we have rji{y,z)^ = Xg' if tia < ait, and rji{y,z)^ = x*' + Xg' if 
tia = ait. If tia > ait, then deg^ x^'~''x^^*~"'^ is less than tia = deg^x*' for 
j = 1,... ,ti. Hence, we get r]i{y,z)^ = x{. Therefore, the lemma is true 
when i = 2, 3 (mod 4). □ 

By Lemma [531 we have ?yj(xi, X2)^* = x\ + X2' for Vj := {ai,ti) for each 
i > 0. Moreover, ti and flj = tibi + ^i are mutually prime, since = 1, —1. 
Therefore, we conclude that ??i(xi,X2) is an irreducible element of A;[xi,X2] 
by Lemma 15.21 

For each i > 3, we define 

hi = 7?i(xi,X2A(xi)"^)A(xi)"\ 

Then, hi belongs to A;[xi,X2], since r?i(xi,X2) is a monic polynomial in X2 
over k[xi] of degree aj. We show that hi is an irreducible element of /c[xi, X2]- 
Let Vj = {ai,uai + ti), where u := degy X{y). Then, we have deg^. xi = = 

degy, xi and deg^. X2A(xi)~-'^ = ti = deg^- X2. Since rji{xi,X2)^' = x\' +X2% 
we see that 

V^ (xi,X2A(xi)-l)^^ = x'{ + ((X2A(X1)-1)^^)"' = x'{ + (x2(cx^)-^)''' , 
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where c is the leading coefficient of A(y). Hence, we get hj' = c'^»x"'''+*' + 
• Since tj and Oj are mutuahy prime, it follows that noj + ti and Oj are 

mutually prime. Therefore, hi is an irreducible element of /c[xi,X2] thanks 

to Lemma 15.21 

Since deg^ 9{z) = to — 1 = a2, we see that 

h2 ■.= m (xi,X2A(xi)-i) A(xir = [xi + e{x2X{xi)-'))x{xir 

belongs to k[xi,X2]- We show that /i2 is an irreducible element of k[xi,X2]- 
Let V2 = (02, na2 + 1). Then, we have deg^^ xi = 02 and deg^^ X2X{xi)~^ = 
1. Hence, we get 

hp = (xi + {X2{cx'()-^y') (CX5')"2 = C^^X^'^^ + 

Since ua2+l and 02 are mutually prime, we conclude that /12 is an irreducible 
element of A:[xi,X2] thanks to Lemma 15.21 

The following lemma is also a consequence of Lemma 15.31 

Lemma 5.4. Let f,p& ^(x) \ {0} o^nd w E be such that deg^ / > or 
degwP > 0. If ti deg^ f ^ Uideg^p for i G Z>o, i/ien we have 

degw = max{ti deg^ /, deg^ p}. 

Proof. Set v = (deg^ /, deg^p). First, assume that ti deg^ f > en deg^p. 
Then, we have 'qi{xi,X2Y = x^^ by Lemma [HTHl since deg^ / > or deg^p > 
by assumption. This implies that r]i{f,p)^ = (/^)*'. Hence, we get 
degw 'Hiif^P) = degw /• Thus, the lemma is true in the case where ti deg^ / > 
degw P- Next, assume that ti degw f ^ o,i degw P- Then, we have ti degw / < 
Oj degwP, since ti degw f degwP by assumption. By Lemma E131 it fol- 
lows that r/j(xi,X2)^ = xl^ ■ This implies that r]i{f,p)'^ = {p^)"'\ Hence, 
we get degw ViifiP) = degwP- Thus, the lemma is true in the case where 
ti degw f ^ '^i degwP) and therefore in all cases. □ 

6. Local slice constructions (I) 

The goal of this section is to prove Theorem ll.il (i). except for (a) when 
(io,ti,«) = (3,1,4). The exceptional case is postponed to Section [TTl At 
the end of this section, we also prove Proposition 11.41 

Consider the following statements for i € {0} U /: 

(1) fi and fi+i belong to fc[x]\{0}, A belongs to LND^ A;[x], Di{r) = fifi+i, 
and r does not belong to fik[x\. If i > 1, then —Di is obtained by a local 
slice construction from the data {fi, fi-i,r). 

(2) If i ^ max/, then Di is irreducible and ker Dj = k[fi, /j+i]. 

(3) If i 7^ max/, then qi^i is an irreducible element of A;[/i+i,r] belonging 
to fik[x]. 

(4) If i > 2 and i 7^ max/, then fi and Di{fi-2) have no common factor. 
We note that, \i i ^ max/, then (1), (2) and (3) imply that 

(6.1) k[fi+i,r] n fik[yi] = qi+ik[fi+i,r\. 

To see this, it suffices to check that the assumptions of Lemma 14.21 (iii) are 
fuffilled for D = Di, f = fi+i, g = fi, s = r and r/(y, z) = 7?j+i(y, z). 
By (2), we have kerA = k[fi, fi+i]. By (1), we have Di{r) = fifi+i / 0, 
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and Di belongs to LND^ k\x\. Moreover, r/j_(_i(y, z) is an irreducible element 
of k[y^z] as mentioned after Lemma [5.31 and r/j+i(/j+i, r) = gj+i belongs 
to fik\x\ by (3). Thus, the assumptions of Lemma 14.21 (iii) are fulfilled. 
Therefore, we get (j6.ip . Similarly, \i i ^ max/ and belongs to k\x\, 
then (1) and (2) imply that 

(6.2) k[fi,r]nfi+ik[yL]=qik[fi,r]. 

Actually, since qi = r]i{fi,r) = /i-i/j+i belongs to /j+iA;[x], we obtain (j6.2p 
by applying Lemma [32] (hi) with D = Di, f = fi, g = /j+i, s = r and 

We prove the following proposition using the theory of local slice con- 
struction. 

Proposition 6.1. The statements (1) through (4) hold for each i € {0}U/. 

Proof. We proceed by induction on i. First, assume that i = 0. Recall 
that fo = X2, fi = xi and Dq = d/dx^. Since r has the form xi 3:2X3 + h for 
some h G A:[xi,X2] \ X2fc[x], we have DQ{r) = xiX2, and r does not belong 
to X2/c[x]. From these conditions, we know that (1) and (2) are true. As for 
(3), we see from (jl.ip that qi is an irreducible element of A;[xi,r] belonging 
to a;2fe[x]. Since i < 2, (4) is obvious. Therefore, (1) through (4) hold for 
i = 0. 

Next, take any j G I, and assume that (1) through (4) hold for i < j. 
First, we prove that (1) holds for i = j. Put I = j — 1 and I' = Then, (1) 
through (4) hold for i = I hy induction assumption. By (1), it follows that 
fi and fj belong to k[x] \ {0}, A belongs to LND^ k[x], Di{r) = fifj, and 
r does not belong to fik[x\. Since j is an element of I, we have I 7^ max/. 
Hence, Di is irreducible and kev Di = k[fi, fj] by (2). Since Di = A^^. j^) 
by definition, we know that Di satisfies (LSCl) for / = fj and g = fi, 
and (LSC2) for s = r and F = fj. By (3), qj is an irreducible element of 
k[fj,r] belonging to fik[x]. Hence, /;/ = qjff^ belongs to A;[x] \ {0}. This 
proves the first part of (1). By (a) and (b) of Theorem 14.31 we know that 
Dj = A(j^, j^,) = — A(j^, j^,) belongs to LND^ A;[x] and satisfies 

D,[r) = (-A(^^,^^,))(r) = -(-/,/,) = 

and —Dj = A^j j,) is obtained by a local slice construction from the data 
{fj,fi,r). Finally, we prove that r does not belong to fjk[x]. Suppose to 
the contrary that r = fjg' for some g' G k[x\. Then, g' does not belong to 
k, for otherwise /,/// = Dj{r) = Dj{fj)g' = 0. Since kei Di = k[fi,fj], we 
see that fj also does not belong to k by Lemma 14.11 Hence, r is not an 
irreducible element of k\x\. On the other hand, r is a linear and primitive 
polynomial in X3 over k[xi,X2\- Hence, r is an irreducible element of k\x\, 
a contradiction. Thus, r does not belong to fjk\x\. Therefore, (1) holds for 
i = j. 

Next, we prove that (2) holds for i = j. So assume that j 7^ max/. 
Then, we have to ^ 2, since / = {1} if to = 1- In view of Theorem 14.31 (c), 
it suffices to check that Dj is irreducible. Since to ^ 2, we know that Di is 
irreducible as mentioned after ()1.4p . Hence, the assertion is true if j = 1. 
So assume that j > 2. We prove that (4) holds for i = j. Then, it follows 
that Dj is irreducible thanks to Proposition 15.11 since F = fj. Because Di 
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is an element of LND^ k[x\ with ker Di = k[fi, fj], we know that pj := fjk[x\ 
is a prime ideal of k[x] by Lemma |4.1[ Therefore, it suffices to prove that 
Dj{fj-2) does not belong to pj. 

Since (1) holds for i < j, we have Di{r) = fifi+i / for each i < j. 
On the other hand, Di = A(j.^^ j.) kills fi and /j+i for any i > 0. Hence, 
we know that r and fi are algebraically independent over k for i < /' by 
Lemma 14.21 (ii). Thus, we may regard qi as a polynomial in r and fi over k 
for each i < I' . First, we show that 

(6.3) ^-■=''^dfi^^ + W'' 

does not belong to pj. Suppose to the contrary that q belongs to pj. Then, 
q belongs to p' := pj fl k[fi,r]. Since j > 2, we have / — 1 = j — 2 > 0. 
Hence, (1) holds for i = / — 1, and so belongs to k[x]. Since (1) and 
(2) hold for i = I, it follows that p' = qik[fi,r] by ([O]) with i = I. Thus, 
q' := q- mqi belongs to qik[fur]. Write qi = r]i{fi,r) = ff + r"' + h, where 
h € k[fi,r]. Then, we can easily check that degj^ /i < ti. When / = 0, 1 
(mod 4), we have deg^ h < {ti - l)bi < biti + 1 = a;. When / = 2, 3 (mod 4), 
we have I > 2, and so 6; > 1 by Lemma |3. II (ii). Hence, we get 

deg^ h<{ti- l)bi - 1 < tik - l = ai. 

Thus, we may write 



r = air'''-' + _ r = air''' + /i2, 
or \ or J 

where /ii, /12 £ k[fi,r] are such that degj^ hi < ti and deg^ /ij < for i = 1, 2. 
Since t/Oj — ai = ai' by (|1.7p . it follows that 

(7' = g-a«'7« = (ajiz//'+/ii) + (a«r-'^'+/i2)-a/(//'+r'^' + /i) 

(6.4) ^ J 

= (t/aj - ai)f/ + /ii + /i2 - a^/i = a//// + /ii + /i2 - a//i. 

From this, we see that deg^ q' < ai = deg^ qi. Since (7' belongs to qik[fi, r\ as 
mentioned, it follows that q' = 0. On the other hand, we have a// = Oj+i 7^ 
by the assumption that j / max/. Hence, we see from ()6.4p that degj^ q' = 
ti, a contradiction. Therefore, we conclude that q does not belong to pj. 
By chain rule, we have 

D^i^^) = ^D,if,) + ^D,ir) 

for each i. Since Dj = A(j,j,') kills fi' and fj, and since Dj{r) = fjfi' by 
(1) with i = j, it follows that 

(6.5) D,{fi) = D,{q,f^') = D,{q,)f~' = ^D,{r)f-' = ^/,. 

Similarly, we have 

D,{f,^2) = D,{qif-')=D,{qi)f-^ 
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where we use ()6.5p for the last equahty. Put (y) = yk[y^z]. Then, we have 
r]j{y,z) = z^^ (mod (y)), and so dr]j{y, z)/dz = ajz"-^~^ (mod (y)). Since 
fjk[fj,r] is contained in pj, it fohows that 

(6.7) ///// = Qj = r"^ (mod p^) and = flj-r'^^"^ (mod pj). 

Thus, we know by (|6.6|) that fiDj{fj^2) is congruent to 

'^ll f ( a,~\\ I ai a,-l 

^fliajf ' ) + JT^ ' =qr ' 
oji or 

modulo pj. Since r does not belong to pj by (1) with i = j, and q does not 
belong to pj as shown above, we conclude that Dj{fj-2) does not belong to 
pj. This proves that (4) holds for i = j, and thereby proving that (2) holds 
for i = j. 

Finally, we prove that (3) holds for i = j. Since fii and r are alge- 
braically independent over k as mentioned, we know that qii = riii{fii,r) is 
an irreducible element of k[fi/,r] by the irreducibility of rjii{y,z) in k[y,z]. 
We show that qi' belongs to pj. By (1) with i = j, we see that r does not 
belong to pj. Since ker Di = k[fi, fj] by (2) with i = I, we know that /; does 
not belong to pj in view of Lemma |4.1[ Since j ^ max I by the assumption 
of (3), we have ker Dj = k[fj, fi'] by (2) with i = j. Hence, fi' also does not 
belong to pj by Lemma |4.1[ Since bi' = tjbj — bi + ^j by definition, we have 

Oj = tjbj + ^j = bi + bi'. 

Hence, we get fifi' = r^'+'''' (mod pj) by the first part of (j6.7p . This gives 
that 

fir-'^ ^ fli'r'", f-'r''^ ^ f,r-'" (mod p,fc[x]pj. 
= Ylm=i Q^m-^™ each i > 0. Then, we have 
m{fur)=r'^^^ir + eiifir-^^)) if i = 0, 1 (mod 4) 
rii{fur) = f,^r-\r + ei{fr^r'^)) ifi = 2,3 (mod 4), 

and r = X1X2X3 — 6q{x2) — 9i{xi). We show that rii{fi,r) belongs to pj. 
First, assume that j = 1. Then, we have I = 0. Since 60 = 0, we see from 
that 

'noifo,^) = r + 9q{x2) = X1X2X3 - 9i{xi). 

Hence, r]o{fo,r) belongs to pi = xifc[x]. Next, assume that j > 2. Then, 
fj-2 belongs to fc[x] by (1) with i = j -2. Hence, r]i{fi,r) = fj-2fj belongs 
to pj. Thus, r]i{fi,r) belongs to pj in all cases. Thanks to (|6.9|) . it follows 
that r + Oiifir-^') and r + Oi{f~^r''i) belong to pjA;[x]p^ if / = 0, 1 (mod 4) 
and if / = 2, 3 (mod 4), respectively. Assume that Z = 0, 1 (mod 4). Then, 
this implies that r + Oi{f^^r^i') belongs to pj/c[x]p^ by (|6.8|) . Since /' = 
Z + 2, we have Oii{z) = 6i{z) and I' = 2,3 (mod 4). Hence, we see from 
the second equality of (j6.9p that qii = riii{fi',r) belongs to pjA;[x]p^. . Since 
pj/c[x]p^ n k[x] = pj, it follows that qi' belongs to pj. Similarly, we can check 
that qi' belongs to pj when Z = 2, 3 (mod 4). Therefore, (3) holds for i = j. 
This proves that (1) through (4) hold for every i S {0} U I. □ 



(6.8) 

Put 9i{z) 
(6.9) 
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As a consequence of Proposition 16.11 we know that (j6.ip holds for each 
i € {0} U / with i ^ max /, and (|6.2p holds for each i £ I with i ^ max /. 
This proves the first part of the following lemma. 

Lemma 6.2. Assume that (j, /) = (i, i — for some i £ I, or (j, /) = (i — 1, i) 
for some i € / \ {1}. Then, we have 

k[fj,r]nfik[^] =qjk[fj,r]. 

If aj > 2, then we have (r + k[fj\) n fik\x\ = 0. 

Here, for s € k\x\ and a /c-vector subspace A of k\x\, we define 

s + A = {s + f\feA]. 

The last part of the lemma is proved as follows. Suppose to the contrary 
that there exists /i € (r + k[fj\) n fik[^. Then, we have deg,. h = 1, and so 
h ^ 0. Since h belongs to k[fj,r]rifik[x] = qjk[fj,r], it follows that deg^ h > 
deg^ Qj = Oj > 2, a contradiction. Therefore, we get (r + k[fj]) fl fik[x] = 0. 

Now, let us complete the proof of Theorem 11.11 (i) , except for (a) when 
{to,ti,i) / (3,1,4). Proposition 16.11 we know that (1) through (4) hold 
for each i G {0} U I. By (1), we get the first part of Theorem 11.11 (i). By 
(2), we get (b) of Theorem 11.11 (i). Hence, it remains only to check (a) of 
Theorem 11.11 (i) in the cases where to = i = 1 and {tQ,ti,i) = (2,1,2). If 
to = 1, then Di is not irreducible and ker Di ^ k[fi, f2] as mentioned after 
(|1.4p . Hence, (a) holds when to = ^ = 1- Assume that (to, ti) = (2, 1). Then, 
we have D2 = T2 o D[ o by Theorem ll.il (ii). Since ti = 1, we know that 
D[ is not irreducible and ker D[ ^ k[f[, f'^. Hence, it follows that D2 is not 
irreducible and kerL'2 7^ k[f2, f^. Thus, (a) holds when (to,ti,z) = (2, 1,2). 
This proves Theorem ll.il (i). except for (a) when (to,ti,z) 7^ (3, 1,4). 

Finally, we prove Proposition 11.41 So assume that a*- = for i = 0, 1 
and J = 1, . . . ,ti — 1. Then, we have qi = rji{fi,r) = /*' + r"' for each 
i > 1. Set di = degt fi for each i. We prove that /j+i is t-homogeneous and 
tj+idj+i = totiaj+i for each i £ {0} U / by induction on i. Since /i = xi, 
di = to and ai = 1, we see that the statement holds for i = 0. Since /2 is 
t-homogeneous as mentioned, and d2 = ti(to — 1) and 02 = to — 1, we see 
that the statement also holds for i = 1. So assume that i > 2. Then, /; is 
t-homogeneous and tidi = t^tiai for I = i — l,i hy induction assumption. 
Hence, we have deg^ /*' = tidi = totiCj = deg^r"'. Since fi and r are t- 
homogeneous, this implies that qi = fi'' + r""^ is t-homogeneous. Because 
fi-i is t-homogeneous, it follows that /j+i = qif^\ is t-homogeneous. Note 
that degt qi = degt /*' = tidi. Since qi = we get di-i + di+i = tidi. 

Hence, we know that 

tj+if^i+i — totiCj+i = ti^i{tidi — dj_i) — toti(tj4.iaj — Oj-i) 

= ti+l{tidi — totiOj) — {ti-idi-i — totiOj-i) 

in view of (jl.Zp . Since tidi = t^tiai for I = i — the right-hand side 
of the preceding equality is zero. Thus, we get tj+idj+i = totiCj+i. This 
proves that the statement holds for every i S {0} U I. Therefore, fi and 
/i+i are t-homogeneous for each i G {0} U /. This completes the proof of 
Proposition 11.41 
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7. Local slice constructions (II) 

In this section, we prove Tlieorem 11.51 (i). So assume that i = 2 and 
^0 ^ 3, or i > 3, to > 3 and (to)*i) 7^ (3, 1). Then, I := i — 1 belongs to /, and 
is not the maximum of /. By Theorem 11.11 (i), it follows that Di = A(j, jj) 
is irreducible and locally nilpotent, and satisfies ksv Di = k[fi,fi]. Hence, 
Di satisfies (LSCl) for f = fi and g = fi- 

We show that Di satisfies (LSC2) for s = r,, and for F = A(/2) if 
i = 2, and F = \{fi)fi if i > 3. First, we check that does not belong to 
pi '■= //^[x]. Suppose to the contrary that rj = X{fi)r — n{fi, fi) belongs 
to pi. Then, X{fi)f belongs to pi, since n{fi,fi) belongs to fik[fi,fi] by the 
choice of fj,{y,z). Since kerZ); = k[fi,fi], we know by Lemmas 14.11 and 14.21 
(i) that pi is a prime ideal of A;[x] with k[fi] dpi = {0}. Because fi is not a 
constant, we have X{fi) / by the assumption that X{y) ^ 0. Hence, A(/i) 
does not belong to pi. Thus, f belongs to p/. However, f = X2 does not 
belong to pi = xi/c[x] if i = 2, and f = r does not belong to p/ if z > 3 by (1) 
of Proposition 16. II This is a contradiction. Therefore, rj does not belong to 
p^. If 1 = 2, then we have Di{f) = Di{x2) = xi = fi by (JTID- If i > 3, then 
we have Di{f) = Di{r) = fifi by Theorem ll.il (i). Since 

Di{ri) = Di{X{f,)f-fi{fi,fi))=X{fi)Di{f), 

it follows that Di{r2) = /iA(/2) if i = 2, and Diin) = fiX{U)fi if i > 3. 
Thus, we get Di[ri) = fiF for each i > 2 for the F mentioned above. 
Therefore, Di satisfies (LSC2) for s = ri and this F. 

Recall that hi is an irreducible element of k[xi,X2\ as shown after Lemma [5. 2 1 
Since Di{fi) = and Di{r.i) = fiF ^ 0, we know that fi and rj are alge- 
braically independent over k by Lemma 14.21 (ii). Hence, it follows that 

(7.1) q^ := Hfun) = m {f^,riX{fi)-^) X{f^r 

is an irreducible element of k[fi,ri]. We show that qi belongs to p^. Since 
l^{fiifi) belongs to p/, we have rj = X{fi)f (mod pi). Hence, we get 

qi = m{fhf)X{fiY' (modpz). 

If i = 2, then fj2{f2,X2) = X1X3 belongs to pi = 3;iA;[x]. If i > 3, then 
fjiifi,r) = ■ni{fi,r) = fifi+i belongs to p/. Therefore, it follows that qi 
belongs to pi. Hence, /j+i = belongs to /c[x]. From (a) and (b) of 

Theorem 14. 3t we conclude that Di = A^j^^ ^ belongs to LND^ A;[x], and 

Di{ri) = -F/i+i is as in Theorem 11.51 (i). 

In view of Theorem l4.3l (c). it remains only to prove that Di is irreducible 
to complete the proof of Theorem 11.51 (i) . 

Under the assumption of Theorem 11.51 the following lemma holds. 

Lemma 7.1. A(/j) and Di{fi-2) have no common factor. 

Proof. Suppose to the contrary that A(/i) and Di{fi^2) have a common 
factor p E k\x\ \ k. By Lemma |4.H k[fi\ is factorially closed in A;[x], since 
kerZ?; = k[fi,fi] by Theorem 11.11 (i). Hence, p belongs to k[fi]. Thus, p is 
divisible by — a for some a G fc, where k is an algebraic closure of k. Since 
p \s a. factor of X{fi), we have A(a) = 0. By the assumption that X{y) and 
fi{y, z) have no common factor, it follows that ^{a., z) 7^ 0. Since ^{y, z) is an 
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element of zk[y, z], we may write /i(a, z) = —zu{z)^ where v{z) € k[z\ \ {0}. 
Then, is congruent to \{a)f — ^[a, fi) = fif^fi) modulo p := (/j — a)fc[x]. 
Note that r/j(y, z) is a monic polynomial in z over k[y\ of degree Oj for any 
i > 2. Hence, we see from (jT.ip that iji is congruent to and hence to 
ff'^ifiT" modulo p. Put V(-z) = z^'-^i^iz)"'. Then, it follows that 

fi+i = Qifr^ = ipifl) (modp). 

If i = 2, then we have a2 = to — 1 > 2, since to > 3. If z > 3, then we have 
> 2 by Lemma [3?T] (ii). since to > 3 and (toj^i) 7^ (3,1)- Hence, ^p{z) is 
not a constant, and so the derivative ip'{z) is nonzero. 

Now, regard A := A(j. j._2) as a derivation of A;[x]. Then, we have 
A(/j — a) = 0. Hence, A(p) is contained in p. Since /j+i = ^p{fl) (mod p), 
it follows that 

A(/,+i) = A(VX/0) (mod p). 

Since A(/j+i) = A(j^ = A(/i-2), and Di{fi-2) is divisible by p 
by supposition, this implies that A{7p{fi)) belongs to p. By chain rule, we 
have A(^(/;)) = ^P'ifi)A{fi), in which 

Hfi) = ^iUJ.-.)ifi) = -A(/.-2) = -^// 

by (|6.5p . Hence, ip' {fi)fi{dqi/dr) belongs to p. We show that dqi/dr belongs 
to p. As discussed after Lemma [4. H we may extend Di to a locally nilpotent 
derivation Z)/ of A;[x] such that 

(7.2) keTDi = k[fi,n] = k[fi,n-a]. 

Hence, we know by Lemmas 14.11 and 14.21 (i) that p is a prime ideal of k[x] 
such that k[fi] n p = {0}. Since ip'{fi) 7^ as mentioned, it follows that 
'4^'{fl)fi does not belong to p. Thus, we conclude that dqi/dr belongs to p. 
Note that -D;(p) is contained in p, since A(/j — a) = 0. Hence, D-[ (dqi/dr) 
belongs to p for any j > 0. Since qi = rii(fi,r) is a monic polynomial in r over 
k[fi] of degree a;, we have d°-'qi/dr°-' = a;!. Because Di{fi) = Di{fi) = 
and Di{r) = fifi, it follows that 

«r- (^) = (||am) = or- (||/,/.) 
= "r" /'/. = ■■■ = ^(M-r-' = "•'■mr-' 

by chain rule. Therefore, CLi^-{fifi)"'^~^ belongs to p. 

When i = 2, we have ai\{fifi)"''~^ = 1, since 0^ = 01 = 1. This implies 
that p = A;[x], a contradiction. Assume that i > 3. Then, we have a/ = 
Qi-i > 2 by Lemma [3TT] (ii). Hence, // or /j belongs to p. In view of ()7.2p . 
we know by Lemma 14.11 that fi does not belong to p. Hence, fi belongs 
to p. Thus, we get a = 0. Since fi is an element of A;[x], it follows that 
p n A;[x] = fik[x] n k[x] = fik[x], to which dqi/dr belongs. Hence, dqi/dr 
belongs to fik[x]rik[fi,r]. By Lemma [6?2l we have fik[x]rik[fi,r] = qik[fi,r]. 
Thus, dqi/dr is divisible by qi. This implies that dqi/dr = 0. Hence, we 
get ai = deg^ = 0, a contradiction. Therefore, X{fi) and Di{fi-2) have no 
common factor. □ 



7. LOCAL SLICE CONSTRUCTIONS (II) 



125 



If i = 2, then A(/2) and -D2(/o) have no common factor by Lemma l7.ll 
Since F = A(/2), it fohows that D2 is irreducible by Proposition 15 .11 Assume 
that i > 3. Then, we have F = X{fi)fi- By Lemma l7. 11 we know that \{fi) 
and Di{fi-2) have no common factor. Hence, it suffices to prove that /j and 
Di{fi-2) have no common factor by virtue of Proposition 15. 1[ Since fi is 
an irreducible element of fc[x], we verify that Di{fi-2) does not belong to 
pi = fik[yL]. 

If A(0) = 0, then fi is a factor of \{fi). Since X{fi) and Di{fi-2) have 
no common factor, it follows that Di{fi-2) does not belong to pi. So assume 
that A(0) 7^ 0. If ii{0,z) = 0, then fJ-{fi,fi) belongs to pi. Since f = r, it 
follows that = \{fi)r (mod pi). Hence, we see from (jT.ip that 

qi = r,i{fur)\{fiT^ = X{0^q^ (mod p,)- 

Since qi = fji+i and qi = fifi+i, it follows that /^(/i+i - A(0)""/i+i) belongs 
to pi. Because /; does not belong to pi by Lemma [4.11 we conclude that 
/j+i-A(0)"'/i+i belongs to pi. Write /i+i-A(0)<''/i+i = fig, where g G k[x]. 
Then, we have 

Since fi\gj^){fi-2) belongs to pi, we get Di{fi-2) = A(O)''' A(/i-2) (mod pi) 
By (4) of Proposition 16.11 fi and Di{fi^2) have no common factor. Since 
A(0) 7^ by assumption, it follows that A(0)"'Di(/i_2) does not belong to 
pi. Therefore, -Di(/i_2) does not belong to pi. 

Finally, assume that A(0) / and ^(0, z) / 0. Then, we have /ij(0) 7^ 
for some j > 1. Put 

g' = ai/^.(0, fi)fi - //(O, fi) = V /x,(0)(jai - 1)// 



where 



dn{y,z) 



A^^(y,^) := ^^^^^^^^^ = Vj/ij(y)2;^ ^ 



dz 

Then, we have g' 7^ 0, since aj > 2 by Lemma |3. II (ii). 

Now, we prove that Di(fi^2) does not belong to pi by contradiction. 
Suppose to the contrary that Di{fi-2) belongs to pi. Then, we have the 
following claim. Here, we define q G k[fi,r] as in ()6.3p with j = i, and 
g = g'dqi/dr. 

Claim 7.2. X{Q)q + g belongs to pi. 

First, we assume this claim, and derive a contradiction. Since A(0)g + g 
is an element of /c[//,r], it follows from Claim [72] that A(0)g + g belongs to 
pi n k[fur\. By Lemma [6^21 we have pi n k[fi,r\ = qik[fi,r\. Hence, 

gi := A(0)(g - aiqi) +g = (A(O)g + g) - A(0)a;g; 

belongs to qik[fi,r]. This implies that deg^i^i > deg,. or gi = 0. From 
(j6.4p . we see that deg,^{q — aiqi) < ai = deg^g^. Since g' is an element of 
Hfi] \ {0}) we have 

degr g = degr 9 ^ = deg^ ^ < deg^ qi. 
or or 



g - aiqi ^ g = g — = g 2^aj{j - l)/^ ' 
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Hence, we get deg^(7i < deg^g;. Thus, we conclude that g\ = 0. Therefore, 
we obtain q — aiqi g. 

First, assume that i = 3. Then, we have = 62 = 1, and so 

to 

qi=q2 = mU2,r) = +Y,o^y'r' r^-\ 

i=i 

Regard qi as a polynomial in r over k[f2]- Then, the coefficient of r*"^^ in 
qi is equal to /2 multiplied by a constant. From ()6.3p . we see that the same 
holds for the coefficient of r*''"^ in q, and hence for the coefficient of r*""^ 
in 

to 

_ 

i=2 

Because a^^^{tQ — l)g' ^ 0, it follows that g' « /2. Hence, we get degf^{q — 
aiqi) =to — l. On the other hand, we have deg j^{q — aiqi) = degj^{q — aiqi) = 
ti = to by (|6.4p . This is a contradiction. 

Next, assume that i > 4. Regard = r]i{fi^r) as a polynomial in r over 
/c[/;]. We show that r'*'"^ does not appear in qi. When / = 0, 1 (mod 4), 
it is easy to see that r°'i~^ = r*'^' does not appear in qi. When Z = 2,3 
(mod 4), we have 6; > 2 by Lemma |3. II (iv), since / = z — 1 > 3. From this, 
we know that r"'~^ = r*'^'"^ does not appear in g;. By ()6.3p . it follows that 
j.ai-1 (Joes not appear in g, and hence in g — aiqi « g. Since deg,, g; = a;, 
however, we see that r"'~^ appears in dqi/dr with coefficient a; 7^ 0, and 
hence in (7 with coefficient aig' 7^ 0. This is a contradiction. Therefore, we 
conclude that Di{fi-2) does not belong to pj. 

Finally, we prove Claim 17.21 Recall that fi and rj are algebraically 
independent over k. Hence, we may consider the partial derivatives of qi = 
hi{fi,ri) in fi and r^. Since fi = qif^j^i, Di{fi) = Di{fi+i) = and Di{ri) = 

Kfi)fifi+ii we have 

(7.3) A(/0 = mJ-^\) = D,{q,)fX\ = ^pM)f-,\ = ^Kfi)h 
by chain rule. Since = \{fi)r — n{fi, fi), it follows that 

Kh)h~fi+i = Diin) = D,{X{fi)r - fiifufi)) 

= A(/,)A(r) -^.(/„//)A(//) = \{fi)D^{r)-^iz{f^Jl)^Kfi)h■ 
Since \{fi) 7^ 0, this gives that 

(7.4) D^^r) = fiL,{fi,fi)^ + h+i 



From ()7.3p and (|7.4p . we obtain 
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Since /j+i = Qifi^^, the right-hand side of this equahty is written as fif^^hi, 
where 

Because Di{fi^2) belongs to pj by assumption, 

hi = f-^fiDi{qi) = fr^fiDi{fi-2fi) = hDiUi-2) 
belongs to pj. Since ?7j(0, z) = z"', we see from ()7.ip that 

(7.5) qi = Vi(.0,mr\)Hfir = (mod hk\h.n\). 

This gives that 

air1'~ {mod fik[fi,ri]). 



9r. 

Hence, we have hi = r"'~^/i2 (mod pi), where 

A,:=„.;,(A(0)|| + ..(0./,)^)+n^. 

Since a; = aj_i > 2 by Lemma [3.11 (ii), we have (r + k[fi]) n pj = by 
Lemma 16.21 Since A(0) 7^ by assumption, and rj = A(0)r — fi{0,fi) 
(mod pj), it follows that rj does not belong to pj. Thus, we know that 
/i2 belongs to pj. Now, observe that 

A(0)g + g = A(0) (a,,/;|| + r^) + (a,^,(0, /^/^ - ;u(0, /,)) ^ 



a./^(A(0)||+^,(0,//) 



|^)+(A(o)-Mo,/0)t. 



Since the right-hand side of this equality is congruent to /12 modulo pj, we 
conclude that X{0)q + g belongs to pj. This proves Claim [721 and thereby 
completing the proof of Theorem 11.51 (i). 

8. Recurrence equations 

Li what follows, let T be the totally ordered additive group equipped 
with the lexicographic order such that ei < e2 < ea. From F'^, we take the 
weight w := (ei,e2,e3), and define 

6i = deg^ fi 

for each i > 0. Then, we have 

(8.1) 5o = (0,1,0), 5i = (1,0,0), 52 = (1,0,1), deg^r = (1,1,1). 
We remark that, if 

7i := ti5i - ajdeg^r > 

for i G N, then the w-degree of qi = r]i{fi, r) is equal to max{tj(5j, Oj deg^ r} = 
tiSi by Lemma [531 since deg^r > 0. When this is the case, we have 

5i+i = deg^ fi+i = deg^ qiff-i = tA - 5i-i. 

Proposition 8.1. //to > 3, then 5i+i = ti6i — 6i^i holds for each i G /\{1}. 
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Proof. We prove that the following statements hold for each i E I by 
induction on i: 

(1) If {to,ti) = (3, 1) and i 7^ max/, then we have 7i+i > 0. 

(2) If {to,ti) 7^ (3, 1), then we have 7j+i > 0. If furthermore i >2, then we 
have 7j+i - 7j_i > 0. 

(3) If i > 2, then we have 5i+i = Udi - 5i-i and 7^+1 = ti+i7i - 7i_i. 
Since 

72 = t252 -a2deg^r = to(l,0,l) - (to - 1)(1, 1, 1) = (1,1 - to, 1) > 0, 

we see that the statements hold when i = 1. Take i € / with i > 2. Then, 
i — 1 belongs to /, and is not the maximum of /. Hence, we have 7^ > by 
the induction assumption of (1) and (2). As remarked above, this implies 
that 6i+i = tiSi — 5i-i, proving the first part of (3). Since Oj+i = ti+iOj — aj_i 
by (!l-7p . and tj+i = it follows that 

7j+i = ti+A+i - fli+i deg^ r = ti+i{ti6i - - (tj+iOj - Oj-i) deg^ r 
= ti+i{ti5i - ai deg^ r) - [U^iSi-i - ai_i deg^ r) = ti+i7i - 7i_i. 

This proves the second part of (3). Hence, we have 7^+1 = tj+i7j — 7j-i for 
j = 2, . . . ,i, where the case j < i is due to the induction assumption of (3). 
When i = 2, we have 73 = ^172 — 71, and so 73 — 71 = ti72 — 271. Since 
72 > and 

71 = ti6i - ai deg^ r = ti(l, 0, 0) - (1, 1, 1) = {h - 1, -1, -1) < 0, 

it follows that 73 and 73 — 71 are positive. Hence, (1) and (2) are true if 
i = 2. When i = 3, we have 7^+1 = tj+i7j — 7j~i for j = 2, 3. This gives 
that 

74 - 72 = ^073 - 272 = to(*i72 - 71) - 272 = (toil - 2)72 - to7i- 

Since to ^ 3 by assumption, and 72 > and 71 < 0, it follows that 74 — 72 > 
0, and so 74 > 0. Thus, (1) and (2) are true if z = 3. When (to,ti) = (3, 1), 
we have / = {1,...,4}. Hence, the proof is completed in this case. So 
assume that (to,ti) 7^ (3, 1) and i > 4. Then, we have 'Jj+i = tj+i7j — 
for j = i — 2, i — 1, i, since i — 2 > 2. Hence, we get 

7i+i - 7i_i = (toti - 4)7i_i + (7i_i - 7j_3) 

by Lemma [3121 Since (to,ti) ^ (3,1), and to > 3 by assumption, we have 
to^i > 4. Since z — 2 > 2, we know that 7i_i and 7j_i — 7,-3 are positive by 
the induction assumption of (2). Thus, we conclude that 7j+i — 7j_i > 0, 
and so 7^+1 > 0. Therefore, (2) is true if i > 4. This proves that (1), (2) and 
(3) hold for every i G /. Consequently, we know by (3) that dj+i = ti5i — 5i-\ 
holds for each i G I \ {1}. □ 

We derive some consequences of Proposition 18.11 When (to,ti) = (3, 1), 
we have 

^3 = 3^2-51 = (2,0,3), 54 = ^3 -52 = (1,0, 2), J5 = 3^4 - <53 = (1, 0, 3) 

by Proposition 18.11 and (|8.ip . From this and (j8.ip , we can easily check that 
the following proposition holds when (to, ti) = (3, 1), since / = {1, . . . , 4}. 
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Proposition 8.2. If to > 3, then the following assertions hold: 

(i) 6i+i > for each i G {0} U /. 

(ii) 6i and Jj+i are linearly independent for each i £ I. 

(iii) If ti > 2, then 6i^i — 6i > for each i > 1. 

(iv) // {to,ti) 7^ (3, 1), then 6i+2 — 6i > for each i > 1. 

(v) The second component of is zero for each i S {0} U /. 

Proof. By the discussion above, we may assume that (toj^i) 7^ (3,1)- 
Then, we have / = N, since to ^ 3 by assumption. 

First, we prove (v) by induction on i. By (|8.1|) . the second components 
of 5q and 6i are zero. Assume that i > 2. Then, we have (5j+i = ti5i — 5i-i 
by Proposition 18.11 Hence, the second component of Jj+i is zero, proving 
(v). 

We prove (i) through (iv) simultaneously by induction on i. When i = 0, 

(ii) , (iii) and (iv) are obvious. Since (5i > by (jS.ip . we get (i). When 
i = 1, (i), (ii) and (iii) follow from (jS.ip . By Proposition 18. 1|. we have 
S3 — Si = to52 — 25i. Since the third component of — 25i is to > 0, 
we know that 63 — 81 > 0. This proves (iv). Assume that i > 2. Then, 
we have 6i-i > and Jj+i — (5j_i > by the induction assumption of (i) 
and (iv), since i — 1 > 1. Hence, we get (5j+i > 0, proving (i). By the 
induction assumption of (ii), 5i-i and 5i are linearly independent. Hence, 
5i and Jj+i = ti5i — 5i^i are linearly independent, proving (ii). To show 

(iii) , assume that ti > 2. Then, we have ti — 2 > independently of the 
parity of i. By the induction assumption of (i) and (iii), we have 5i > and 
Si — Si-i > 0. Since (5j+i = ti5i — 5i-i, it follows that 

6i+i - 6i = {ti - 2)6i + {6i - 5j_i) > 6i - di-i > 0, 

proving (iii). Finally, we show (iv). When i = 2, we have 

(8.2) 6^-62 = ti53 - 252 = tiito62 -61) -262 = (toil - 2)82 - ti^i. 

Since the third component of (to^i ~ 2)52 — ti^i is to^i — 2 > 0, we know 
that 54^ — 82 > 0. Thus, (iv) is true if i = 2. Assume that i > 3. Then, we 
have 5j+i = tj5j — 5j-i for j = i — 1, i, z + 1, since i — 1 >2. Hence, we get 

Si+2 - Si = {toti - 4)Jj + {6i - (5i_2) 

by Lemma [3.2[ Since to > 3 and (tojti) 7^ (3,1) by assumption, we have 
toh > 4. By the induction assumption of (i) and (iv), we have 5i > and 
Si — Si-2 > 0, since i > 3. Thus, it follows that 5j+2 — 5j > 0, proving (iv). 
Therefore, (i) through (iv) hold for every i. □ 

9. Wildness (I) 

In this section, we give a sufficient condition for wildness of certain 
exponential automorphisms. Assume that i > 2, and let g,s (z k[x] and 
^{y) G k[y] \ {0} be such that E := ^(gj^) is locally nilpotent, and 

fi-i9 = q--= rii{fus')v{fiY\ where s' := sv{fi)-^. 
Take any h £ k[fi, g]\ {0}, and set 

(j) = exp hE, a = deg^ (/)(s) and /3 = deg^ (pi^)- 
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Then, we have (f){fi) = fi, since E{fi) = 0. For each j > 0, we define 

ej = deg^ and d{j) = tjej - aj/S. 

Then, we have ei = Si, since (p{fi) = fi- Because (/)(f) and (pifj) are not 
constants, and all the components of w are positive, we have /3 > 0, and 
ej > for each j > 0. 

In this situation, consider the following conditions: 

(a) 5i and 6 := deg^ g are linearly independent. 

(b) Set V = degy ^{y). Then, we have a > V62 + 6 and 6 > 62 ii i = 2, and 
a = {v + vi)5i + V2S for some fi, ^2 G N if i > 3. 

(c) If i = 2, then /3 and ei are linearly independent. If i > 3, then we have 
P>a. 

(d) If i > 3, then we have d{i — 1) ^ 0. 

(e) If i > 3 and d{i — 1) < 0, then we have (3 > ej_i — v5i and 6 > aiv6i, and 
ai-i(3 — 6i and ej_i are linearly independent. 

We mention that (a) implies that fi and g are algebraically independent 
over k, and hence implies that E is nonzero. 

In the notation above, we have the following theorem. 

Theorem 9.1. Assume that i = 2 and to > 3, or i > 3, to > 3 and 
(io,ti) / (3,1). Let g,s £ k[x], u{y) G k[y] \ {0} and h G k[fi,g] \ {0} he 
such that (a) through (e) are fulfilled. Then, cf) = exp hE is wild. 

First, we show that (b) implies 

(9.1) ej_i = OjO — 6 

when i = 2 and to > 3, ov i > 3, to > 3 and (to, ti) 7^ (3, 1). Since E{g) = 0, 
we have (p{q) = (pifi-ig) = (p{fi-i)g. Hence, we get deg^ (p{q) = e^.i + 6. 
Thus, it suffices to prove that deg^ 4'{q) = a^a. 
Since (p{fi) = fi and deg^ i^(y) = v, we have 

a := deg^ (/)(s') = deg^ (t>{su{fiy^) = deg^ 0(s)z^(/i)~^ = a - v5i. 
First, assume that i = 2 and to ^ 3. Then, (b) implies that 

(9.2) a > {V62 + 6) -v62 = S> 62. 

Hence, deg^ 9{(f){s')) = (to — l)a' is greater than deg^ f2 = 52- Since (j){f2) = 
f2 and to — 1 = 0^2 1 it follows that 

deg^0((?) = deg^mif2,cPis')Mf2r = degw(/2 + ^(<^(s')))^(/2)"^ 
= (to - l)a' + a2v52 = 02(0' + ^"^2) = 020- 

This proves 

Next, assume that i > 3, to > 3 and (to,ti) 7^ (3,1). Then, we have 
Ui > ti by Lemma 13.11 (iii) , and (b) implies that 

a' = [{v + vi)6i + ^2^) - v6i = vi6i + V26 > 6i + 6. 

Hence, it follows that 

(9.3) Oio' - ti6i > ai{Si + S) - tiSi = (oj - ti)Si + OiS > 0. 
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Thus, we get deg^ r]i{fi,cj}{s')) = aia' by applying Lemma [57il with f = fi 
and p = 4>{s'). Since z) = r]i{y, z), we know that 

degw (Piq) = deg^r]i{fi,(j){s'))u{fi)"-' = aio' + aiv6i = aiO, 

proving (|9.ip . As a consequence, it follows that 

(9.4) d-i = ata- 5 = ai{v + vi)5i + {aiV2 - 1)5, 

since a = {v + vi)5i + V26 by (b). 

Now, let us prove Theorem 19.11 Recall the notion of W-test polynomial 
introduced in Section [1] (see Definition II. ip . We show that /2 is a W-test 
polynomial if to ^ 3 by means of Proposition 11.41 Take any totally ordered 
additive group A, and u G (A>o)^. Then, we have deg^^x\ < deg^a^g^^^ for 
i = 0, . . . , to — 2. Hence, /" must be X1X3 or — Xg""^ or X1X3 — X2'~^ ■ Since 
to ^ 3, we see that these three polynomials are not divisible hy Xi—g for any 
i G {1, 2, 3} and g G A;[x \ {xi}] \ k, and by x^' — cx^^ for any i,j G {1, 2, 3} 
with i ^ j, Si,Sj G N and c . Therefore, /2 is a W-test polynomial by 
Proposition 11.41 

First, assume that i = 2 and to > 3. Then, we have 

degw H^i) = ei = -5 = {Iq- l)a - 5 > 2a - 5 > 62 = €2 = deg^ (/)(/2) 

by (j9.ip and (j9.2p . Since deg^ i;^(3^2) = deg^ i;^(f) = /3, we know by (c) that 
deg^(p{xi) and degwi;A(a;2) are linearly independent. Thus, we conclude 
that (p is wild because /2 is a W-test polynomial. This proves Theorem 19.11 
when i = 2 and to > 3. 

Next, assume that i > 3, to ^ 3 and (to,ti) 7^ (3, 1). Then, by Proposi- 
tion l9.2l to follow, we know that deg^ 4'if2) = £2 is less than deg^ 0(2^2) = ^0, 
and deg^(p{x2) = eo and deg^ (p{xi) = ei are linearly independent. Hence, 
we conclude that (p is wild similarly. Thus, the proof of Theorem 19.11 is 
completed. 

Proposition 9.2. In the situation of Theorem \9.1l assume that to > 3, 
(to)ti) 7^ (3,1) and i > 3. Set i' = i if d{i — 1) > 0, and i' = i — 1 if 
d{i — 1) < 0. Then, the following statements hold for each I G {1, . . . , i'}: 

(i) We have d{l — 1) > 0, and ei-i and ei are linearly independent. 

(ii) If I 7^ i' , then we have ei_i = tiei — e;+i and ei^i > e^+i. 

Proof. First, we show that d{l) > implies e;„i = t^e; — e;+i for / > 1. 
Since i > 3, we have r = r. Hence, we know that t; deg^ 0(//) > deg^ (j){r) 
by the assumption that d{l) = t/ deg^ (/)(//) — a; deg^ (/)(f) is positive. By 
applying Lemma 15.41 with / = (j){fi) and p = 0(r), we obtain 

<ieg^(l){r]i{fi,r)) = deg^ r/; ((/)(//), </>(r)) = ti deg^ (j){fi) = tiei. 

Since 'ni{fi,r) = //-1//+1, it follows that 

+ e^+i = degw Hfi-ifi+i) = degw <P{m{fi,r)) = Mei. 

Therefore, we get ei^i = tiei - ei+i. 

Similarly, if d{i — 1) < 0, then we have 

degw 4'{Vi-i{fi-i,r)) = flj-i degw Hr) = Oj-i degw Hf) = ai-i/3 

by LemmaES Since degw Hili-iifi-i^r)) = (j){fi-2fi) = ei-2+ei, this gives 
that ei-2 = aj_i/3 - = aj_i/3 - Jj. 
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Now, we prove (i) and (ii) simultaneously by descending induction on 
I. When / = i', we have only to check (i). Assume that d{i — 1) > and 
I = i' = i. Then, the first part of (i) is obvious. Since > 2 by Lemma |3. II 
(ii), and ^2 > 1, we have aiV2 — 1 > 0. Hence, we see from (|9.4p that e^-i 
and ei = 6i are linearly independent by virtue of (a), proving the second 
part of (i). Thus, the statements hold. Assume that d{i — 1) < and 
I = i' = i — 1. Then, we have ei-2 = a-i-ifi — 5i as mentioned. Since ti_2 = ti 
and tiGi^i — ai-2 = a* by ()1.7p . it follows that 

d{l - 1) = d{i - 2) = ti_2ei-2 - ai_2/3 = ti{ai-i/3 - 5i) - ai_2/3 

= {Uai^i - ai-2)P - U5i = aif3 - USi. 

Since /3 > a by (c) and a > a', we know that 

(9.5) QiP — ti5i > Ojo' — ti5i > 

by ()9.3p . Hence, we get d{l — 1) > 0. Since ei_2 = Oi-i/3 — 6i, it follows from 
(e) that = ej_2 and ei = e^-i are linearly independent. Therefore, the 
statements are true. 

Next, assume that 1 < I < i' — 1. Then, we have d{l) > by induction 
assumption. This implies e;_i = tiei — e^+i as remarked. Hence, we get the 
first part of (ii). Since e/ and e^+i are linearly independent by induction 
assumption, it follows that ei-i and ei are linearly independent, proving the 
latter part of (i). 

We show that ei-i > e^+i. Note that 

(9.6) ej-i = tjCj — ej+i for I < j < i' — 1, 

where the case j = I is just mentioned above, and the case / < j < i' — 1 is 
due to the induction assumption. Using this equality for j = I, we get 

(9.7) ei-i - €i+i = {tiei - e^+i) - e^+i = tiei - 2ei+i. 

First, consider the case where I = i' — 1. When d{i — 1) > 0, we have 
I = i — 1. Since ai > 2, vi > 1 and V2 > 1, we know by (j9.4p that 
ej_i > 25i = 2ej. Hence, we have e; > 2e;+i. Thus, we obtain e/_i > e^+i 
from (|9.7p . When d{i — 1) < 0, we have I = i — 2. Since ei-2 = aj_i/3 — 6i 
as remarked, it follows from (|9.7p that 

(9.8) ei-i - ei+i = ti-2ei-2 - 2ei_i = ti{ai-i/3 - 5i) - 2ei_i. 

Since /3 > ej_i — v5i by (e), the right-hand side of this equality is at least 

tj(aj_i(ej_i - v6i) - 6i) - 2ei_i = (tjOj-i - 2)ej_i - ti{ai-iv + l)6i. 

Note that ([OD implies 

ej-i > ai{v + l)di + 6 > ai{v + l)5i + aiv5i = ai{2v + 1)5^, 

since vi > 1, aiV2 — 1 > 1, and 5 > aiv5i by (e). Hence, the right-hand side 
of the preceding equality is greater than 

{ititti-i - 2)ai{2v + 1) - ti{ai_iv + l))6i 

(9.9) = {tiai-i{ai{2v + 1) - v) - 2ai{2v + 1) - ti)5i 

= {ai-2{ai{2v + 1) - ^;) + ai{{ai - 2){2v + 1) - v) - U)6i, 

where we use tjOj-i = ai-2 + a« for the last equality. When Oj > 3, we 
have (oj — 2){2v + 1) — v > 1. Since aj > ti by Lemma 13.11 (iii), and 
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ai{2v + 1) — I" > 0, we see that the right-hand side of ()9.9|) is positive. When 
Oj < 2, we have = 2 and i = 3 in view of (i) and (ii) of Lemma |3. 11 Since 
03 = ti{to — 1) — 1, and to > 3 and {to, ti) 7^ (3, 1) by assumption, it follows 
that {to,ti) = (4, 1). Hence, the right-hand side of (|9.9p is equal to 

{{2{2v + l)-v)+ 2{-v) - 13)63 = {v + 1)83 > 0. 

Thus, we know that (j9.8p is positive. Therefore, we get e/_i > e^+i. 

Next, consider the case where I = i' — 2. In this case, we have ei > e;_|_2 
by the induction assumption of (ii). By ()9.6p . we have ej-i = tjej — ej+i for 
j = 1,1 + 1. Hence, it follows from (|9.7p that 

ti ti ti ti 

e/-i — Q+i = + ^e/ — 2ei+i = —ei + — (ti+ie/+i — ei+2) — 2ei+i 

= |fe - Q+2) + \{titi+i - 4)q+i > |(q - e/+2) > 0, 

since = t^ti > 4. Therefore, we get e;_i > e^+i. 

Finally, consider the case where 1 < I < i' — 3. Since / -|- 2 = f' — 1, we 
have €j-i = tjEj — ej+i for j = / -|- 1, Z -|- 2 by ()9.6p . and e/+i > e;+3 by the 
induction assumption of (ii). By Lemma 13.21 it follows that 

Q-i — Q+i = {toti — 4)e;+i -I- (e;+i — e^+s) > e^+i — e^+s > 0. 

Therefore, we get e/_i > e;+i. This proves the second part of (ii). 

It remains only to show that d{l — 1) > 0. Since e/_i = tiei — e;+i and 
ai+i = ti+iai - a;_i, we have 

d{l + 1) + d{l - 1) = (ti+ie^+i - a;+i/3) + (ti-ie^-i - a;-i/3) 

= ti+i{^l+i + e^-i) - {ai+i + ai_i)l3 = ti+itiei - ti+iaiP = ti+id{l). 

Since d{l) > by induction assumption, it follows that d{l — 1) > —d{l + 1). 
When I = i' — 1 and d{i — 1) > 0, we have 

d{l -|- 1) = d{i) = d{i) = tiei — aifi = tidi — aif5 < 

by ([93]). Hence, we get d{l - 1) > -d{l + 1) > 0. When / = - 1 and 
d{i — 1) < 0, we have d{l -|- 1) = d{i') = d{i — 1) < 0. Hence, we get 
d(/ — 1) > similarly. 

Assume that 1 < / < i' - 2. Then, we have d{r - 1) > for I' = i' - 1, i' 
by induction assumption, and I — 1 < i' — 3 < i' — 1 \i I = i' (mod 2), and 
I — l<i' — 4:<i' — 2 otherwise. Note that > Cj+i for I < j < i' — 1, 
where the case j = I is just verified above, and the case I < j < i' — 1 
is due to the induction assumption. Hence, we know that e/_i > ei'-i if 
I = i' (mod 2), and e^-i > ei'-2 otherwise. On the other hand, we have 
ao = 1 < to — 1 = a2, and aj-i < Cj+i for j > 2 by Lemma \3A\ (i). Hence, 
we similarly obtain that ai-i < Oj'^i if I = i' (mod 2), and a/_i < aj'_2 
otherwise. Since d{l' — 1) > for V = i' — , we have ai'-i/3 < ti'_ie/'_i 
for I' = i' — . Thus, it follows that 

< < t/'-ie;/-! = ti^iei>-i < ti-_ie/_i, 

where I' := i' ii I = i' (mod 2), and /' := i' — 1 otherwise. Therefore, we get 
d{l — 1) = ti_ie/_i — a/_i/3 > 0. This proves that (i) and (ii) hold for every 
I. □ 
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10. Wildness (II) 

Thanks to Theorem 11.11 (ii), the former case of Theorem 11.11 (iii) is 
reduced to the latter case. The latter case of Theorem 11.11 (iii) is divided 
into the following three cases: 

(wl) to > 3, (to, h) ^ (3, 1) and i > 3. 
(w2) ito,ti,i) = (3, 1,3), (3, 1,4). 
(w3) to > 3 and i = 2. 

We show that the case (w3) is contained in Theorem [T3] (ii) . Let X{y) = 
y and fi{y, z) = XljLi ajz-' . Then, we have 

ii 

r2 = Kf 2)X2 - Kf2, fl) = f2X2 - ^ Ojxl = r 

by ()1.2p . Hence, we get 

/l/3 = m (/2, rs/s"^) = m (/2, /f = 1^/2 + «° (^/2"')'"' j f2 

to 

= f2 + E a"^'" Vs""' = ^2(/2, r) = hh. 
i=i 

Thus, it follows that /a = f^. Therefore, we conclude that D2 = D2. 
Since A(y) = y does not belong to k, the wildness of exp hD2 follows from 
Theorem 11.51 (ii) . 

This section is devoted to proving Theorem ll.il (iii) in the case of (wl), 
and Theorem 11.51 (ii). The case (w2) of Theorem ll.il (iii) will be treated in 
Section [TTJ 

First, we prove Theorem 11.11 (iii) in the case of (wl). Take any h € 
ker Di \ {0} and put (f) — hDi. By definition, we have — A^j^^^ j^^. 
Since i > 3, we have 

fi^ifi+i =qi = mifur) = i)i{fi,r). 

Hence, Di is obtained by the construction stated before Theorem 19.11 from 
the data (5, s, v{y)) = (/i+i, r, 1). Since ker A = k[fi, /j+i] by Theorem [TT] 
(i), h belongs to A:[/j,/j+i] \ {0}. Therefore, it suffices to check (a) through 
(e) by virtue of Theorem 19.11 

Since z > 3, we have s = r = f. Hence, we get q = /3, proving (c). 
Since 5i and Jj+i are linearly independent by Proposition 18.21 (ii), we get 
(a). Since Di{r) = fifi+i by Theorem ll.il (i), we have 

0(r) = r + hfifi+i. 

We show that deg^ r < deg^ hfifi+i. Since to ^ 3 by assumption, deg^ r = 
(1,1,1) is less than (to,0, to) = to52- By Proposition 18.11 we have 1^82 = 
(5i + (53- Since 5i < 82 in view of (|8.ip . we get 5i + 5z < ^2 + ^3- By 
Proposition 18.21 (iv), we know that 5j + 5j+i < 5j+i + 5j+2 for each j > I. 
Hence, it follows that 82 + 83 < 8i + 8i+i, since i > 3. Since h ^ 0, we have 
8i + 8i+i < deg^ /i/i/j+i. Thus, we conclude that deg^ r < deg^ hfifi+i. 
Therefore, we get a = deg^ </)(r) = deg^ hfifi+i. 
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Since deg^ fi = 5i and deg^ /j+i = 6i^i are linearly independent, we 
know that f^^ and f^^i are algebraically independent over k. Hence, we 
have k[fi, fi+iY" = k[ff^ /i+i] by the discussion before Lemma [LTl Since h 
belongs to /j+i] \ {0}, it follows that deg^ h = v'lSi + ^2(^4+1 for some 
v'i,v'2 € Z>o. Thus, we get 

a = deg^ hfifi+i = {v[ + l)6i + {v^ + l)Si+i. 

Because v = degy = 0, we see that (b) holds for Vj = v'^ + l for j = 1,2. 
Consequently, we have e.j_i = ajO — by (|9.ip . Since tj+iaj = aj_i + Oi+i 
by P-7|) and a > it follows that 

ti-iej-i = ii+i(aia-<^i+i) = (ai-i+ai+i)a-ti+i(5i+i > ai_ia+(ai+i-ti+i)(5i+i. 

Since aj+i > tj+i by Lemma [3TT] (iii), the right-hand side of this inequality 
is greater than ai-ia = aj_i/3. Thus, we get d{i — 1) = U-iei-i — ai_i/3 > 0, 
proving (d) and (e). Therefore, (a) through (e) are fulfilled. This completes 
the proof of Theorem ll.il (iii) in the case of (wl). 

Next, we prove Theorem ll.51 (ii). First, we consider the case where i = 2 
and to > 3. Let J be the set of j > 1 such that Uj := deg^ is equal to 
V := degy A(y), and let c and Cj be the leading coefficients of X{y) and 
for each j £ J, respectively. Since z) is an element of zk[y, z], and A(y) 
and ^{y, z) have no common factor by assumption, we see that 

belongs to zk[y.,z\, and A(y) and fi{y,z) have no common factor. We show 
that p,{y,z) = if and only if A(y) belongs to k^ and fi{y,z) belongs to 
zk[z]. If fl{y,z) = 0, then we have fJ-{y,z) = X{y)J2j<^,j '^jZ-' ■ Since A(y) 
and fi{y,z) have no common factor, it follows that X{y) belongs to k^ , and 
so fj.{y,z) belongs to zk[z]. Conversely, if X{y) belongs to k^ and fj,{y,z) 
belongs to zk[z], then we have X{y) = c and z) = Ylj&j ^j^^ ■ Hence, we 
get z) = 0. 

Define r G J{k[xi\;x2,x-3) by 

t{x2) = X2 + c~^''^Cjx\ and t{x3) = x^ + x^^ [6{t{x2)) - 0{x2)) ■ 
Then, we have r(/i) = t(xi) = xi = /i, 

t(/2) = Xit{x3) - 0{t{x2)) = X1X3 - 9{X2) = f2 

and 

T{r2) = A(/2)r(x2) - /U(/2, Xi) = A(/2)X2 - fl{f2,Xi). 

Hence, t(/3) is equal to the polynomial obtained similarly to fs from A(y) 
and p,{y,z) instead of X{y) and ^{y,z). By the formula (j2.ip . we get 

(10.1) D' := A, f f s f ^ = A, , F s ,f\\=To D2 o T^^, 

^ ' (t(/3),/2) {T{h)-j{h)) ^ ' 

since det Jr = 1. 

Now, take any h G ker D2 \ {0}. Assume that A(y) belongs to k^ and 
fj,{y,z) belongs to zk[z] \ {0}. Then, we show that exphD2 is tame if and 
only if h belongs to A; [/a]. By assumption, it follows that X{y) = c and 
fl{y, z) = 0. Hence, we have t(/3) = c^^xs by (jl.Sp . Since /2 is a symmetric 
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polynomial in xi and X3 over k[x2], we may regard D' = c°2A(^3j2) ^ 
c"^A(j.^ j2) = —c'^^Di by interchanging xi and 2:3. Put h' = T{h). Then, 
h' belongs to kerD' \ {0} by po.ip . Note that exphD2 is tame if and only 
if exp h'D' is tame. By the discussion after Theorem 11.11 it follows that 
exph'D' is tame if and only if h' belongs to k[x3] or to ^ 2, and hence 
if and only if h' belongs to k[x3] by the assumption that to > 3. Since 
k[x3] = A;[r(/3)], we conclude that exp hD2 is tame if and only if h belongs to 
^[/s]- When this is the case, h'D' is triangular if j;i and X3 are interchanged. 
Hence, hD2 is tamely triangularizable, proving the last part of Theorem ll.51 
(ii). 

Take any h € ker Dj \ {0}. To complete the proof of Theorem ll.51 (ii), it 
suffices to prove that exp hDi is wild in the following cases: 

(1) i = 2, to > 3 and jl{y, z) 7^ 0. 

(2) i > 3, to > 3 and (to, ti) 7^ (3, 1). 

In the case of (1), we may replace /x(y, z) with /i(y, z) because of (jlO.ip . 
Therefore, we may assume that Uj 7^ v for each j > 1, since Uj ^ v ii j does 
not belong to J, and degy{iJ,j{y) — c^^CjX{y)) < v otherwise. 

By definition, we have Di = A^j_^^ j y and 

fi-ifi+i = qi = rji{fi,r'i)X{fiT\ 

where r- := riX{fi)~^. Hence, Di is obtained by the construction stated be- 
fore Theorem 19 . 1 1 from the data {g, s, v{y)) = (/j+i, r^, A(y)). Since ker Z), = 
k[fiifi+i\ by Theorem [LS] (i), h belongs to A;[/i,/i+i] \ {0}. Therefore, it 
suffices to check (a) through (e) by virtue of Theorem 19.11 

Since //(y, z) 7^ by assumption, J' := {j > 1 | /ij(y) 7^ 0} is not empty. 
Since 5i-i and 5i are linearly independent by Proposition 18.21 (ii), we see 
that deg^ fij{fi)f-_^ = Uj6i + j(5j_i's are different for different elements j's 
of J' . Hence, we may find li € J' such that 

degw/^(/i,/i-i) = deg^/ii,(/i)/^i^ = uiji + hSi^i. 

By Proposition 18.21 (v). the second components of 6i-i and 5i are zero, while 
deg^f equals (0,1,0) if i = 2, and (1,1,1) if i > 3. Because 6i-i and 
5i are linearly independent, it follows that 6i-i, 6i and deg^f are linearly 
independent. Hence, deg^ ;u(/j, /j_i) is not equal to deg^A(/j)f = v6i + 
degw Thus, we know that 
(10.2) 

degw'^j = deg^(A(/i)f + ij,{fi,fi_i)) = max{v5i + deg^r,uiji + lA-i}, 
and so 

degw r'i = deg^ - v5i > deg^ f > 0. 
Since 6i and deg^f are linearly independent, and h > 1, we see from 
(|10.2p that 6i and deg^ are linearly independent. Therefore, 6i and deg^ r- 
are linearly independent. In the case of (1), it follows that 

degw m{f2, r'2) = degw (/2 + 0{r'2)) = max{(^2, ^2 deg^ r'^}, 

since deg^ 9[z) = to — 1 = 02. In the case of (2), we have ti5i 7^ aidegw'^i- 
Hence, we get 

degw mUhf'i) = degw mifi, r'j) = maxjtj^i, degw f'i} 
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by applying Lemma 15.41 with f = fi and p = r'-. Set t2 = 1 in the case of 
(1), and ti = ti in the case of (2). Then, we have 

5 := deg^/i+i = deg^ ?7i(/i, r^)A(/i)""/il\ 

(10.3) = max{ti(5j, a, deg^ r-} + aiv5i - 

= max{(ti + aiv)5i,ai deg^ rj} - (5j_i. 

Now, let us prove (a). From (jl0.3p and (jl0.2p . we see that 5 and rj have 
two possibilities. In the case where 5 = aideg^ri — (5j__i and deg^ rj = 
ui^Si + li5i-i, we have 

Note that a2 = to — l>2m the case of (1), and Oj > 2 in the case of (2) by 
Lemma [3. II (ii). Hence, we have ajZi — 1 > — 1 > 1. Thus, we know that Si 
and 5 are linearly independent, since so are 6i and (5j_i. In the other cases, 
we can easily check that 6i and 6 are linearly independent because 6i 
and deg^f are linearly independent. Therefore, we get (a). 

Recall that uj ^ v for each j in the case of (1). Hence, we have (n^^ , v) ^ 
(0, 0). From (|1U.2|) . we see that deg^ r2 > S2. Since 02 > 2, and 61 = (1, 0, 0) 
is less than 82 = (1,0, 1), it follows from (jl0.3p that 

6 >a2 deg^ r2 - 5i > deg^ r2 + (deg^ r2 - ^2) + (^2 - <Ji) > deg^ r2 > 62- 

Therefore, we get the second part of (b) for i = 2. Since D2{r2) = A(/2)/3 by 
Theorem ll.5l (i). we have 4){r2) = i'2 + h\{f2)fz- By the preceding inequality, 
we know that deg^ h\{f2)fz > S > deg^r2. Hence, we get 

a = deg^ 4>{r2) = deg^ h\{f2)h > deg^ A(/2)/3 = V62 + 6, 

proving the first part of (b) for i = 2. 

In the case of (2), it follows from (jlO.Sp that 

6 > {ti + aiv)6i - (5i_i = {tiSi - 6i-i) + aiv6i = 6i+i + aiv6i > aivSi, 

since ti5i — 6i^i = (5j+i by Proposition 18.11 This proves the second part of 
(e). 

Since deg^ = 5, and deg^ /j+i = 6 are linearly independent by (a), 
we have k[fi, fi^i]^ = k[f^ , fy^-^]. Hence, we may write 

degw h = v[6i + V25, 

where v[,V2 G Z>o. In the case of (1), we have a = deg^ hX{f 2) f 3 as 
mentioned. Hence, we get 

(10.4) a = deg^ /iA(/2)/3 = (^^'i + v)62 + {v'^ + 1)6. 

Consider the case of (2). Since Di{ri) = A(/j)/j/i+i by Theorem 11.51 (i). 
we have 

0(r-i) = + hX{f.i)fiJi+i. 
We show that {v + l)5i + 5 is greater than deg^rj. Then, it follows that 

deg^ hX{fi)fifi+i > {v + l)5i + 5 > deg^ n. 

Consequently, we obtain 

(10.5) a = deg^ 0(r,) = deg^ hX{fi)fJi+i = {v[ + v + 1)5, + (^2 + 1)^, 
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and thereby proving that (b) for i > 3 holds with vi = v[ + l and V2 = ^2 + 1- 
First, assume that ajdeg^r- < ti6i. Then, we have 

degw n = deg^ r- + v6i < + 6i < {1 + v)6i < {v + l)Si + 6, 

since ti < Cj by Lemma l3. II (iii). Hence, the assertion holds. Next, assume 
that ajdeg^r^ > USi. Since deg^r^' and 5i are linearly independent, it 
follows that ajdeg^r- > ti6i, and so ajdeg^rj > {ti + aiv)6i. Hence, we 
know that 5 = ai deg^ — by (|1U.3|) . Thus, we have 



(v + l)5i + 5 - deg^ ri = {v + l)5i + (a^ - 1) deg^ rj 



ti \ 

1 + aiV ]5i+ tiSi - 5i-i > ti6i - 6i-i = 6i+i > 0. 

aij 

Therefore, we get {v + l)6i + 6 > deg^rj. This proves (jlO.Sp . and (b) for 
i > 3. 

Recah that (b) implies (f9T]) . By (fTOl]) and (fTOS]) . it follows that 
€i-i = aia—5 and 5i are linearly independent, since 5 and 5i are linearly inde- 
pendent, and ai{v2 + 1) - 1 > 1. Hence, deg^ ^j{fi)(p(fi-iy = ujSi+jei^is 
are different for different elements j's of J'. Thus, we may find I2 G J' such 
that 

7 := deg^/i(/i,(/>(/i_i)) = deg^ /ii2(/i)'A(/i-i)'' = Uh^i + 

We show that 7 > a. If a > 6, then we have 

7 > ^2ej-i > Ej-i = fljCt — (5 > (oj — l)a > a. 

In particular, we have 7 > a in the case of (2), since a > (5 by (jlO.Sp . Assume 
that a < 5 m the case of (1). Then, we see from ()10.4p that v[ = V2 = v = 
and a = 5. Since ui^ ^ v hy assumption, it follows that ui^ > 0. Hence, we 
get 7 > ^2 + ci- Since a = 6 and 02 > 2, we have ei = 020 — 5 > a. Thus, 
we conclude that 7 > a. Therefore, deg^ ^(/j, = 7 is greater than 

deg^ (j){ri) = a. On the other hand, we have 

(10.6) </.(r,) = (t>{m)r-^^{fiJ^-l)) = \{fi)m-^^{fiA{f^-l)), 

since ^(/i) = This implies that deg^ A(/i)0(f) = deg^ ;u(/i, = 
7. Hence, we get 

(10.7) P = deg^ (/)(f) = 7 - deg^ \{fi) = {ui^ - v)5i + /2ei-i- 

From this, we know that (3 > ej_i — v6i. This proves the first part of (e). In 
the case of (2), we have aj_i > 2 by Lemma l3.ll (ii), since i — 1 > 2. Hence, 
we get ai-i{ui^ — v) — 1 ^ 0. Because 

ai_i/3 - 5i = (ai_i('U/2 -v) -l)5i + ai_i/2ei_i 

by (jlO.Tp . and 5i and ej-i are linearly independent as mentioned, it follows 
that ai-i/3 — 6i and e^-i are linearly independent, proving the last part of 
(e). 
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In the case of (1), we have ui^ ^ v. Since 62 and ei are hnearly indepen- 
dent, we know by (jlO.Tp that /3 and ei are hnearly independent, proving (c) 
for i = 2. In the case of (2), it fohows from ^01} , ^Ji) and (fT03]) that 

(3 — a> (ej-i — v5i) — a = {ai — l)a — 6 — v6i > a — 5 — v5i 

> {{v + 1)5, + 5) -5-v5i = 5i>0. 

This proves (c) for i > 3. 

Finahy, we prove (d) by contradiction. Suppose that d{i — 1) = 0. Then, 
we have 

ti-iei^i = ai-i(3 = ai_i((ni2 - v)5i + hei-i) 

by (|10.7p . Since e^-i and 5i are hnearly independent, it follows that = 
ai-il2- Since i — 1 > 2, this contradicts Lemma [3TT] (v), proving (d). Thus, 
we have verified (a) through (e). Therefore, (f) is wild in the case of (1) and 
(2) by Theorem 19.11 This completes the proof of Theorem 11.51 fii). 

11. Exceptional case 

The goal of this section is to complete the proof of Theorem 11.11 by 
proving (a) of (i) in the case of {to,ti,i) = (3,1,4), and (ii) in the case of 
(w2). Assume that (^0,^1) = (3, 1). Then, we have 62 = tibi — 69 + ^1 = 1, 
63 = ^2^2 — fei + C2 = 2 and 64 = ^363 — 62 + ^3 = 0, since = bi = 0. Hence, 
we see from ()6.9p that 

/0/2 = qi = r + fi 

hh = 92 = flr-\r + 0o(/2"V)) = /I + r2 + alf2r + a?/! 
/2/4 = 93 = hr-\r + f^\^) =h+r 
hk = q4 = r + e{U)U, 

since 9{z) = z'^ + a^z + a?, Oo{z) = 9{z)z and 9i{z) = z. By ()1.2p . we have 
r = X2/2 — xi. Hence, the second equality of (jll.ip gives that 

/1/3 = /I + (X2/2 - xif + a0(x2/2 - xi)/2 + a?/| 

= xl- XI (2x2 + a2)/2 + (/2 + xl + alx2 + a?)/|. 

Since /i = x\ and /2 + Xg + 03X2 + = /2 + ^(x2) = X1X3 by (jl.2p . it 
follows that 

(11.2) /3 = Xl-(2x2 + a^)/2 + X3/|. 

Thus, we know by the third equality of (lll.ip that 

72/4 = r^fz = (x2/2-Xi) + (xi-(2x2 + a2)/2 + X3/|) = /2(x3/2-X2-a2)- 

Therefore, we get 

/4 = X3/2 - X2 - a\. 
With the notation of Chapter [6l define D = D^g. Then, we have 
D{f2) = 0, since /2 = X1X3 — 6{x2) = f-e- Hence, — /2-D belongs to 
LNDfc/c[x]. Set a = exp(— /2-D) and = cj(xj) for i = 1,2,3. Then, 
we have 

(11.3) y3 = X3 and y2 = X2 - /2X3 = -f^ - 02, 
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since D{x3) = 0, and D{x2) = X3 and D{f2) = 0. Since /2 is fixed under a, 
we see that /2 = X1X3 — 9{x2) is equal to a{f2) = yix^ — 6{x2 — f2Xz)- From 
this, we obtain 

yi = Xi + {0{X2 - /2X3) - 6'(X2))X3 \ 

Hence, we get 

(11.4) yi=xi- e'{x2)f2 + Ie"{x2)flx3 = h, 

since 6'{x2) = 2x2+0:2 and 6"{x2) = 2. Thus, we can define (T3 G Aut{k[x]/k) 
by 

(11.5) cr3(a;i) =yi = /a, (7s{x2) = -y2 - "2 = (^sixs) = 2/3 = 2:3. 

Note that the sum of the two roots of 9{z) is equal to —02- Hence, 6{z) 
and 6{—z — Og) have exactly the same roots. Since 6{z) and 9{—z — 02) are 
monic polynomials, we conclude that 6{—z — = 9{z). Thus, we have 

'73(/2) = yWS - 0{-y2 - a") = 2/12/3 - ^(2/2) = ^{f2) = /2- 

Therefore, belongs to Aut(A;[x]/A;[/2, X3]). Since X1X3 = /2 + ^(^2) by 
p.2p . we know that 

/3a;3 = (^sixiXs) = cr3(/2 + 6'(x2)) = /2 + 0{h)- 

Hence, it follows that 

/3(x3/4 - 1 - /5) = (/3X3)/4 " (/3 + - {hh - r) 

= (/2 + ^(/4))/4-/2/4-0(/4)/4 = O 

by the last two equalities of (jll.ip . Therefore, we get /s = X3/4 — 1. 

Now, let us prove (a) of Theorem ll.ll (i) in the case of (to, ^i, ^) = (3, 1, 4). 
Since 

(11.6) L>4 = \h,u) = \x;U-i,u) = fi\x3,u). 

we see that is not irreducible, and X3 belongs to kerL'4. By (|11.5p . we 
have <T-^^(x3) = X3, cr^^ifi) = X2 and a^^{f^) = <T^^{x:>,fi - 1) = X2X3 - 1. 
Hence, we know that a^'^{x^) = X3 does not belong to o";^^(^[/4, /s]) = 
A;[x2, X2X3 — 1]. Thus, X3 does not belong to /c[/4, /s]. Therefore, we conclude 
that kerL'4 7^ A;[/4,/5]. This proves (a) of Theorem ll.il fi) when (to,ii,0 = 
(3,1,4). 

Next, we prove Theorem ll.il (iii) in the case of (to) ti^i) = (3, 1,4). Take 
any h E ker \ {0}. We show that exp /iL'4 = exp /i/4A(j,3 j^) is wild. Since 

\x,,U){xi) = = 1 - X^— = l + d (X2)X3 

^(x3,/4)(2^2) = 1^ = 2;3|^ = xi and A(^3 j^)(x3) = 0, 

we see that A^^^ j^) is triangular if xi and X3 are interchanged. Since /1/4 
belongs to kei \ k[x^], and (9(A(^3 j^)(xi))/(9x2 = 6'"(x2)x3 = 2x3 
is not divisible by A(j,3j^)(x2) = x|, we conclude from Theorem 12.31 that 
exp/i/4A(2,3 is wild. Therefore, Theorem ll.il (iii) is true when (to,ti,0 = 
(3,1,4). 
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The rest of this section is devoted to proving Theorem 11.11 (iii) in the 
case of {to,ti,i) = (3, 1, 3). Take any h G ker \ {0} and put (/> = exp hD^. 
Since 53 = r + /3 by (HEH), we have Ds{f2) = {dqz/dr)h = hhy ^ with 
j = 3. Hence, we get 

<P{f2) = f2 + hh. 

First, we describe Zi := 4>{xi) for i = 1,2, 3. By (jll.3p and ()11.4|) . we have 

^3 = A(/4,/3) = ^(-j/2-«§,2/i) = ^iyi,y2)- 

Since xs = ys, it follows that D3{x3) = A(y^ y^jl^s) = det Ja. 

Here, we remark that det J(expZ)) = 1 for any D G LND/;/c[x]. This 
is verified as follows. Let R = k[t] be the polynomial ring in one variable 
over k. Then, D naturally extends to an element D of LND/ji?[x]. Since 
^ := exp tD belongs to Aut(i?[x]/i?), we know that det belongs to i?^ = 
. Put Rq = R/{t) and Ri = R/{t — 1), and define an automorphism of 
Ri ii[x] = Ri[x] = k[x] over Ri = k hy ipi = id/j. ^' for z = 0, 1. Then, 
we have V'o = idfcjx] and -01 = expL>. Hence, the images of det in Ro[x\ 
and i?i[x] are det J(idfc[x]) = 1 det J(exp D), respectively. Since det J^' 
belongs to k^ , it follows that det J(expL>) = det = 1. 

By the remark, we know that det Jct = det J(exp(— /2-D)) = 1. Thus, 
we conclude that 1)3 (2:3) = 1. Therefore, we get 

Z3= X3 + h. 

Since D3 = A(j^j ,^2) kills yi and y2, we have (p{yi) = yi for i = 1,2. Hence, 
it follows from pi.3p that 

y2 = 0(^2) = (t'{x2 - 12X3) = Z2- 4>{f2)z3- 

Thus, we get 

(11.7) Z2=y2 + Hf2)z3 = 2/2 + (/2 + hyi){x3 + h). 

Since /2 = a;i3;3 — 9{x2) is equal to ct(/2) = yix^ — 0{y2), we know that 
(j){f2) = Z1Z3 — 0{z2) is equal to (p{d-{f2)) = yiz^ — 0{y2). Therefore, we have 

zi = yi + {e{z2)-e{y2))z^' 

=2/1+ {0{y2 + Hf2)z3) - 0{y2))z^' 

= yi + {2y2 + a°)0(/2) + (/>(/2)'^3 

= yi + (2y2 + a2)(/2 + hyi) + (/2 + hyif{x3 + h). 

We show that y2 is a W-test polynomial. Take any totally ordered 
additive group A and v € (A>o)^. Then, /J is equal to X1X3 or —x^2~^ 
3:1X3 — x^2~ ^ mentioned before Proposition [921 since to = 3. Hence, we 
have 

2/2 = {X2 - f2X3V = -/Jx3, 

and is equal to — xiXg or X2'~^x-i or — (X1X3 — X2°~^)x3. Thus, we know that 
2/2 is not divisible hy Xi — g for any i G {1,2,3} and g G k[x \ {xi}] \ k, 
and by x^^ — cx^-' for any i,j G {1,2,3} with i ^ j, Si,Sj G N and c £ k^ . 
Therefore, 1/2 is a W-test polynomial due to Proposition II. 4[ 
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Recall that T = has the lexicographic order with ei < e2 < 63, and 
w = (61,62,63). Hence, we have = X1X3. By (flLill . (fTOIl and (fTL3|l . 
it follows that 

(11.9) yY = = {xsfir = xjxl and = {-f^x^r = -x.xj. 

Hence, we get deg^ yi > deg^ 7/2 > deg^/2. In view of (|11.7p and (|11.8p . 
we see that 

(11.10) zY = {hVir{xs + hr and ^2"^ = (/iyir(^3 + Z^)"'- 
Thus, we have deg^ zi > deg^ yi. Since </>(y2) = 1/2, it follows that 

degw <P{xi) = deg^ zi > deg^ yi > deg^ y2 = deg^ </>(y2)- 

Therefore, if zj' and zj" are algebraically independent over k for some 
i,j G {1,2,3}, then we may conclude that cj) is wild, because 7/2 is a W- 
test polynomial. 

Assume that h belongs to . Then, we have {x^ + /i)^ = 2:3. Hence, 
we get zY ~ (?/r)^^3 and z^ ~ yf^s by (jll.lOp . Since yY and X3 are 
algebraically independent over k by (jll.Op . it follows that zY and zY are 
algebraically independent over k. Therefore, we conclude that (j) is wild. 

Assume that h does not belong to k^ . Then, h"" does not belong to A;^. 
Since max/ = 4 > 3, we have ker = k[f3, f^] by Theorem 11.11 (i). By 
(|11.3p and ()11.4p . we see that k[f3, f^] = k[yi,y2]- Because yY and yY are 
algebraically independent over k by ()11.9p . we have k[yi,y2]'" = k[yY,yY]- 
Thus, belongs to k[yY,yY] \ k. This implies that deg^ h > deg^yi 
for some i G {1,2}. Since deg^yi > deg^ y2 > deg^a;3, it follows that 
(x3 + /i)^ = . Therefore, we get zY = {h^Vi)^ and zY = {h'^yiY' from 

(Unni). 

Assume that belongs to k[yY ,yY] \ ^IvT]- Then, and yY are 
algebraically independent over k, since so are yY and yY ■ This implies that 
zY and zY are algebraically independent over k. Therefore, we conclude 
that (j) is wild. 

In the rest of this section, we consider the case where belongs to 
k[yY] \ k. In this case, there exists / G N such that {vTY- Then, we 

have 

(11.11) zY^ivYf^^ zY^ivYf-^', zY^ivYY, mr^ivT)'^'- 

Put S = {yi,y2}- Then, we have degl,h = deg^h = Ideg^yi, since yY 
and yY are algebraically independent over k. 

First, assume that I = 1. Then, we have deg^h = deg^yi < deg^y^. 
Hence, we may write 

h = aiflyi + ao,iy2 + ao,o, 
where ai,0) 0^0,1 1 oo,o £ k with ai^ ^ 0. We define (/>' G Aut(A;[x]/A;) by 
4>{xx) = dis)Zx + (z| - 201,0^2)2!, 4>{x2) = ai,o^2 - z\, (p'ixs) = Z3. 
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Then, (p~^ o cj)' belongs to J{k[x3]; X2,xi). Hence, cp is wild if and only if (j)' 
is wild. Consider the polynomial 

9 ■= 4 - oi,o'A(/2) = {x3 + hf - ai,o(/2 + hyi) 

= h{2x3 + h- ai,oyi) - ^1,0/2 + xl 

= h{2x3 + ao,iy2 + ao,o) - 01,0/2 + 

Since deg^h = deg^yi is greater than deg.j^ /2 and deg^x^, we see that 

9"" = {ao,ihy2r « ivmr if ao,i ^ 0, and g^^ = {Ihx^T « {vix^T 
otherwise. In either case, we have deg^g > deg^yi, and g"" and y^ 
are algebraically independent over k. A direct computation shows that 

= al^QZi + (zf - 2ai,o(y2 + (t){f2)z3)) 

= alfiZi + (4 - 2aifi(l){f2)z'i - 2aifly2Z3)z3 

= ajfiZi + (g^ - a?,o'A(/2)^ - 201,0^2^^3) ^^3 

= (5^ - 201,0^2^3)^3 + «l,o(2:i - Hf2fz3) 

= {9^ -201,0^2^3)^3 + «i,o(yi + (2y2 + a2)(/2 + hyi)), 

where we use (|11.7p and (lll.8|) for the first and last equalities. Since 
deg 2:3 > Sdeg^yi > deg^/iyi?/2, this gives that 4''{xi)"" = [g'^z^y. 
By (jll.Tp . we have 

(j)'{x2) = ai,o(y2 + Hf2)z3) - 4 = ai,oy2 - (4 - aifi(j){f2))z3 = 01,02/2 - 9Z3- 

Hence, we get (/>'(x2)^ = {—gz^)'^. Thus, cj}'{xi)'^, 4>'{x2Y' and (p'^x^y = 
z^ are algebraically dependent over A;, and are pairwise algebraically inde- 
pendent over /c, since g^ and z^ are algebraically independent over k. It is 
easy to check that (5^2:3)'*^, {gz^)^ and zf do not belong to kl^gz^Y" , z^]-, 
k[{g'^ z^y , z^] and ^[(g^^^s)^, (^23)^], respectively. Therefore, cj)' satisfies 
the conditions (1) and (2) after Theorem 11.31 This proves that (j)' is wild, 
thereby proving that <j) is wild. 

For the case of / > 2, we need the following lemma. 

Lemma 11.1. We have deg^ dz2 A 1^23 > deg^ Z2X3. 

Proof. Since Z2 = y2+4'if2)z3, we may write dz2/\dz3 = dy2/\dz3+Z3rj, 
where r/ := d(/)(/2) A dz3. We show that deg^ 77 > deg^ hyiX3 below. Then, 
it follows that 

degw Z3r] > deg^ deg^ hyiX3Z3 > deg^ y2^;3 > deg^ dy2 A dz3. 

This implies that deg^ dz2 A dz3 = deg^ 2377, and is at least 

degw hyiX3Z3 = {21 + 1) deg^ yi + deg^ 2:3 = deg^ Z2X3 

by (jll.lip . Thus, the lemma is proved. 

Now, we show that deg^r/ > deg^hyiX3. Since (/>(/2) = /2 + hyi and 
Z3 = X3 + h, we have 

rj = d{f2 + hyi) A dz3 = df2 A dz3 + d{hyi) A d{x3 + h) = r]' + hdyi A d/i, 

where 77' := (i/2 A dz3 + d{hyi) A dx3. Since {hyi)^ (y^)'+^ and X3 are 
algebraically independent over k, we have 

deg^ (^(/lyi) A dx3 = deg^ /iyiX3 > deg^ f2Z3 > deg^ d/2 A ^23. 
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Hence, we get deg^r]' = deg^ hyix^. If h belongs to k[yi], then we have 
dyi A dh = 0, and so deg^r/ = deg^r/' = deg^ hyix^. Thus, the assertion 
is true. Assume that h does not belong to k[yi]. Since h is an element of 
kerDs = A; [7/1,^2], we get 

dh dh 
dyi A dh = — — dyi A dy2 and — — ^ 0. 
oy2 oy2 

Since y^ and y^ are algebraically independent over k, we have deg^ dyi A 
dy2 = deg^yiy2- Hence, it follows that 

dh 

deg^ hdyiAdh = deg^ h——dyiAdy2 > deg^ hyiy2 > deg^ /lyixs = deg^ rj' . 

dy2 

Since rj = -q' + hdyi A dh, this implies that deg^ rj = deg^ hdyi A dh, and is 
greater than deg^hyix^^. Therefore, the assertion is true. □ 

Now, assume that I = 2. Then, we have deg^h = deg^h = deg^y^. 
Since deg^ yl < deg^ yl < deg^ yl by (|11.9p . we may write 

h = 02,02/1 + «o,3y2 + «1, 12/12/2 + «o,2y2 + ^1,02/1 + «0,l2/2 + «o,o, 
where elements of such that 02,0 7^ 0. Define ^p S Aut(A;[x]/A;) by 

tp{xi) = f := a2flZi + (ai,o^;2 - 4)^3 

and Tp{xi) = Zi for i = 2, 3. Then, c/)""*^ otp is elementary. Hence, (j) is wild if 
and only if is wild. So we prove that tp is wild. 

In the notation above, we have the following lemma. 

Lemma 11.2. (i) deg^ h^X3 < deg^ / < deg^ h'^. 
(ii) and y^ are algebraically independent over k. 

Proof. Set /i = /i - (02,02/1 + (^iflVi)- Then, by ()11.7p . we have 

gi := aifiZ2 - h^{h - 02,02/1) 

= 01,0(2/2 + (/2 + hyi){x3 + h)) - h^(h + oi,oyi) 

= 01,0(2/2 + f2{x3 + h) + hyix^) - h^h. 

If h ^ ao,0) then is equal to one of (yl)^? (2/12/2)^, (2/2)^ 2/2" 
nonzero constant multiples, since y^ and y^ are algebraically independent 
over k. If this is the case, then we have deg^ h > deg^xs. Hence, we get 
deg^ h^h > deg^ hyix^. Thus, we know that gY ~ {h'^h)^ and deg^^i > 
deg^ ^1^x3. lih = ao,05 then we have deg^ gi < deg^ /i^. Since Z3 = X3 + h, 
we have 

92 ■■= 02,o(/2 + hyif + 01,02:2 - Z3 

= O2,o(/| + 2/2/iyi) - (xi + 3hxl + 3/1^x3) + 51. 

From this, we see that {g2 — gi)^ ~ {h'^x^)'^ . Therefore, we get 

92 ^ aT ^ {h^W if /i / 00,0, and 5^ = (52-51)"^ ~ {h?X3y otherwise. 

In either case, we have deg^/i^X3 < deg^ g2 < deg^h^. lih ^ oo,o, then 
g^ PS {h'^hy is equal to one of (yfyi)"^, (2/12/2)"^, (2/12/2)"^ and {yfy2)'^ up to 
nonzero constant multiples. Since yY and 2/2' are algebraically independent 
over k, we know that g^ and algebraically independent over k. The same 
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holds when h = ao,o since and X3 are algebraically independent over k. 
Thus, it suffices to show that = {g2h)^. By (jll.Sp . we have 

/ = a2,oZi + g2Z3-a2,o{f2 + hyifzs = a2,o(yi + (2^2 + a2)(/2 + ^yi)) +92Z3. 

Since deg^ h?x-3 < deg^(72, it follows that 

degw(/ - 52^3) = deg^ hyiy2 < deg^ h^x^ < deg^ g2h = deg^ 52 ^^s- 

Therefore, we get = {g2Z-3)'" = {g2h)^ . □ 

We prove that tp admits no elementary reduction and no Shestakov- 
Umirbaev reduction for the weight w. Then, it follows that ■0 is wild due to 
Theorem fOl By (flLTT]) with / = 2, we have ^ (vY)^ and ^ {vTf- 
Hence, and zj' are algebraically independent over k for z = 2, 3 in view 
of Lemma 111.21 (ii). Thus, we know that k[f,Zi]^ = k[f^,z^] for i = 2,3. 
Since zj^ does not belong to k[zY] for = (2, 3), (3, 2), we see that zj^ 
does not belong to A;[/^, zj] for = (2, 3), (3, 2). Therefore, ipixi)"^ does 
not belong to k[ip{xi),ip{xj)y" for = (2, 3), (3, 2). To conclude that ip 
admits no elementary reduction for the weight w, it suffices to check that 

does not belong to k[z2,Z3]'". 

Suppose to the contrary that belongs to ^[^2,^3]^. Then, there 
exists g G k[z2,Z3] such that g^ = f^. By Lemma 111.21 fii). cannot be 
an element of Hence, g^ does not belong to k[z^,z^]. This implies 

that deg^ g < deg^g, where T := {z2,zs}. By (i) and (ii) of Lemma \T2\ 
there exist p, g € N with gcd{p, q) = I such that (z^)^ ~ (z^)'^ and 

degw / = deg^ g>q deg^ Z3 + deg^ dz2 A dz^ - deg^ Z2 - deg^ Z3. 

Then, we have {p, q) = (2, 5). Since deg^ dz2/\dz3 > deg^ 2:22^3 by Lemma flLH 
the right-hand side of the preceding inequality is at least 

5 deg^ Z3 + deg^ Z2X3 - deg^ Z2 - deg^ Z3 > A deg^ Z3 = deg^ /i^. 

Hence, we get deg^ / > deg^/i^. This contradicts Lemma [11.21 (i). Thus, 
does not belong to k[z2, -23]^- Therefore, ip admits no elementary reduc- 
tion for the weight w. 

Next, we check that ip admits no Shestakov-Umirbaev reduction for the 
weight w by means of Lemma II. 2i By Lemma 111.21 (i) , we have deg^ / > 
deg^ h^X3 > 6 deg^ yi. Since deg^ Z2 = 5 deg^ yi and deg^ ^3 = 2 deg^ yi, 
it follows that deg^V'l a; 1) > deg^V'(a;2) > deg^VC^^s)- Clearly, 3deg^V(a^2) = 
ISdeg^yi is not equal to 4 deg^ 1/^(3^3) = Sdeg^yi. Since rankw = 3, we 
know by Lemma [TL2] (ii) that deg^ / and deg^ yi are linearly independent. 
Hence, 2 deg^ ipi^i) is not equal to m deg^ i^ixi) for any m G N and i = 2, 3. 
Thus, we conclude from Lemma 11.21 that ip admits no Shestakov-Umirbaev 
reduction for the weight w. This proves that ip is wild, and thereby proving 
that (p is wild. 

Finally, we prove that (p is wild when I > 3 using Lemma 12.21 Define 
L G Aut(A:[x]//c[x2, ^3]) by i{xi) = —xi. First, we show that D' := l^^ o 
(feDg) o i is equal to — /2-D. Since t~^{fg) = —X1X3 + 0{x2) = —f2 and 
Dg{—xi) = 9'{x2) = D{xi), we have 

D'ixi) = i-Hfe)i~\De{-xi)) = -/20'(x2) = -/2^(xi). 
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Since Dq{x2) = D{x2) = x-^, DQ{x-i) = D{x^) = and i{xi) = Xi for i = 2,3, 
we have D'{xi) = i~^{fe)i-~^ {De{xi)) = —f2D{xi) for i = 2,3. Hence, we 
get D' = — /2-D. Thus, it fohows that 

i^^ o ae o i = t^^ o (exp fgDg) o l = exp D' = exp(— /2-D) = a. 

Since cj) = exphD^ fixes /s = ^{xi), we know that cj)' := l o (p o fixes 
L{a{xi)) = ag(i{xi)) = —a0{xi). Therefore, 0' belongs to Aut(A;[x]//c[(T0(xi)]) 
So we prove that (p' is wild by means of Lemma |2.2[ Then, it follows that (j) 
is wild. 

Define 70^, . . . , 73^ as in Section [2] for 0'. Thanks to Lemma [2.2l it suffices 
to verify that 

(11.13) 7o" < 7r, 72">73", 27r> 372^ + 273" and 7r>72" + 273". 

For i = 2,3, we have 4>'{xi) = i{4){xi)) = i[zi). Since i preserves the w-degree 
of each element of A;[x], it follows that <ieg^4)'{xi) = deg^ Zi for i = 2,3. 
Since 0'(/e) = t((/>(-/2)) = -'-((/>(/2)), we have deg^ (l)' {fe) = deg^0(/2) 
similarly. Put 7 = deg^yi. Then, it follows from (jll.lip that 

(11.14) deg^(/.'(x2) = (2/ + l)7, deg^0'(x3) = Z7, deg^ {fe) = + 

Since Z > 3 by assumption, 2Z + 1 is not a multiple of I. Hence, we know 
that (j)'{x2Y^ does not belong to k[(j)' {x^)]"" . By the definition of 7^, this 
implies that 7^ = deg^ (j)'{x2). Hence, 7^ is greater than 7^ = deg^ (t^'{x^) 
by pi.l4|) . This proves the second part of pi.l3|) . Since Z + 1 is not a 
multiple of /, we know that (j)'{fg)^ does not belong to k[(j)' (x^)]^ . By the 
definition of 7^^, this implies that 7^ = deg^ (j)' (fg) . Hence, 7^ is less 
than 'jY = d.eg^(p'{x2) by pi.l4|) . By the definition of 7^ , we may write 
7^ = r]{9; (/>'(x3), 4>'{x2)) in the notation of Lemma l2.3i Note that 

d{ct)'{x2)) + p{(t>'{x2), 0'(:E3))0'(x3) = i{e{z2) + p{z2, ^3)^3) 

for any p{y,z) £ k[y,z]. Since l preserves the w-degree, it follows that 
7r = ^('9; (P'{x3), (I)'{x2)) = r]{9; Z3, Z2). 

By (jll.lip . we see that (1) and (2) before Lemma 12.31 are fulfilled for 
f = z^ and g = Z2. Clearly, (3) is satisfied. Moreover, the condition (i) 
of Lemma [231 is satisfied, because deg^ 6{z) = 2, deg^ dz^ A dz2 > deg^ Z2 
by Lemma {21 + l)deg.j^2:3 = ?deg^2;2 by (jll.lip . and Z > 3 by as- 
sumption. Thus, we conclude that 7]^ = rjiO; Z3, Z2) is greater than 

3 

deg^ ^3 + 2 degw ^2 and 2 deg^ Z3 + deg^ Z2 . 

Since deg^ = deg^ </)'(xj) = 7^^ for i = 2,3, this implies the last two 
parts of (jll.l3p . Since 79" < 72^ as mentioned, it follows that 79^ < 7!^. 
Therefore, we get the four inequalities of (jll.l3p . This proves that (j)' is 
wild, and thereby proving that (j) is wild. 

This completes the proof of Theorem 11.11 (iii) in the case of (w2), and 
thus completing the proof of Theorem 11.11 
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12. Plinth ideals (I) 

The goal of this section is to prove Theorem 11.31 First, we remark that 
plcroDocr"^ = a{plD) 
for each a € Aut{k[x]/k) and D G Der^ k[x], since 

keraoDofj"^ = CT(kerD) and {a o D o a^'^){k[x]) = a{D{k[x])). 
By definition, we have 

ranko" o D o a^^ = rankD. 

Lemma 12.1. For D € LNDfcfc[x], the following conditions are equivalent: 

(1) plD = kevD. 

(2) D{s) = 1 for some s G k[x]. 

(3) D is irreducible and rankD = 1. 

Proof. By the definition of plD, we see that (1) and (2) are equivalent. 
Since D{s) = 1 belongs to no proper ideal of k[x], (2) implies that D is 
irreducible. Recall that, if D{s) = 1 for D G LNDfcA:[x] and s G A:[x], then 
we have fc[x] = (ker L))[s] (cf. [HI Proposition 1.3.21]). By Miyanishi |21j . we 
have ker D = k[f, g] for some f,g€ k[x\ for any D G LNDjt ^[x] \{0}. Hence, 
(2) implies that k[f,g,s] = k[x] for some f,g & k[x], and so implies that 
rankD = 1. Thus, (2) implies (3). If rank L> = 1 for L» G LND^ A;[x], then we 
have aoDoa^^ = fd/dxi for some a G Aut(A;[x]//i;) and / G /c[a;2, X3] \ {0}. 
If furthermore D is irreducible, then / belongs to k^ . When this is the case, 
s := f~^a{xi) belongs to /c[x], and satisfies D{s) = 1. Thus, (3) implies (2). 
Therefore, (1), (2) and (3) are equivalent. □ 

We begin with the proof of (i) and (ii) of Theorem ll.3[ If to = 1) then 
we have I = {1}. From (jl.4p . we see that rankDi = 1 and 

plDi = xiA;[x] n X3] = xi/c[xi, X3] = xi ker Di, 

proving the first part of (i). Hence, we get rank D[ = 1 and pi D[ = xi ker D'^ 
if ti = 1. If furthermore t^ = 2, then we have D2 = T2 o D[ o by 
Theorem ll.il (ii). Thus, it follows that rankL)2 = 1 and 

pi D2 = T2 (pi D[)=T2ixi ker D[) = f2 ker D2 , 

proving the second part of (i). If {to,i) = (2,1) or z = 0, then we have 
Di{x^) = 1. Hence, we get plDi = kerDj and rankDj = 1 by Lemma Il2. II 
By the last part of Theorem 11.11 (ii), the same holds for every i > 1 if 
to = ti = 2, proving (ii). 

To analyze the detailed structure of plinth ideals, the following lemma is 
useful. For an irreducible element p of A;[x], we consider the p-adic valuation 
Vp of fc(x), i.e., the map Vp : k{x) — )• Z U {00} defined by Vp{f) = m for 
each / G fc(x) \ {0} and Vp{0) = 00, where m G Z is such that / = p^g/h 
for some g,h G k[x] \pk[x]. Now, take D G LNDfc/c[x] and s G k[x] such 
that D{s) ^ and D'^{s) = 0. Then, D{s) belongs to p\D. Since pi D is a 
nonzero principal ideal of kerD, and D{s) 7^ by assumption, we may find 
a factor q of D(s) (may be an element of k^) such that plD = qker D. Let 
p G k[x] be any factor of D{s) which is an irreducible element of k[x]. Then, 
p belongs to ker D by the factorially closedness of ker D in k[x]. Note that 
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i := Vp{q) is the maximal number such that p~'^q belongs to k[x]. Since p~^q 
belongs to kerZ?, we see that i is equal to the maximal number such that q 
belongs to p^ker D. Thus, we know that 

i = Vp{q) = max{i > [ plD is contained in p^kei D}. 

We define 

j = max{j > I (s + ker D) rip^k[x\ / 0}. 
In the notation above, we have the following lemma. 

Lemma 12.2. It holds that i + j = Vp{D{s)). Hence, plD is contained in 
pker D if (s + ker D) n pA;[x] = 0. 

Proof. Put / = Vp{D{s)) - Vp{q). We show that 

Si := (s + ker D) n p^k[^] / and ^2 := (s + ker D) n p'+^A;[x] = 0. 

Then, it follows that / = j. Hence, we get i+j = Vp{q) + l = Vp{D{s)). Since 
qkei D = plD, we have q = D[t) for some t G k\x\. Since D{s) belongs to 
plZ), there exists hi G kex D such that D{s) = qhi = D{t)hi. Then, it 
follows that D{s — thi) = 0. Hence, h2 '■= s — thi belongs to kerZ?. Thus, 
thi = s — h2 belongs to s + ker D. Since hi = D{s)q~^, we have 

Vpithi) = Vp{tD{s)q~^) > Vp{D{s)) - Vp{q) = I. 

Hence, thi belongs to p^/c[x]. Thus, thi belongs to Si. Therefore, Si is not 
empty. Next, suppose to the contrary that 52 is not empty. Then, we have 
s + h = p^~^^u for some h G ker D and u G k[x]. Since D{h) = D{p) = 0, it 
follows that D{u) = D{s)p~^~^ . Hence, we get 

Vp{D{u)) = Vp{D{s)p~^-^) = Vp{D{s)) -1-1 = Vpiq) - 1. 

On the other hand, D{u) belongs to plD, since D'^{u) = D'^{s)p~^^^ = 0. 
Hence, we have D{u) = qh' for some h' G kerZ?. Thus, we get Vp{D{u)) > 
Vp{q), a contradiction. Therefore, 52 is empty. 

To prove the last part, assume that {s + kerZ?) npk[x] = 0. Then, we 
have j = 0. Since Vp{D{s)) = i + j, it follows that i = Vp{D{s)). Because p 
is a factor of D{s), we have Vp{D{s)) > 1. Thus, we get i > 1. Therefore, 
plD is contained in pkei D. □ 

We remark that the former case of Theorem 11.31 (iii) is reduced to the 
latter case thanks to Theorem 11.11 (ii). In fact, since to = 2, we have D2 = 
T2 o D[ o by Theorem 11.11 (ii). Since ti > 3, it follows that rank 1)2 = 
rankZ)']^ = 2 by the latter case of Theorem 11.31 (iii). Since T2(/() = /2 by 
Lemma 12.11 (i) , the latter case of Theorem 11.31 (iii) implies that 

PID2 = T2iplD[) = T2{f[kerD[) = T2{f[)T2{keT D[) = /2kerZ?2. 

Similarly, the former case of Theorem 11.31 (iv) is reduced to the latter case. 

Now, we prove Theorem 11.31 (iii). By the remark, we may assume that 
to > 3 and i = 1. Note that Di{x2) = xi and Df{x2) = 0. Hence, we have 
pi Di = (q) for some factor q of xi by the discussion before Lemma 112.21 
We prove that q ^ xi. Then, it follows that plDi = (xi) = (/i). Since 
Di is irreducible when to ^ 3 by (b) of Theorem 11.11 (i) , this implies that 
rankl?! > 2 because of Lemma ll2.1[ Since Di{xi) = 0, we have rankDi < 
2. Hence, we get rankZ?i = 2. Thus, the proof is completed. Now, suppose 
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to the contrary that q 96 xi. Then, q must be an element of . Hence, 
we have pl-Di = kerDi, and is not contained in xikerDi. Since xi is an 
irreducible factor of Di{x2), it follows that (x2 + kerZ?i) n a;iA;[x] 7^ by 
the last part of Lemma 112.21 Take gi G kerDi and (72 £ k[x] such that 
X2 + 9i = xig2- Since kerDi = k[xi, by Theorem 11.11 (i), we may write 
gi = /2), where v{y, z) G k[y, z\. Then, we have X2 = —v{xi, f2)+xig2- 
Substituting zero for xi, we get X2 = —v{^,—9{x2)\ Hence, v{Q,z) does 
not belong to k. Thus, we know that 

1 = deg^-j X2 = (deg^ i/(0, z)) deg^.^ e{x2) > deg^.^ 9{x2) = to-l>2, 

a contradiction. This proves that g ~ xi, and thereby completing the proof 
of (iii). 

To prove (iv), we need the following result. 

Lemma 12.3. Assume that D G LND^ /c[x] \ {0} is irreducible. If D{p) = 
for a coordinate p of k[x] over k, then we have D(A:[x]) n k[p] ^ {0}. 
Consequently, we have plD = (q) for some q & k[p]\ {0}. 

Proof. Without loss of generality, we may assume that p = xi. Then, 
D extends to a locally nilpotent derivation D oi R := A;(xi)[x2, X3] over 
k{xi). We show that D is irreducible by contradiction. Suppose to the 
contrary that D is not irreducible. Then, we may find q & R \ k{xi) such 
that D{R) is contained in qR. Multiplying by an element of k{xi)^ , we may 
assume that q belongs to A;[x] \ A;[xi], and is not divisible by any element of 
k[xi] \ k. Then, qh does not belong to A;[x] for any h (z R \ k[x]. Hence, 
qR r\ k[x.] is contained in g/i;[x]. Since D{k[x\) = D{k[x]) is contained in 
qR n fe[x], it follows that D{k[x]) is contained in (7A;[x]. This contradicts 
that D is irreducible. Therefore, D is irreducible. 

Now, by Theorem[21 there exist r G Aut{R/k{xi)) and / G A;(xi)[x2]\{0} 
such that D' := r^^ o D o t = f 8/8x3. Since D is irreducible, so is D'. 
Hence, / belongs to k{xi)^ . Take g G k{xi)^ such that fg and s := T{x3)g 
belong to A;[x]. Then, fg belongs to k[xi] \ {0}. Since t~^{s) = x^g and 
D'ix^g) = fg, it follows that 

D{s) = t{D'{t~\s))) = T{D'{xsg)) = r^fg) = fg. 

Thus, D{s) belongs to k[xi] \ {0}. Therefore, we get D{k[x]) n k[xi] ^ {0}. 

Since D ^ hy assumption, we have plD = (q) for some q G A;[x] \ {0}. 
Take any h G D{k[x]) n k[xi] \ {0}. Then, h belongs to plL*. Hence, g is a 
factor of h. Since k[xi] is factorially closed in k[x], it follows that q belongs 
to k[xi] \ {0}. □ 

Using Lemma 112.31 we get the following proposition. 

Proposition 12.4. Let D G LND^ A;[x] \ {0} and Pi,P2,<l G k[x] be such 
that plD = (q), and pi and p2 are factors of q. If D is irreducible, and pi 
and p2 are algebraically independent over k, then we have rank!) = 3. 

Proof. Suppose to the contrary that rank!? < 2. Then, we have 
D{p) = for some coordinate p of k[x] over k. Since D is irreducible by as- 
sumption, it follows that plD = {q') for some q' G k[p] \ {0} by Lemma ri2.31 
Then, we have q'^ q' . Hence, q belongs to k[p\ \ {0}. Since k[p\ is factorially 
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closed in k[x], we know that pi and p2 belong to k\p]. Thus, pi and p2 
are algebraically dependent over k, a contradiction. Therefore, we conclude 
that rankZ) = 3. □ 



Let D E LNDfc k[x] \ {0} and g G fc[x] be such that D is irreducible and 
plD = (q), and let K be the subfield of /c(x) generated over k by all the 
factors of q. Then, we have trans. deg;, K < 2, since every factor of q belongs 
to ker D, and trans. deg^ ker D = 2. By Lemma [12.H we have trans. deg^ K = 
if and only if rankD = 1. Hence, we know by Proposition 112.41 that 
trans. deg^/C = 1 if rankD = 2. We do not know whether rankL) = 2 
whenever trans. deg^, K = 1. 

Now, let us prove Theorem 11.31 (iv). Without loss of generality, we may 
assume that to > 3, {to,ti) 7^ (3,1) and i > 2 as remarked. Since / = N, 
we see that i belongs to I, and is not the maximum of /. Hence, Di is 
irreducible, ker A = and Di{r) = fifi+i by Theorem O (i)- 

Since Df{r) = 0, we have pl-Dj = {q) for some factor q of Di{r) = fifi+i 
by the discussion before Lemma [12.21 We show that q ^ fifi+i- Since fi 
and /i+i are irreducible elements of k[x\ with fi 96 f^^i by Lemma \^A\ it 
suffices to verify that Vf^{q) = 1 for / = i,i + 1. Suppose to the contrary 
that Vf^{q) = for some I £ + 1}. Then, plDj = (q) is not contained in 
fiker Di. Hence, (r + ker Di) n fik[x] is not empty due to the last part of 
Lemma n 2. 2 [ Since ker Di = k[fi, fi+i], it follows that {r + k[fj])r\fik[x\ / 0, 
where j € {i,i + 1} with j ^ I. By the last part of Lemma |6.2| this implies 
that aj < 2. However, since to ^ 3, (to,ti) 7^ (3, 1) and j > i > 2, we have 
cij > 2 by Lemma [3.11 (ii), a contradiction. This proves that q ^ fifi+i- 
Therefore, we get pl-Dj = (/j/j+i). Since fi and /j+i are algebraically 
independent over k, it follows that rankDj = 3 by Proposition 112.41 This 
completes the proof of (iv). 

Finally, we prove Theorem 11.31 fv). Assume that (to,ti) = (3,1). Then, 
we can define 0-3 G Aut(A;[x]/A;) as in (jll.Sp . Since /2 = 173 (/2), fs = 
crsixi) = 0-3 (/i) and f^ = 0-3 (^2) = 0-3 (/o), we have 

^2 = -A(/2,/3) = -A(^3(y2),^3(j^)) = -(det Jas){a3 o Di o a^^) 
^3 = -A(/3,/4) = -A(^3(y^),^3(j„)) = -(det Ja3)((T3 o Do o a^^) 

by the formula ()2.ip . Since to = 3, we have pi Di = fi ker Di and rank Di = 
2 by Theorem 1 1 . 31 (iii) . Hence, it follows that 

PID2 = fT3(/ikerL»i) = o-3(/i)fT3(ker Z^i) = /3kerZ?2 

and rankD2 = 2. Since pl-Do = kerDo and rankDo = 1, we get plD^, = 
ker D^ and rank 1)3 = 1 similarly. Recall that 1)4 = /4A(^3 j^) by ()11.6p . 
Since X3 = (73 (X3) and f^ = (7s{x2), we have 

^ •= ^{X3,U) = \oz{x3),az{x2)) = (det Jo-3)(o-3 o o a^^). 

Since Af^^^^rj-^-j = —d/dxi, it follows that plA = ker A and rank A = 1. 
Therefore, we conclude that PI-D4 = /4ker£'4 and rankZ?4 = 1. This com- 
pletes the proof of (v) , and thus completing the proof of Theorem 11.31 
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13. Plinth ideals (II) 

In this section, we prove Theorem ll.61 Assume that to > 3 and i = 2, or 
^0 ^ 3, (to,ti) 7^ (3,1) and i > 3. By Theorem 11.51 (i). Di is irreducible and 
locally nilpotent, and satisfies kei Di = k[fi, fi+i]. Hence, fi and /j+i are 
irreducible elements of k[x] by Lemma [4. II From ()1.9p . we see that /j+i is a 
factor of Di{ri). If i > 3, then fi is also a factor of Di{ri). Since Df{ri) = 0, 
we have pl-Di = {gi) for some factor gi of Di{ri) by the discussion before 
Lemma 112.21 

We note that Oj > 2 under the assumption above. Actually, we have 
a2 = to — 1 > 2 \i i = 2, and Oj > 2 if i > 3 by Lemma l3. II (ii). 

Lemma 13.1. /j+i is a factor of gi. Hence, we have rankDj > 2. If gi and 
Di(ri)f^^ have a non-constant common factor, then we have rank Di = 3. 

Proof. Suppose to the contrary that /j+i is not a factor of gi. Then, 
pi Di is not contained in /j+i ker Dj. By the last part of Lemma 112.21 it 
follows that (rj + kerDj) H fi+ik[x\ ^ 0. Since kerZ)j = k[fi, fi^i], this 
implies that 

S:= (r, + A;[/,])n/,+iA;[x] 7^0. 

Note that S is contained in P := k[fi, rj]n/j+iA;[x]. Since ker Di = k[fi, fi+i] 
and Di(ri) ^ 0, we know by Lemma [4.2l (iii) that P is a principal prime ideal 
of k\fi,ri\. As mentioned, qi is an irreducible element of /c[/i,rj] by (|7.ip . 
Since qi = belongs to /i+i/c[x], we conclude that P is generated by 

qi. Because 5 is contained in P, this implies that deg^. qi<\. On the other 
hand, we see from (|7.1|) that 

degr^ qi = deg^ hi{y, z) = deg^ r/i(y, z) = ai > 2, 

a contradiction. Therefore, /j+i is a factor of gi. In particular, we get 
pi Di ^ ker Di. Since Di is irreducible, this implies that rankDj > 2 by 
Lemma 112.11 

Assume that gi and Di{ri)f~^^ have a common factor p € k\x\\k. 
Since Di{ri)f^i belongs to k[fi], and is factorially closed in k[x] by 
Lemma it follows that p belongs to k[fi] \ k. Because fi and /j+i are 
algebraically independent over k, we know that p and /j+i are algebraically 
independent over k. Therefore, we get rankDj = 3 by Proposition 112.41 □ 

Now, we prove Theorem 11.61 (ii). Assume that i = 2 and c := A(y) 
belongs to k^ . Then, we have D2{ri) = cf^. Since 52 is a factor of D2{ri), 
and is divisible by /s by Lemma 113.11 it follows that 52 ^ /s- Hence, 
we get PI-D2 = (/s)- This implies that PI-D2 7^ ker D2. Hence, we have 
rank 1)2 ^ 2 by Lemma 112.11 We show that /a is a coordinate of k[x] 
over k. Then, it follows that rank 1)2 = 2, and the proof is completed. Put 
g = c~^iJ,{f2, xi)xi^ . Then, g belongs to k[xi, f2], since fi{y, z) is an element 
of zk{y, z\. Let D be the triangular derivation of A;[x] defined by D{xi) = 0, 
D{x2) = xi and D{x^) = 9'{x2). Then, we have D{f2) = 0, and so D{g) = 0. 
Hence, —gD belongs to LND^ k\x\. Define a = exp{—gD). Then, we have 
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a{xi) = xi and 

a{x2) = X2- gxi = X2- c~'^nif2,xi) = C"V2. 

Since /2 = X1X3 — 6{x2) is equal to ct(/2) = xicj(x3) — 6{c~'^r2)., we know 
that 

a{x;) = x;+{e{c-^r2)-e{x2))x^^ = {xix^-e{x2)-e{c-^r2))x^^ = c-'^' h- 

Therefore, /s is a coordinate of A;[x] over k. This proves Theorem 11.61 (ii). 

Lemma 13.2. Assume that i>3. //A(0) ^ 0, then fi is a factor of en. 

Proof. Suppose to the contrary that fi is not a factor of ^j. Then, pl-Dj 
is not contained in fi ker Di. Set pi = fik[x]. Then, we know by the last part 
of Lemma ll2.2l that (r^ + ker L'j) flpj is not empty. Since kei Di = k[fi, fi+i], 
it follows that (rj + ^[/i+i]) H pi is not empty. Take ^{z) € k[z] such that 
Tj — ip{fi+i) belongs to pi. Then, we have 

(13.1) A(0)r-/i(0,/i_i)-V(/m) ^ri-V'U+i) = (modp,). 

Note that (A(O)r + n pj = by the last part of Lemma [621 since 

A(0) 7^ by assumption, and > 2. Hence, we see from ()13.ip that 'ip{z) 
does not belong to k. Define ipi{z),ip2{z) £ k[z,z~^] by 

Mz) = iP{zr^z-^ and V'2(2) =A(0)-i(^(0,^i(z))+V'(2)). 

We show that r]i-i{'ipi{z) , ip2{z)) = 0. Since A;[/i+i] Hpj = {0} by Lemma [Ol 
(i), the image of /j+i in k[K\/pi is transcendental over k. Hence, it suffices 
to verify that 

h := r?j_i(^/;i(/i+i),^/;2(/i+i)) 
belongs to pj/c[x]p^. By (j7.5p . we know that fi-ifi+i = Qi is congruent to 
modulo pi. Since = ip{fi^i) (mod pi) by the choice of tpiz), it follows 

that fi-ifi+i = Tpifi+iT' (mod pi). Hence, Vi(/i+i) = ^{fi+iT' f^'+l is 
congruent to fi-i modulo pjA;[x]p. . This implies that 

Mh+i) = KOr\KO, f^~l) + Hfi+i)) = r (mod p,A:[x]pJ 

by (|13.ip . Thus, h is congruent to r/j_i(/j_i, r) = fi-2fi modulo pjA;[x]p., 
and therefore belongs to pjA;[x]p-. This proves that r/j_i(-0i(2;), '(/;2(-z)) = 0. 
Put Ij = deg^ ipj{z) for j = 1, 2. Then, we claim that 

(13.2) ti-ih = ai-ih. 

In fact, if ij-i^i 7^ 04-1^2, then it follows from Lemma 15.41 that 

degzr]i_i{il)i{z),ilj2{z)) = max{ti_i/i, 01-1/2} > -00, 

a contradiction. Since 'ip{z) does not belong to k as mentioned, we have 
I := deg^ ip{z) > 1. Since Oj > 2, it follows that 

(13.3) h = deg^ ipiiz) = '4}{zf-z-^ = Oil - 1 > 1. 
Put m = deg^ /x(0, z). Then, we have 

(13.4) l2 = deg^^2{z) = deg^{^i{{),'4}i{z)) +i){z)) <max{Zim,Z}, 
in which the equality holds when lim 7^ I. 



13. PLINTH IDEALS (II) 



153 



First, assume that fj,{0,z) = 0. Then, we have "ip2{z) ~ ^(-z), and so 
I2 = I. Hence, it follows from (jl3.3p and (|1.7p that 

ti-ih — (li-ih = ti-i{ail — 1) — cii-il = {ti-itti — ai-i)l — tj_i = 0^+1/ — tj^i. 

Since / > 1, and aj+i > tj+i by Lemma [3. II (iii). we know that Oj+i/ — ti-i > 
0. Thus, we get a contradiction to (|13.2p . 

Next, assume that ^(0, z) ^ 0. Then, //(O, z) belongs to zk[z\ \ {0}, since 
//(y, z) is an element of zk[y^ z\. Hence, we have m = deg^, ^(0, z) > 1. 

Assume that i = 3. li I2 = hm, then we have t2h = ^2^2 = 02^1"^ by 
(|13.2p . Hence, we get m = 12/ a2 = to/ {to — !)• Since Iq > 3, it follows that 
m is not an integer, a contradiction. 

Assume that I2 7^ hm. Then, we have lim < I in view of ()13.4p and the 
note following it. By ()13.3p . it follows that 

/ > l^m = {a^l - l)m = ((03 - 1)/ + {I - l))m. 

Since as > 2, / > 1 and m > 1, this implies that I = m = li = 1 and 03 = 2. 
Since lim < I, we have Z2 < ^ by ()13.4p . and so ^2 < 1- By the assumption 
that I2 7^ hm, it follows that I2 < 0. Hence, we get 3 < t2 = ^2^1 = ^2^2 < 
by ()13.2p . a contradiction. 

Finally, assume that i > 4. Then, we have fli > 3 by (i) and (ii) of 
Lemma [3.11 Since / > 1, it follows that h = CLil — 1 > I hy ()13.3p . Hence, we 
get /im > I. This implies that I2 = h^n by ()13.4p and the note following it. 
Since i — 1 > 3, we have < aj_i by Lemma [3.1l (iii). Thus, we know that 
ti-ih < CLi-ih < ai^ihm = ai-ih, a contradiction to (|13.2p . Therefore, fi 
is a factor of ^j. □ 

If z > 3, then fi is a factor of Di{ri), and hence a factor of Di{ri)f^_^^. 
By Lemma [13.21 it follows that fi is a common factor of gi and Di{ri)f^^ if 
i > 3 and A(0) ^ 0. If this is the case, then we have rankDj = 3 due to the 
last part of Lemma [13.11 This proves Theorem 11.61 (i) when A(0) 7^ 0. To 
complete the proof of Theorem ll.6l we have only to prove (i) when A(0) = 0, 
and (iii). Therefore, we assume that X(y) is not an clement of k in what 
follows. 

Let a € A: be a root of X{y), and Xa{y) the minimal polynomial of a over 
k. We define m G N to be the maximal number such that \a{y)"^ is a factor 
of \{y) if i = 2, and of y\{y) if i > 3. Then, we have the following lemma. 

Lemma 13.3. If ai > 3 or deg^ fi{a, z) > 2, then Xaifi)"^ is a factor of gi- 

Proof. Since p : — ^aifi) is an irreducible element of A;[/j], and k[fi] is 
factorially closed in k [x] by Lemma 14. 1[ it follows that p is an irreducible 
element of /c[x]. Since Di{ri) is divisible by \{fi) if i = 2, and by X{fi)fi 
if i > 3, we have Vp{Di{ri)) > m by the definition of m. We show that 
(rj + kei Di) npA:[x] = 0. Then, it follows that Vp{gi) = Vp{Di{ri)) > m by 
Lemma [12.2l and the lemma is proved. 

Suppose to the contrary that (rj + keri)j) npA;[x] is not empty. Since 
ker A = we may find vijj^z) G k[y,z\ such that + iy(/i,/i+i) 

belongs to pA;[x]. Then, + z/(/i, /j+i) belongs to p := (/« — a)/c[x]. Put 
fi{z) = —fi{a,z) and ^{z) = v[a,z). Then, fi^z) belongs to zk[z\, since 
^{y, z) is an element of zk[y, z\. We show that iIj{z) := j2{z) + 9 (^jl{z)"'^ z^^) = 
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0. As remarked after Lemma l4.ll Di extends to an element of LND^A;[x] 
with kernel k[fi-i, fi — a]. Hence, p is a prime ideal of A;[x] by Lemma |4.1[ 
Since ^[/i-i] fl p = {0} by Lemma (i), the image of in A:[x]/p is 
transcendental over k. Hence, it suffices to verify that ip{fi-i) = (mod p). 
Note that 

and fjiiy, z) is a monic polynomial in z of degree a, over k[y\. Since A (a) = 
0, we see that fjiifi,riX{fi)-^)X{fiT' = (mod p), while = A(/i)f - 
IJ.{fi,fi-i) is congruent to X{a)f - ^(a, = modulo p. Hence, 

it follows that fi^ifi+i = p-ifi-iT' (mod p), and so fi+i = Jl{fi-iT'f^\ 
(mod p). Thus, we get 

v^(/,_i) = m-i) + HHh~irfr-\) 

^ri + u{fi+i) = ri + u{fi, fi+i) = (mod p) 

by the choice of u{y,z). This proves that ip{z) = 0. Hence, we know that 
fl{z) = —iy{j2{z)"'^z~^). From this, we obtain 

(13.5) / := deg^ /2(z) = deg^ i?{fl{zf' z-^) = {ail - 1) deg^ u{z). 

Note that > 3 or / > 2 by assumption. We claim that / > 1. In fact, 
/i(z) = —^{a,z) belongs to zk[z], and is nonzero by the assumption that 
X{y) and fj,{y,z) have no common factor. Since > 2, it follows from 
(jl3.5p that deg^ i^{z) = 1, aj = 2 and I = 1, a contradiction. Therefore, 
(rj + ker Di) fl pk[x] is empty. □ 

In the situation of Lemma 113. 3^ we have rank Di = 3 due to the last 
part of Lemma 113.11 In particular, we have rank = 3 if > 3. We note 
that > 3 in the following cases: 
(J) i = 2 and to > 4. 

(II) i > 3 and {to,ti,i) ^ (4,1,3). 

Actually, we have a2 = to — 1 > 3 in the case of (I). If i > 3, then 
we have tQ > 3 and (to;^i) 7^ (3,1) by assumption. Hence, we know that 
03 = ti(to - 1) - 1 > 3 if {to,ti) / (4, 1). If i > 4, then it follows that > 3 
by (i) and (ii) of Lemma 13.11 

Similarly, we have rankDj = 3 if deg^^(a,z) > 2 for some a € A; with 
X{a) = 0. This condition is equivalent to the following condition: 

(III) /ij(y) does not belong to \/{X{y)) for some j > 2. 

Prom (I) and (HI) , we get the first part of Theorem 11.61 (iii) . From (II) , 
(III) and the discussion after Lemma 113.21 we see that Theorem 11.61 (i) is 
proved except for the case where A(0) = 0, {to,ti,i) = (4,1,3) and fJ-j{y) 
belongs to (A(y)) for every j > 2. To complete the proof of Theorem 11.61 
it suffices to prove (i) in this exceptional case, and the last part of (iii). 
Therefore, we are reduced to proving the following statements under the 
assumption that fJ-j{y) belongs to y/ (A(y)) for every j > 2: 

(1) If A(0) = and (io,ii) = (4, 1), then we have rank 2)3 = 3. 

(2) If to = 3, then we have §2 ~ fs- 

We remark that X{y) and /i(y, z) — /xi(y)z have a non-constant common 
factor under the assumption above, since we are assuming that X{y) is not 
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an element of k. Hence, X{y) and fj,i{y) have no common factor, since so do 
X{y) and iJ,{y,z). 

First, we prove (1). By Lemma [4. 11 /s and are irreducible elements of 
A:[x] with /s 96 /4. Since Dsirs) = Kh)f3fi, and A(0) = by assumption, 
we have 

a:=Vf^{D3{r3)) >2 and vj^iXifs)) = a - 1, 

and so vj^iXifsf) = 2{a - I) > a. Hence, we get X{f3f = (mod /f A:[x]). 
Set 

/= (M/3,/2)'-2A(/3H/3,/2)r)/2-^ 

Then, / belongs to A;[x], since rj{y, z) is an element of zk[y^ z]. We show that 
/4 = / (mod /f A;[x]). Since (to, ^i) = (4, 1), we have 03 = ti(to - 1) - 1 = 2 
and ??3(y, z) = %(?/, z) = y + z^. Hence, we get 

/2/4 = r/3(/3,r3A(/3)-i)A(/3)2 = /3A(/3)2 + rf. 

From this, we see that 72/4 is congruent to 

4 = (A(/3)f - /x(/3, f2)f = X{hfr^ - 2X{h)rf,{h, h) + /2)^ 

and hence to f2f modulo f^k[x]. Since /2 and /3 have no common factor, 
it follows that /4 = / (mod f^k[x]). 

To conclude that rank!) = 3, it suffices to show that is a factor of 33 
thanks to the last part of Lemma Il3. 11 since is a factor of Dsirs)/^^ = 
A(/3)/3. Suppose to the contrary that Vf.^{g3) = 0. Then, (r^ + keri53) n 
/3A;[x] is not empty by Lemma Il2.2i Since kev = A;[/3,/4], we may find 
z/(y,z) G k[y,z] such that + I'ifs, f4) belongs to f^k[x]. Since /4 = / 
(mod /fA;[x]), it follows that + iy{f3,f) belongs to /|A;[x]. We note that 
rs and / are linear polynomials in r over k[f2, fs] whose leading coefficients 
are multiples of A(/3). Here, r, f2 and fs are algebraically independent over 
k because 

dfs A d/2 Adr = Ds{r)dxi A dx2 A dxs / 0. 
Hence, we may uniquely write 

r-3 + K/3,/) = E^M(/3K/^', 

id 

where ipij^y) is an element of A(y)*A;[y] for each i and j. We show that 
Vyiipifiiy)) or ^^(-00,1(2/)) is less than a. Let (r, /2) be the ideal of k[r, f2, /s] 
generated by r and /2. Then, we have nifs, f2) = l^i{fz)f2 (mod (r, /2)^). 
Hence, we get 

r3 = A(/3)r-/ii(/3)/2 (mod(r,/2)2) 
/ ^ m(/3)'/2 - 2A(/3)/xi(/3)r (mod (r,^)^). 
Write z^(y, z) = X]j>o ^jiv)^'^ ■• where fjiy) G fc[y] for each j. Then, we have 

^{h, f) ^ Mh)f + Mh) (mod (r, f2f), 
since / belongs to (r, /2). Hence, r3 + i^(/3, /) — i^Q^fz) is congruent to 
{Kh)r - w(/3)/2) + i^i(/3)(/ii(/3)'/2 - 2A(/3)m(/3)r-) 

= (1 - 2l/i(/3)/Xi(/3))A(/3)r + /il(/3)(l^l(/3)m(/3) - l)/2 
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modulo (r, 72)^. From this, we see that 

■01,0(2/) = (1 - 2z^i(2/)^i(y))A(y) and Vo,i(y) = f^i{y){My)f^iiy) - 1)- 

Now, assume that w(V'i,o(y)) ^ Then, 1 — 2z^i(?/)/xi(y) belongs to yk[y], 
since Vy{\{y)) = Vfg{\{f3)) = a—1. This implies that vi{y)^i{y) — l does not 
belong to yk[y]. Since A(0) = by assumption, and A(y) and have no 

common factor as mentioned, we know that fJ.i{y) does not belong to yk[y]. 
Hence, ^^0,1(2/) does not belong to yk[y]. Thus, we get Vy{ipo^i{y)) = < a. 
Therefore, ?;y(V'i,o(y)) or Wy(V'o,i(y)) is less than a. Consequently, we have 

b := mm{vy{Tpij{y)) \ i,j} < a. 

Since rs + u{f3, /) belongs to /3''A;[x], it follows that g := [r^ + u{fs, f ))f^^ 
belongs to /s^fx]. Set i>ij{y) = i'ij{y)y^'' for each i and j. Then, ipijiy) 
belongs to k[y] for every i and j, and ipij{0) 7^ for some i and j. Hence, 
h := J2ij V'ijlO)'-'/! is a nonzero element of k[r, /2]. We note that deg,. h < 
1. In fact, we have 

Vyitl^iAv)) > VyiKy?) = VhiKfsf) > a 

if i > 2, since ipi,j{y) is an element of A(y)*/c[y]. Since g = Yli fii 
we have h = g (mod /3A;[x]). Because g belongs to /3fc[x], it follows that h 
belongs to /3fc[x]. Thus, h belongs to k[f2,r] n f3k[x] \ {0}. By Lemma lOl 
we have k[f2,r] n /3A;[x] = q2k[f2,r]. Therefore, we get degj.h > deg^ ^2 = 
a2 = to — 1 = 3, a contradiction. This proves that rankDs = 3, and thereby 
completing the proof of (1). 

Next, we prove (2). Suppose to the contrary that ^2 7^ /a- Then, 52/3"^ 
belongs to k[x\ \ k, since /3 is a factor of 52 by Lemma Il3.ll Let p be a 
factor of 52/3"^ which is an irreducible element of k[x]. Since g2 is a factor 
of A(/2)/3, we know that 52/3"^ is a factor of A(/2). Hence, p is a factor of 
A(/2). Since k[f2] is factorially closed in k[x] by Lemma l4.ll it follows that 
p belongs to k[f2]- By Lemma l4.ll f^, is an irreducible element of A;[x], and 
does not belong to k[f2]. Hence, p does not divide f^. Thus, we get 

(13.6) a := fp(^2(r2)) = ^p(A(/2)/3) = ^p(A(/2)) > 1. 

Set q = p"'k[x]. Then, we have (r2 + ker D2) H q = by Lemma 112.21 since 
Vpih) = Vpihfs^) > 1 by the choice of p. 

We define / = ^(/2, xi)^x^^. Then, / belongs to xik[xi, f2]- We show 
that = f (mod q). By ()13.6p . we have A(/2) = (mod q). Since 
miy,z) = y + a1 + a^z + z^, we see that xi/3 = ??2(/2, ?^2A(/2)"^)A(/2)^ 
is congruent to r| modulo q. On the other hand, r2 = A(/2)x2 — ^(/2, xi) is 
congruent to — ^(/2, xi) modulo q. Hence, we get xi/3 = /x(/2, xi)^ (mod q). 
Since p is an element of A;[/2], we have xi 9^ p. Therefore, /s is congruent to 
/^(/2,a;i)^xf^ = / modulo q. 

The following is a key claim. 

Claim 13.4. There exists h € /x(/2,xi) + k[f2, /] such that Vp{h) > a. 

Assuming this claim, we can complete the proof of (2) as follows. By 
the claim, there exists v{y, z) € k[y, z\ such that /i(/2, xi) + z^(/2, /) belongs 
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to q. Then, we have 

r2 - v{f2,h) = -Kf2,xi) - u{f2,f) = (mod q), 

since r2 = -fi{f2,xi) (mod q) and /a = / (mod q). Hence, r2 - i'{f2,h) 
belongs to q. This contradicts that (r2+ker L'2)nq = 0, and thereby proving 
92 ~ h- 

Let us prove Claim [T231 Note that /i(/2,xi) + /A;[/2,/] is contained in 
xife[a;i,/2], since fi{f2,xi) and / belong to xik[xi, f2]- Hence, each element 
of ix{f2,xi) + fk[f2, /] is written as 

h = where hj € k[f2\ for each j > 1. 



By assumption, ^^j{y) belongs to (A(y)) for each j > 2. Since p is a factor 
of A(/2), and is an irreducible element of k\x\, this implies that p divides 
fij{f2) for each j >2. Hence, we have 

'VpiP'j{f2)) 



mm 



i > 2 ^ > 



i-1 

Let S be the set of /i E fi{f2,xi) + fk[f2, f] such that 

(13.7) Vp{hj) > (j - 1)6 for each j > 2. 
Then, ij,{f2,xi) belongs to S, since 

(13.8) Vp{fij{f2)) > {j - 1)6 for each j > 2 

by the definition of 6. Hence, S is not empty. To prove Claim 113.41 it 
suffices to verify that Vp{h) > a for some h £ S. Suppose to the contrary 
that Vp{h) < a for all h G S. Then, we can find 

l{h) := niin{/ e N | Vp{hi) < a} 

for each h € S. Actually, if Vp{hi) > a for every I € N for f G S, then we 
have Vp{h) > a. By ()13.7p . we have 

(13.9) {l{h)-l)b<vp{hi^h))<a 

for each h £ S. Hence, we can find / := max{/(/i) | h G S}. Take /i S 5 and 
u{y) £ k[y] such that / = l{h) and hi = u{f2)- Since A(y) and /xi(y) have no 
common factor, the same holds for A(y) and /xi(?/)^'. Hence, we may find 

ui{y),U2{y) G k[y] such that 

(13.10) ni(y)A(y) + U2{y)fii{yf = u{y). 

Since k[f2\ is factorially closed in /c[x], we see that A(/2) and /ii(/2) have no 
common factor. Since p is a factor of A(/2), it follows that Wp(/Ui(/2)) = 0. 
Hence, we get 

Vp{u2{h)) = Vp{u2{f2)Mf2f) = vMh) - Mf2)Hf2)) 

(13.11) =Vp{hi-Ui{f2)X{f2)) > ^in{Vp{hi),Vp{ui{f2)X{f2))} 

> mm{{l - 1)6, a} = {I - 1)6 
in view of (fTSlBD and (fTSlQ]) . 
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Write 

\i>i / j>i 

where gj is the sum of H^ii ^J■jtif2) for ji, . . . , j2i G N such that J2f=i jt = 
j + I for each j > I. Then, we have gi = /xi(/2)^', and Vp{gj) > {j — l)b for 
each j > I, since 

(21 \ 21 21 

n/^J-'(/2) =J2vp{fi,,{f2)) > Y^ijt - 1)6 = (i - l)b 
t=l J t=l t=l 

by ([133]). Hence, it fohows from (|13.1ip that 

(13.12) v.p{u2{f2)gj) = v{u2{f2)) + vp{gj) >{l- 1)6 + (j - l)b = (j - 1)6 

for each j > I. 

Now, consider the polynomial 

h' ■.= h- U2{f2)f = h- U2{f2)Kf2,Xif^X^^ = ^(/ij - U2{f2)9j)x{, 

where gj := for 1 < j < I. Since h is an element of /u(/2, xi) + /A;[/2, /], and 
^2( /2)/' b elon gs to /fe [/2, /], it follows that h' belongs to //(/2, xi)+fk[f2, /]• 
By (113771) and (fT332|) . we have 

i;p(/ij - U2{f2)9j) > m.m{vp{hj),Vp{u2{f2)gj)} > {j - 1)6 

for each j > 1. Hence, h' belongs to S. For each 1 < j < we have 

Vp{hj - U2{f2)gj) = Vpihj) > a 

by the definition of / = 1(h). From (|13.6p and ()13.10p . we see that 

Vp{hl-U2{f2)gi) = Vp{u{f2)-U2{f2)l^l{f2f^) = Vp{ui{f2)\{f2)) > Vp{X{f2)) = a. 

Hence, we get l{h') > /. This contradicts the maximality of I. Thus, we 
have proved Claim [1331 'ind thereby proving (2). This completes the proof 
of Theorem 11.61 

14. Further local slice constructions 

In this section, we discuss how to get more examples of elements of 
LNDfc k[x]. First, we note that r may be replaced with a polynomial of the 
more general form X1X2X3 — tp{xi,X2) in the construction of (/j)^o- Hei'S) 
V'(xi,X2) € k[xi,X2] is such that xiX2Xs — ip{0,X2) — tp{xi,0) = r. In fact, 
since ^'(0, 0) = 0, we can define r G Aut(/c[x]//c[xi, 2:2]) by 

r(x3) = X3 + (V'(xi,X2) - V'(0,X2) - '>p{xi,Q))x:^^X2^. 

Then, we have t(/o) = /o, t(/i) = /i and r(xiX2X3 - 'il){xi,X2)) = r. 
Therefore, we get (r~^(/i))^^Q instead of {fi)'^Q by this construction. 

In the construction of /j+i for i > 3, we may interchange the role of 
and fi+i- Namely, when i ^ max/, we consider 

Si ■■= X{fi)r - fi{fi, fi+i) and cn^i := hi{fi, Si)\{fiY'f~^^ 
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instead of and fi+i- Since i / max/, we have keic Di = k[fi,fi^i], and 
Di is irreducible due to Theorem 11.11 (i). Hence, —Di = A(j. j.^^) satisfies 
(LSCl) for / = /,; and g = fi+i- By Lemma ITTj pj+i := /j_|_i/c[x] is a prime 
ideal of A;[x]. We claim that Si does not belong to pj+i- Actually, A(/j) and r 
do not belong to pi+i by Lemma 14.21 (i) and by (1) of Proposition 16. H while 
/^(/i,/j+i) belongs to pj+i since n{y,z) belongs to zk[y,z]. Since = 
A(/i+i) = 0, we get -Di{si) = -\{fi)Di{r) = -A(/i)/i/i+i. Thus, -A 
satisfies (LSC2) for s = si and F = —\{fi)fi- By the irreducibility of 
hi{xi,X2), it follows that fi+iOi-i = hi{fi,Si) is an irreducible element of 
Since Sj = X{fi)r (mod pj+i), we see that hi{fi,Si) is congruent to 
m{fii'r)KfiT" = fi-ifi+iKfiT" modulo pi+i. Hence, belongs to k[x]. 
Therefore, we know by (a) and (b) of Theorem 14.31 that A(j._^._j) is locally 
nilpotent and A(j^^^^_^)(si) = gi-iKfi)fi- 

Next, let ^[f^h) be an element of LND^ ^[x] obtained from a data (/, s) 
by a local slice construction. We consider when ^[f,h) has rank three. In 
view of Theorems 11.31 and 11.61 we see that there exist many examples in 
which ^[f^g) and ^{f^h) both have rank three. We are interested in the case 
where rankA^j^^) < 2 and rankA^^ /j) = 3. 

Proposition 14.1. Assume thatTankA(^j g-j < 2 and rank A^j /j) = 3. Then, 
we have rankA^j^^j = 2, plA(j^g) = (g), and g is a coordinate of k[x\ over 
k. 

Proof. By the assumption of local slice construction, A{f,g) is irre- 
ducible. Since rank A[f^g) < 2 by assumption, there exists a coordinate p of 
k\x\ over k such that A(jg-)(p) = 0. Hence, we know by Lemma 112.31 that 
pi A(j^^) = (g) for some q G k[p\ \ {0}. 

Suppose to the contrary that rank A^j ^-j = 1. Then, we have ker A[f^g) = 
c7(/c[x2, X3]) for some a € Aut(fc[x]/A;). Since ker A(j^) = k[f,g\ by (LSCl), 
it follows that / and g are coordinates of ^[x] over k. Since A(j /i)(/) = 0, 
we have rankA(j /j) < 2, a contradiction. Thus, we get rankA^j^) = 2. By 
Lemma I12.H this implies that q does not belong to k^ . By (LSC2), there 
exists F G k[f \ \{0} such that A(j-g)(s) = gF. Since -D^(s) = 0, we see that 
D{s) belongs to plA^j^^). Therefore, g is a factor of gF. 

We show that q ^ g. First, suppose that q is not divisible by g. Then, 
q IS a factor of F by the irreducibility of g. Since q is an element of /c[p] \ k, 
we may find a G k such that p — a divides q. Then, p — a is a factor of F. 
By Lemma l4.1l and the remark following it, k[f] is factorially closed in k[x\. 
Hence, p — a belongs to k[f]. On the other hand, p is a coordinate of fc[x] 
over k, since a coordinate of k[x\ over k is necessarily a coordinate of A;[x] 
over k. Hence, p — a is a coordinate of A;[x] over k. In particular, p — a is 
an irreducible element of k[x\. Thus, p — a must be a linear polynomial in 
/ over k. Since p and / are elements of k[x\, this implies that p is a linear 
polynomial in / over k. Hence, / is a coordinate of k[x\ over k. Thus, we 
get rankA(j /i) < 2, a contradiction. Therefore, q is divisible by g. Next, 
suppose that q ^ g. Then, q' := g~^q is a factor of F. Hence, q' belongs 
to k[f] \k by the factorially closedness of k[f] in A;[x]. Since / and g are 
algebraically independent over k, it follows that q' and g are algebraically 
independent over k. This contradicts that q'g = q belongs to k\p]. Thus, 
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we get q ^ g, proving that plA(jg) = (g). Consequently, g belongs to k\p]. 
Since g is irreducible in k[x\, this implies that g is a linear polynomial in p 
over k. Therefore, g is a coordinate of k[x\ over k. □ 

For example, D2 is of rank three if to ^ 3 and (toi^i) 7^ (3, 1) by Theo- 
rem ll.3l (iv). and is obtained from the data (/2, xi,r) by a local slice construc- 
tion. In this case, Di = A^j^.^i) is triangular. It is previously not known 
whether there exists an example in which rankA(j /i) = 3, rankA(j^) = 2 
and A(jg) is not triangularizable. In closing this section, we construct 
f,s € k[x\ such that the data (/, xi,s) yields a rank three locally nilpo- 
tent derivation, and A(j ,j,^) is not triangularizable. 

Define pi,p2, f £ k[x] by 

Pi = {xi + l)x2 - xjxj, p2 = X1X3 + {xi + 1)pI 
f = {Xi + ly^ipi + pI) = X2 + 2xiX3pI + (xi + l)pf. 

Then, we have k{xi)[f,p2] = k{xi)[pi,p2] = k{xi)\pi,X3] = k{xi)[x2, X3]. 
We show that D := A^j^^) is locally nilpotent. Since 

df A dxi A dp2 = {xi + l)^^dpi A dxi A dp2 = —xidxi A dx2 A dx^, 

we have D{p2) = —xi. Since D{f) = D(xi) = 0, it follows that D ex- 
tends to a locally nilpotent derivation of k{xi)[x2, X3] = k{xi)[p2, f] over 
R := k{xi)[f]. Therefore, D is locally nilpotent. We mention that ker D is 
contained in R, and hence in k{xi, /). 

Now, following Daigle [3,, Example 3.5], we show that D is not triangular- 
izable by contradiction. Suppose to the contrary that D is triangularizable. 
Then, there exists a coordinate p of k[x] over k[xi] such that k{xi)[f,p] = 
k{xi)[x2,X3] (see [31 Corollary 3.4]). Since k{xi)[x2, X3] = k{xi)[f,p2], it 
follows that 

R[p] = k{xi)[f,p] = k{xi)[x2,X3\ = k{xi)[f,P2] = R[p2]- 

This implies that p = ap2 + b for some a G R^ = k(xi)^ and b (z R. Hence, 
we may write 

ao{xi)p = ai{xi)p2 + y^^bi{xi)f\ 

i>0 

where ai{xi) ^ for i = 0,1 and bi{xi) for i > are elements of k[xi] with 
no common factor. Since 

(14.1) Pi = X2, p2 = xl, f = X2 + x\ (mod j;iA;[x]), 

it follows that 

ao(0)p = ai{<d)xl + H'^){X2 + xl)\ 

i>0 

When ao(0) = ai(0) = 0, the preceding equality implies that 6.j(0) = for 
every i > 0. Hence, xi is a common factor of ao(xi), ai(xi) and bi{xi) 
for i > 0, a. contradiction. If ao(0) 7^ and ai(0) = 0, then we have 
p ^ J2i>o ^i(0)(^2 + X2y. Hence, p is an element of k[x2], and is not a linear 
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polynomial. This contradicts that p is a coordinate of A;[x] over ^[xi]. If 
oo(0) = and ai(0) 7^ 0, then we have 

60(0) + 6i(0)(x2 + x\) + l^ai(O) + J^6,(0)(l + xl^x^-^ xl = 0. 

This gives that 6o(0) = (mod X2k[x2\)., and so 6o(0) = 0. Hence, we have 
6i(0)x2 = (mod X2A;[x2]), and so 61 (0) = 0. Then, it follows that 6i(0) = 
for every i > 2, and consequently ai(0) = 0. Thus, xi is a common factor 
of ao(xi), ai(xi) and bi{xi) for i > 0, a contradiction. Therefore, D is not 
triangularizable. In particular, we have i&nkD ^ 1. 

We show that D is irreducible. Suppose that D is not irreducible. Then, 
D{k[x\) is contained in xik[x\, since D{p2) = — xi as mentioned. Hence, 
x^^D belongs to LNDfc/i;[x]. Since {x~[^D){—p2) = 1, we get rankZ) = 
rankx^f^D = 1 by Lemma [12.H a contradiction. Therefore, D is irreducible. 
Since kerD is contained in k{f,xi) as mentioned, we conclude that kerD = 
k[xi,f] by the "kernel criterion" (cf. [HI Proposition 5.12]). Hence, D = 
A(j,j.j) satisfies (LSCl) for {f,g) = (/,xi). Note that s := P2f + x\ does 
not belong to xiA;[x], since 

s = P2/ = x\{x2 + x|) ^ (mod xiA;[x]). 

Moreover, we have 

D{s) = D{p2f + x?) = D{p2)f = -Xl/. 

Hence, D satisfies (LSC2) for s = p2f + xf and F = —f. 

Now, define q = {s'^ — /^)^ — /^s. Since s = p2f (mod xiA;[x]), we see 
that q is congruent to 

iPif-f?-fP2=niPi-ff-P2) 

modulo xiA:[x]. By (|14.ip . this polynomial is congruent to 

f'{{{x'2f-{x2 + xt)Y-xl)=0 

modulo xiA;[x]. Hence, q belongs to xiA;[x]. We show that q is an irreducible 
element of k[f,s]. Write q = f^{{t^ — f)^ — t), where t := s/f. Then, 
q' := (t^ — /)^ — t is a coordinate of k[f, t] over k, since k[q', t'^ — f] = k[f, t]. 
Hence, q' is an irreducible element of k[f, t]. Since q' does not belong to k[f], 
it follows that q' is an irreducible polynomial in t over k[f], and hence over 
k{f). Thus, q is an irreducible polynomial in t over k{f). Since t = s/f, 
this implies that q is an irreducible polynomial in s over k(f). Because q is 
a primitive polynomial in s over k[f], we conclude that q is an irreducible 
element of k[f,s]. Put h = qx^^ . Then, it follows from (a) and (b) of 
Theorem 14.31 that D' := ^(f^h) is locally nilpotent and D'[s) = hf. 

We show that D' is irreducible. Thanks to Proposition 15. H it suffices to 
check that / and D'{p2) have no common factor. Since kerD = k[f,xi\, we 
know by Lemma l4. II that fk\x\ is a prime ideal of k\x\. Hence, it suffices to 
verify that D'{p2) ^ (mod /A;[x]). Since xi = qh'^ , D'{f) = D'{h) = 
and D'{s) = hf, we have 

D'(xi) = D'iqh-') = D'{q)h-' = ^D'{s)h-' = {As{s^ - f') - f')f 
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by chain rule. On the other hand, we have 



hf = D\s) = D\p2f + xj) = D'{p2)f + 2xiD'{xi). 



From the two equahties above, it follows that 




(mod fk\x\). By 



D'{p2) = h- Sxis- 



,3 _ 



7x1 ^ (mod /A:[x]). 



Therefore, D' is irreducible. Consequently, we get kerD' = k[f,h\ by The- 
orem 14.31 (c) . 

Since D'{s) = hf belongs to pl-D', there exists a factor g' of hf such 
that plf = {g'). We show that g' k, hf. Since ker D' = k[f, h], we know by 
Lemma [4. II that / and h are irreducible elements of k[x] with f ^ h. Hence, 
it suffices to check that g' is divisible by h and /. 

Suppose to the contrary that g' is not divisible by h. Then, pi D' is not 
contained in /iA;[x]. Hence, we have {s + ker D') hk[x] by the last part 
of LemmadlSl Since ker D' = k[f, h], it follows that {s + k[f]) n hk[x] / 0. 
Hence, k[f,s] fl hk[x] contains a linear polynomial in s over k[f]. On the 
other hand, k[f, s] hk[x] is a principal prime ideal of k[f, s] by Lemma 14.21 
(iii). Since q = xih belongs to k[f, s]rihk[x\, and is an irreducible element of 
k[f, s], we know that k[f, s]n/ifc[x] is generated by q. Because deg^ g = 4 > 1, 
it follows that k[f, s] D hk[x\ contains no linear polynomial in s over k[f], a 
contradiction. Therefore, g' is divisible by h. 

Suppose to the contrary that g' is not divisible by /. Then, plD' is not 
contained in fk[x]. Hence, we have (s + kerD') n/A;[x] 7^ by Lemma [12.31 
Since ker D' = k[f, h], we get (s + k[h]) n /A;[x] / 0. Hence, k[h, s] n fk[x] 
contains a linear polynomial in s over k[h]. On the other hand, k[h, s]nfk[x] 
is a principal prime ideal of k[h, s] by Lemma 14.21 (iii). Since — /i^ is an 
irreducible element of k[h,s] with s'^ — h^ = (mod /A;[x]), it follows that 
k[h, s] n fk[x] is generated by s'^ — h"^. This contradicts that k[h, s] fl /A;[x] 
contains a linear polynomial in s over k[f]. Therefore, g' is divisible by /. 
This proves that g' ~ hf. Because / and h are algebraically independent 
over k, we conclude that rank!)' = 3 by Proposition 112.41 



Conclusion 



In closing this monograph, we Hst some problems, questions and con- 
jectures. We assume that n = 3, and D is a nonzero element of LND^ k[x] 
unless otherwise stated. 

Conjecture A. If expD is tame, then D is tamely triangularizable. 

We claim that Conjecture 1X1 is equivalent to the following conjecture. 

Conjecture B. If exp D is tame, then D kills a tame coordinate of k[x] 
over k. 

In fact, if D is tamely triangularizable, then D kills a tame coordinate 
of k[x] over k, since a triangular derivation always kills a tame coordinate. 
Conversely, Coni ecture IB] implies Conjecture|X]by virtue of Theorem ll.3l (i). 

By the remark after Problem [5l Conjecture Rl implies the following con- 
jecture. This conjecture is true if D kills a tame coordinate of k[x] over 
k. 

Conjecture C. If expfD is tame for some / G kerZ) \ {0}, then exp D is 
tame. 

Conjecture |B] immediately implies the following conjecture. 

Conjecture D. If rank!) = 3, then exp D is wild. 

Next, we discuss totally (quasi-totally, exponentially) wildness of coor- 
dinates of k[x\ over k. 

Problem E. For D G LNDfcfe[x] with vankD = 3, study totally (quasi- 
totally, exponentially) wildness of {exp D){xi) for i = 1,2,3. 

As we have seen in Chapter [6l it is very hard to prove that a coordinate 
is totally wild or quasi-totally wild. 

Problem F. Find simple criteria for totally (quasi-totally, exponentially) 
wildness of coordinates of A;[x] over k. 

The following question is not answered even for Nagata's automorphism. 

Question G. Assume that a G Aut{k[x]/k) is wild. Is one of o"(xi), cr{x2) 
and cr(x3) always quasi-totally wild? 

As remarked after Definition 10.11 "quasi-totally wild" implies "exponen- 
tially wild". In view of Corollarv ll.51 (i). we may ask the following question. 

Question H. Is every exponentially wild coordinate of A;[x] over k quasi- 
totally wild? 
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Recall that there exists a wild coordinate of k[x\ over k which is not 
exponentially wild. 

Conjecture I. Let / be a wild coordinate of k[x] over k which is not 
exponentially wild. Then, there always exists D G LND^ ^[x] with rank!) = 
1 such that D{f) = and D is tamely triangularizable. 

For example, let ip be Nagata's automorphism defined in (j0.2p . Then, 
V'(x2) is wild due to Umirbaev-Yu [29j, but is not exponentially wild as 
mentioned. In fact, ip{x2) is killed by € LND^ k[x] defined in (jl.3p . which 
is triangular if xi and X3 are interchanged. Since D kills X3 = ^{x^) as well 
as ip{x2), we know that rank!) = 1. Hence, the conjecture is true in this 
case. 

We show that Conjectures \M implies Conjecture [H Since / is not expo- 
nentially wild, there exists D € LNDfcA;[x] \ {0} such that D{f) = and 
exp D is tame. Then, D is tamely triangularizable by Conjecture [Aj and 
hence kills a tame coordinate g of A;[x] over k. Since / is wild and g is tame, 
we know that / is not a linear polynomial in g over k. Hence, we have 
k[f] 7^ k[g]. Therefore, we conclude that rank!) = 1 from the following 
lemma. 

Lemma 14.2. Let f and g be coordinates of k[x\ over k such that k[f] 7^ 
k[g]. IfD{f) = D{g) = for D £ LNDfc A;[x] \{0}, then we have rank D = 1. 

Proof. First, we show that / and g are algebraically independent over 
k. Suppose to the contrary that / and g are algebraically dependent over 
k. Then, / is algebraic over k{g). Since g is a coordinate of k[x\ over k, we 
see that k{g) is algebraically closed in k{x.), and k{g) n k[x] = k[g]. Hence, 
/ belongs to k[g]. Similarly, g belongs to k[f]. Thus, we get k[f] = k[g], a 
contradiction. Therefore, / and g are algebraically independent over k. 

Now, we prove that rank!) = 1. Without loss of generality, we may 
assume that D is irreducible. Then, we have pl-D = (p) = {q) for some 
p e k[f] \ {0} and q G k[g] \ {0} by Proposition Since (kerD)^ = /c^, 
it follows that p = cq for some c £ k^ . Because / and g are algebraically 
independent over k, this implies that p and q belong to k^ . Thus, we get 
p\D = ker D. Therefore, we know by Lemma 1 1 2 . II that rankD = 1. □ 

For any n > 3, it is widely believed that every a € Aut(fc[x]/fc) is stably 
tame, i.e., the natural extension of a to an element of 

Aut{k[xi, . . . ,Xr]/k[Xn+l, ■ ■ ■,Xr]) 

belongs to T(k, {xi, . . . , Xr}) for some r > n (Stable Tameness Conjecture). 
Assume that n = 3. Then, every element of Aut(A;[x]/A;[j;3]) is stably tame 
due to Berson-van den Essen- Wright [2] (see also [28j). Hence, exp D is 
stably tame for each D € LND^t k[x] with D^x^) = 0. 
The following question is open. 

Question J. Is expD stably tame for D G LNDjt A;[x] with rankD = 3? 

We mention that some D € LND^ k[x] with rank!) = 3 can be extended 
to elements of LND^ k[xi, ■ ■ ■ ,r] with rankD = r for each r > 4 in a very 
simple manner (cf. [8l Section 3]). In view of this fact, we may ask the 
following question, in contrast with Conjecture [Dl 
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Question K. Assume that n > 4. Does there exist D G LND^ k\x\ such 
that rank D = n and exp D is tame? 

For each subgroup G of Aut(fc[x]//c), we define G* to be the normal 
subgroup of Aut(fc[x]/A;) generated by 

J a-^oGoa. 

o-GAut(fc[x]/fc) 

We say that (p G Aut(A;[x]//c) is absolutely wild if (p does not belong to 
T(A;,x)*. We note that the wild automorphism defined as in ()0.4p is not 
absolutely wild. We do not know whether Nagata's automorphism is abso- 
lutely wild. 

The following is an "absolute" version of the Tame Generators Problem. 

Problem L. Decide whether T(A;,x)* equal to Aut(A;[x]/A;). 

For each a G fe^, define ipa G Aut(fc[x]/Ai) by ipa{xi) = axi, where Ai 
is as in (jO.ip for each i G {1, 2, 3}. Then, 

i-.k'^ 3 tpa^ Aut(A;[x]/A;) 

is an injective homomorphism of groups. We set Gm{k) = i{k^). 

Proposition 14.3. We have Gm{k)* = T(A;,x)*. 

Proof. Since T(A;, x) = E(/c, x), it suffices to show that Gm{k)* contains 
Aut(A;[x]/Ai) for i = 1, 2, 3. For i = 2, 3, define n G Aut(A;[x]/A;) by Ti{xi) = 
Xi, Ti{xi) = xi and Ti{xj) = Xj, where j G {2,3} with j ^ i. Then, we have 
T^^ o Aut(A;[x]/^i) oTi = Aut(A;[x]/Aj). So we show that Aut(/c[x]/Ai) is 
contained in Gm{k)* . Take any (j) G Aut(/c[x]/74i). Then, we have (^{xi) = 
axi + h for some a G A;^ and h ^ Ai. Define a G Gm{k)* by a{xi + h) = 
2(xi + h) and a{x,i) = Xi for i = 2,3. Then, we have cr(xi) = 2xi +h, and so 
° = CK^i + h. Since {ipa/2 ° cr)ixi) = Xi for i = 2,3, we conclude 

that ilJa/2 ° o- = (p. Hence, (j) belongs to Gm{k)* ■ Thus, Aut(A;[x]/^i) is 
contained in Gm{k)* . Therefore, we get Gmik)* = T(A;,x)*. □ 

Note that 

vr : Aut(A:[x]/A:) 3 (f) ^ det J 4) e k^ 
is a homomorphism of groups such that vr o t = id^x. Hence, Aut(A;[x]/A;) 
is a semidirect product of kervr and Gm{k)- The Exponential Generators 
Conjecture says that kervr is generated by expD for D G LNDfcA;[x]. For 
/ / C {1,2,3}, we define Exp^A;[x] to be the subgroup of Aut(A;[x]/A;) 
generated by expD for D G LNDfcA;[x] with rankZ) = r for r £ I. Then, 
Expj(!/c[x] is a normal subgroup of Aut(A;[x]/A;) for each / / C {1,2,3}. 
However, we know nothing about the structure of Expj(, A:[x]. 

We would like to conclude this monograph with the following remark. 
When n > 4, there exist complicated tame automorphisms. Indeed, some 
wild automorphisms in three variables extend to tame automorphisms in 
four or more variables by the stable tameness. When n = 3, in contrast, the 
Shestakov-Umirbaev theory suggests that the tame automorphisms are sim- 
ple. Indeed, the tame automorphisms in three variables can be completely 
controlled by elementary reductions and some types of reductions. We be- 
lieve that no tame automorphism in three variables is beyond imagination. 
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In other words, automorphisms in three variables are usually wild unless 
they are obviously tame. 
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